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Abstract

Numerical solution of inverse problem of Takagi-
Sugeno fuzzy model is proposed. The method
is located on the application of numerical opti-
mization to the fuzzy model. Steepest descent
method is used for the numerical optimization.
We use the linear approximation of fuzzy model,
called pseudo first order approximation, by fixing
the membership value on the neighborhood of the
corresponding input. It is introduced in order to
reduce the difficulty of optimization process. The
efficiency of this method is shown by a numerical
experiment.
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1 Introduction

In the recent research of applying fuzzy systems to var-
ious fields, we can see the following two kinds of devel-
opment in these systems. The first is implementation
of experts’ skill to a machine system, and the second
is the self learning system that obtain the knowledge
by machine itself. In the latter case, the knowledge
is described by internal parameters of the system and
they are estimated by some kinds of learning method.
It is also known that the inverse problem is to esti-
mate input variables under the given system and out-
put variables. This can be interpreted as a learning
system by replacing the estimating parameters from
internal parameters of the learning system to input
variables of the inverse problem. So it is possible to
apply the estimating method of the learning system
to the determination of the input variables. In the
application of fuzzy relation, inverse problem is used
for the diagnosis of machine failure or medical symp-
toms [4, 7]. The solving methods of inverse problem
of fuzzy relation have already been reported [1, 3].
The Takagi-Sugeno fuzzy inference model [6] is also
the fuzzy system that has the inference rules whose

conclusion part consists of a linear equation of input
variables. There exist many researches of estimating
the inference parameters, such as membership func-
tions of condition part or coefficients of linear equation
e.g. [5]. Since we treat the input variables to be esti-
mated in this research, this gives a numerical solution
of the inverse problem of the fuzzy model. We apply
the numerical optimization method for this problem
to obtain a numerical solution of the fuzzy model.

It is difficult to apply the numerical optimization
process to the fuzzy model directly because of its non-
linearity. We introduce a kind of linear approximation
of the fuzzy model by fixing the membership value on
the neighborhood of the corresponding input. We call
this linear approximation a pseudo first order approz-
imation . By introducing this approximation, it be-
comes easy to calculate the partial difference, which
is necessary to obtain for the numerical optimization.
The efficiency of the proposed method has been con-
firmed through the numerical example.

2 Fuzzy
modeling and its pseudo first
order approximation

A fuzzy modeling has been proposed by Takagi and
Sugeno [6]. The summary of the fuzzy modeling and
the definition of the pseudo first order approximation
of the model are shown in the followings. Now let’s
consider the system with N inputs and a single output.
Inputs are denoted by a vector x == [z1,zy,. .., zN]t
The output y of the fuzzy model is

R

R
y= Z wj(x) - f5(x)/ D wy(x), (1)

J=1

where the index j corresponds to the j-th rule. In
this formula, f;(-) is a linear function of the input
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variables, i.e.

N
fj(x) = a0 + Zaj;x,-, (2)
i=1

and w;(-) is the membership value of each rule, such
that

N
w;(x) = [Tl (@), 3)

i=1
where p is the membership function of the i-th input
variable of the j-th rule, and ¢(j,%) is the mapping
of the index which corresponds to the choice of mem-
bership label of the condition part. The membership
function pl(-) is described by two kinds parameters

I’sandr s (I <7},

0.0 T STty
orzx 2 lj+1,,'
pz) =4 L0 isrsTioL ()

(—-—L-j(lfi:rr'j__ll'j? ri—1,i <z < lji
(z=lis1 )

The rule construction is done by determining the
I,r’s of membership functions, the mapping ¢, and
the coefficients of the linear function of the conclu-
sion part. Here, we assume that these parameters are
given by human experts or some kind of automatic
estimation algorithms.

Now we define the pseudo approximation of fuzzy
model on neighborhood of X. When we consider the
linear approximation of the fuzzy model, it is difficult
to write down the approximation formula directly be-
cause the output of the model consists of a fractional
function of input variables, We assume that the mem-
bership function has the constant value on the neigh-
borhood of %. From this assumption, we can obtain
the pseudo approximated fuzzy model of the first or-
der

T <z <ljpi

R
y =Y wi(R)f5(x)/) Y wi(%). (5)

i=1 j=1

By using this approximation, we can easily obtain the
pseudo partial difference of x as

% ~ w3 () (6)

3 Solving algorithm of inverse
problem

At first, we define the solution of inverse problem of
fuzzy model. The solution is defined by minimizing
the square error

() = 5lu(x) — P, (™

where y* is the desired output of fuzzy model.
This kind of problem can be formulated to the numer-
ical optimization problem,

minimize e(x) (®)
subject to A;{z;) < Ofor all i.

In this description, the inequality constraint h;(-) de-
notes the feasible region of x. When the z; takes the
values in the range between b; and ¢;, 1.e. b; L z; < ¢
, we can describe it

(@i — b)) (zi

In order to solve this optimization problem, Aug-
mented Lagrangian function [2] is introduced as fol-
lows

h,‘(l’i) = C,'),b,‘ < ¢ (9)

L.(x,2,A)

- +Z/\ {hi(wi) + (2:)*}

N
1 2
+§rzl {hi(zi) + (2:)?}, (10)
im
where A is a vector of Lagrangian multiplier A;, and
z=[z1,22,..., zN]t is used in order to treat inequality
constraint. The 7 is a penalty parameter determined
empirically.
By solving z to minimize L., we obtain
2 —i\;‘— —hi(zi) Xi+r-hifz) <0
(Zi) - 0 )

otherwise ’

(11)
and the Lagrangian function

L{x,\) = e(x)
N
51« Z [max(0, 3 47 hi(2)) = ()] . (12)

In the algorithm to obtain the numerical solution of
this problem, we use the following procedure for the
modification of x and A,

i

Xeq1 = X¢ + €AXy, (13)

A1 = A+ Ay, (14)
wheret =0,1,2,...,T . Hence in the case of e(x) < 8,
the iteration is terminated since we have already ob-
tained the solution in enough precision.

In these formulae, Ax;, which is called a search di-
rection, and A}, are decided by the following calcula-
tions. The step size € , which takesa valueas0 < e < 1
, is determined empirically. The initial value x4 is to
be chosen by the appropriate way in order to avoid
the local minimum solution.
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For the search direction, we can apply the steepest
descent method as the numerical optimization, such
that

Axy = —=Vx L(x, A)|[x=x, r=2,- (15)
where
' L oL
VxL = [B_L’ 6— I (16)
Ty T2 TN

The more precise description of each partial difference
of Lagrangian function is given as,
oL o OY
dz; v-v )_6_;
+ { Sh(hit T hiz) hi(m) < -2
0

- 17
otherwise (17)
In this formula, partial differences of y by z; appear.
In order to calculate this, we use the approximated
fuzzy model on the neighborhood of z; and its partial
differences.
The modification of Lagrangian multiplier is done
by according to the following procedure
A/\i(t)
_ { T- h,‘((l),‘(t)) /\i(t) +7r- hl(”l,‘,(t)) Z 0
=. 0 .

otherwise

(18)

4 Extension
multiple-output

A single-output case of the fuzzy model was treated in
the previous section. Now, we can easily extend the
algorithm of inverse problem to the multiple-output
fuzzy model. The multiple-output fuzzy model is de-
scribed as follows,

Y = [y, v2,- -, ymls (19)
R; R;

yi =y wis(x) - fij(x)/ Y wii(x), (20)
j=1 j=1

where w;; and f;; are membership functions and linear
equations of the conclusion part for multiple-output
extension, respectively. In this notation, ¢ shows the
index of the corresponding output y;. Here, a pseudo
approximation of fuzzy model is given by the same
notaion as the formula of the fuzzy model.

An objective function for the numerical optimiza-
tion problem is given as

M
1 * 2
E(x) = 52 [yi(x) - y7]°. (21)
i=1
By using this function, the numerical optimization is
done in the same manner as the case of the single-
output mentioned above.

T 2

__________

Figure 1: Fuzzy partition used in numerical ex-
periment

Table 1: Membership functions and constraint
parameters

I Variable [ xt T x2 ]
membership | label || p]  pf [ 4l 43
function { 2 1 (-2 1
T -1 2 ¢-1 2
range b -2 -2
c 2 2

5 Examples

In order to confirm the efficiency of the proposed
method, numerical examples are shown. There are
two inputs in this example. Each input has a feasi-
ble range for its value shown in Table 1. Membership
functions are assigned to each variable as shown in
Table 1. The rules used in this example are listed in
Table 2. In the item premise mappings of this table
a hyphen indicates that there exists no such mapping.
In this case we put the value i as 1.0. We obtain the
fuzzy partition from these rules as shown in Figure 1.

We also need the initial value of input variables for
the estimation of input variables. Initial values used
here are shown in Table 3.

The specified parameters of the numerical optimiza-
tion used in this experiment, have been determined
empirically, and are shown in Table 4.

Table 2: Fuzzy Rules

Rule || Premise mappings | Conclusion coefficients
¢(', 1) (f)(, 2) ao ay ao
1 1 1 0.0 1.0 1.0
2 1 0.0 1.0 0.0
3 - 2 0.0 0.0 -1.0
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Table 3: Initial values for the input variables

No. 12 3 4 5
2;(0) |15 -15 15 15 00
23(0) | -15 1.5 -15 15 0.0

Table 4: Specified Parameters of Numerical Op-
timization

Parameter Value
€ Step size of input values 0.1
T Penalty parameter 0.1
T Maximum cycle of modification 1000
¢  Threshold of e() for termination || 0.00001

The experiment is done by the following steps.
Step-1: For the both two inputs, which take values
between -1.5 and 1.5 with interval 0.1, calculate the
output of the fuzzy model. We will obtain 961 outputs
by this calculation. These are used for the desired out-
put on the subsequence step.

Step-2: For all desired outputs calculated in Step-1,
apply the proposed algorithm by using each five ini-
tial values given in Table 3. Then we will obtain the
estimated (4805 = 961 x 5) inputs.

Step-3: For each five solutions which correspond to
the five inivial values, pick up the optimal solution
which serves the minimal value of e(-) for each five
solutions. Then we obtain the result of experiment
as the optimal solutions which correspond to the each
desired outputs (there exist 961 solutions).

According to the above mentioned procedure, we
obtain the final result of experiment. In order to eval-
uate the obtained solutions, we calculated the square
error between the desired output and the output pro-
vided by the solution. For all solutions, we can ob-
tain the value e(-) smaller than the threshold #. This
means the proposed method gave the solution in the
inverse problem for all outputs in this experiment.

For detailed information on this experiment, i.e.
how many initial values are active for the optimal so-
lution, the summary is shown in Table 5. By referring
the Table 5, we can see that the most of data can
be solved by starting any initial value, and about five
percent of data are solved by using only two initial
values.

Table 5: Number of Data of each five initial val-
ues. "Number of success” means which can find
out the global minimumf(e(x) < #).

Number of Success 5 4 3 2 1
Number of Data 917 0 0 44 0O

6 Conclusion

An algorithm to obtain the numerical solution of an
inverse problem of fuzzy model is proposed. The so-
lution of the inverse problem is defined in a sense
of a minimum solution of the square error between
the desired output and the actual output value. A
pseudo first order approximation is defined by fixing
the membership value on the neighborhood of the cor-
responding input. By using this approximation, it be-
comes easy to formulate the inverse problem for the
numerical optimization problem. The efficiency of the
proposed method is shown through a numerical ex-
periment. The result of experiment is that all of the
desired output can be obtained with enough minimal
error by using the estimated solution.
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