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Abstract: In this paper, we present a fuzzy-number-oriented
methodology to model uncertain geometric robot environment
and to manipulatc geomectric uncertainty between robot coordi-
nate frames. Wec describe any geometric primitive of robot
environment as a paramcler vector in parameter space. Not only
ill-known valucs of the parameterized geometric primitive but
the uncertain quantitics of coordinate transformation are
represented by means of fuzzy nurabers restricted to appropriate
membership functions. For consistent interpretation about
geometric primitives between different coordinate frames, we

manipulate these uncertain quantities using fuzzy arithmetic.

1. Introduction

Probability theory originates in a frequentistic interpretation,
while possibility theory which axiomatically departs from proba-
bility theory corresponds more to the evaluation of the ease of
attainment or of the feasibility of events. Considering another
point of view on the robot environment uncertainty, we shall
present in this paper, a fuzzy-number-oriented methodology to
model uncertain geometric robot environment and to manipulate
geometric uncertainty between robot coordinate frames. A fuzzy
number is not a measurcment but a subjective valuation{8]. In
other words, a fuzzy number is a fuzzy set. But we can regard
it as a possibility distribution function about some universe of
discourse by virtue of the possibility theory(14]. Not only ill-
known values of geometric primitives of robot environment but
the uncertainty of coordinate transformation is represented by
means of fuzzy numbers restricted to appropriate membership
functions. Then the manipulation of uncertainty measures
becomes the transformation and combination of these fuzzy
numbers. Calculations with fuzzy numbers are very easy to han-
dle and thus the manipulation of uncertainty using this represen-
tation is not much more complicated than using a usual probabil-
ity density function(p.d.f) representation(2,6,9].

The use of fuzzy numbers gives some advantages in uncer-

tain geometric robot environment modeling. First, in the light of

engineer’s senses, fuzzy numbers are more intuitive and figura-
tive than probabilistic representation. Second, there is no need
1o have precise a priori information and constraints about sensor
observation uncertainties. Third, there are some easy and con-
sistent computational methods for the manipulation of geometric
uncertainty between robot environment coordinates using simple
fuzzy arithmetic based on the o-cut representation of fuzzy
numbers and interval analysis. Also we can take account of the
effect of the uncertainty of coordinate frame itself. Fourth, we
can easily describe the linguistic or subjective constraints of the
sensor system with appropriale membership functions. More-
over, in case of rcasoning about uncertain robot environment,
imprecise fuzzy number representation is more flexible because a

reasoning process is not usually precise.

2. Representation of Uncertain Geometric Environment
Using Fuzzy Number
Representation of geometric primitives by parameterization
technique has been used in thz field of stereo vision and mul-
tisensory information fusion[1,6). In this paper we describe a
geometric primitive as a parameter vector p and a parameteriza-
tion vector function g such that:

gx,p)=0 1)

where g can be interpreted as a model of the physical geometric
primitive that maps a set of points (region) x ¢ R” in Euclidean
n-space to a point p € R™ in parameter space.

For example, a straight linc on a plane can be described as
follows:

gx,p)=r —xcos0 — ysinf =0,

x=xy)", p=rr.07 1)

where r is the distance from the line to the origin, and 6 is the
angle of its normal with respect 1o the abscissa axis(Fig. 1) (
rz20,0<6<2n ). This representation is complete since it
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allows the description of any straight lines in the plane. (How-
ever, the representation is ambiguous: in effect, the lines [r, 6]
and [-r, 8 £ «] are identical{1].)

Now we represent the uncertainty of geometric primitives by
assigning appropriate fuzzy numbers p to the parameter vector
p. This uncenainty representation is simpler and more
comprehensive and intuitive than the usual p.d.f representation
because the observed rcal sensor data have some imprecision
caused by measurement error as well as variations caused by
dynamic situation of robot environment{7]. Here the term fuzzy
number is used to indicate a normalized convex fuzzy set M of
the real line R such that:

a. There exists exactly one xo € R with pg (xg) = 1

b. py (x) is piecewise continuous
where x is the genuine value of M and x, is called the mean
value of M. And the meaning of the fuzzy number M is that it
has the value of approximately (or about) x.

The most crucial element in the representation of uncertain
geometric primitives by fuzzy numbers is to determine the
shapes of the membership functions of fuzzy numbers. An over-
view of the propertics for consiructing the membership functions
and the mathematical form of the membership functions is well
given in [4], especially Civanlar{3) proposed a method to obtain
the fuzzy membership function from the p.d.f. For the sake of
computational cfficiency and case of data acquisition, we can use
an appropriate fuzzy number for representing the uncertainty of
the paramecterized geometric primitives. For example, on some
line image, we can fit straight line to a set of edge pixels by the
Hough transformation. Then the line parameter r and 0 can be
represented by a 2-dimensional accumulator array like Fig. 2(a).
We can represent these line parameters r and © using triangular

fuzzy numbers like Fig. 2(b).

3. Uncertainty Manipulation Between Robot Coordinate
Frames Using Fuzzy Numbers

In many sensor-based robotic applications, especiaily for
integrating the information of the mobile sensor systems or the
distributed  scnsor networks, consistent interpretation about
geometric primitives between different coordinate frames is cru-
cial. Thus we must consider how the uncertainty of geometric
primitives in a coordinate frame is interpreted when it is
described with respect to other coordinate frames.

Suppose a geomctric primitive defined by a set of points x
in Euclidean n-spacc R” is expressed x; in the i-th coordinate
frame. If we want to represent the point sct x; with respect 1o
the j-th coordinate frame, it is necessary to take account of a
transformation T/ in order 10 change the description of x; from

the i-th frame to the j-th frame such that:

x; = T)x). 3)

Very often the usual representation of relative locations( rota-

tions and translations) in robotics is the homogeneous transfor-
mation[10}:
T =

®

rotation translation
0 1

where rotation is a 3x3 matrix and rransiation is a 3x1 vector.
Similarly, the parameter vector p; in the i -th coordinate frame is
also changed 10 p; in the j-th coordinate frame through another

transformation A;/ such as:
P; = h}(p;). &)

Here we assume that the parameterization function g is the same
in any coordinate system and the transformation T/ has the same
form for any sct x. Then h/ can be completely defined by the
function g and fixed T/[6], so that:

g(T/(x:), B{(p:)) = gxj . p;) = 0. (6)

For example, we assumc that a transformation T/ is

described by the following in 2-dimensional case for simplicity:
cost —sin{ T,
T/ = |sin{ cos{ T, @)
0 0 1

where { is a rotation angle about the origin and T, and 7, are
translations along x and y direction respectively. Consider a
straight line on a planc in the /-th coordinate frame which is

described by the following function:

g(x;,p;)=r; —xc0os0; —ysin8; =0,

xio= byl opo=Irae0n (8)

x, cosf —sin G| |%i T
x = 5 =T/(x;) = sin{  cosC | |y * T ®

The transformation h[ can be found as follows[9):

7 ) ri+Tocos(0; ++T,sin(6; +§)
p; = 9 =hi(p)) = 8, +L (10)

Then,

which is subject to eq. (6).

In general, parameter uncerlainty transformation with an
associated p.d.f between coordinate frames is not simple. For
example, we assumc that the parameter uncertainty is expressed
by a p.d.f, f,(p,), in the i-th coordinate frame and we consider
a parameter transformation h/ cf eq. (5). Then, in the j-th coor-

dinate frame, the transformed p.d.f is described as follows[11]:

frpp) = ]Tfp(h"(p,)). (i)

W

But eq. (11) can be very complex and may introduce singulari-

ties into the Jacobian[11,12]. In addition, the geometric com-
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plexity of the transformation (5) and the difficulty of finding a
p.d.f which has invariant measure over all primitives and
transformations only allow us 1o approximate the exact transfor-
mation[6]. Morccver, in many applications of robotics, more
specifically in mobile robots, the transformation T/ cannot be
determined without uncertainties. All rotation angles and trans-
lations of T/ arc mcasurcd using scnsors or determined through
calibration process. But measurements and calibration are
always subject to error and such errors are often unavoidable and
varying according as how the scnsor is used. Thus we must take
the transformation uncertainty into account for describing the
propagation of parameter unceriaintly between coordinate frames.
To overcomc the difficulty of the p.d.f formalism and to
take the transformation uncenainty into consideration, in this
paper, we present an explicit method for manipulating the
uncertainties represented by fuzzy numbers. Similarly, we
describe the transformation uncertainty by assigning appropriate
fuzzy numbers to the rotation angles and transltations such as:

. rotation translation
T/ 0 1 . (12)

1l

For example, in eq. (7) the rotation angle { is rcpresented
by fuzzy number f; and the translations T, and T, are also

represented by fuzzy numbers T, and T, respectively as follows:

cost —sinl T,
T/=|sinl cosf T, (13)

L0 0 |

Becausc the parameter vector p of a geometric primitive in
one coordinate frame and the transformation T‘j arc described by
fuzzy numbers p and 7‘{ respectively, we can manipulate these
uncertain quantitics between coordinate frames in a consistent
manner using fuzzy arithmetic{8]. Here we assume that the
parameter unccrtaintics are noninteractive with the transformation
uncertaintics.

For example, 2-dimensional straight line case, the parameter
vector p; in the i-th coordinate frame describcd by the fuzzy
number p; can be propagated to the j-th coordinate frame

through the transformation T{ using eq. (10) as follows:

F ?,+Txc0s(é,-+t)+7~"ysin((),-+C)
Pi=ly,| = 5, +% 9

The manipulation of fuzzy number operations, sometimes
called the extended operations, can be processed by means of the
extension principle ol Zadeh[13]. This principle is one of the
most basic concepts of fuzzy set theory which can be used to
generalize crisp mathematical concepts to fuzzy sets. Although
the calculation can be donc using the extension principle, the

procedure for obtaining a solution is not trivial because nonlinear

programming problem must be solved. However, fortunately,
there is an efficient and simple calculation method based on the

o-cut representation of fuzzy numbers and interval analysis(5,8].

We can process the extended additions, extended multiplications,
and fuzzy trigonometric functions in the following steps:

(1) Select a particular o value, where 0 € o € 1.

(2) Find the a-cuts about ji; and T/ ( the intervals which
correspond to o « level set ).

(3) Find the range of a trigonometric function about the o-
cuts. This range is another interval which consists of the
maximum and minimum values of the trigonometric func-
tion about the o-culs.

(4) Using the intervals of (2) and (3), construct the a-cuts of
p; according to the usual interval analysis.

(5) Repeat these steps as many different values of o as needed
to refine the solution.

This method provides a discrete but sufficiently exact solution to
the propagation of parameler uncertainty between coordinate
frames. And there is no need to perform the combinatorial inter-

val analysis by virtue of the simple occurrence of variables.

4. Conclusions

In this paper we have proposed a representation method of
uncertain robot cnvironment by assigning appropriate fuzzy
numbers to the parameters of gcometric primitives and coordi-
nate transformation. We also have dealt with the manipulation
of geometric uncertainties between coordinate frames. We think
that the proposed method might be uscful to many application
areas of sensor-based robotics in which conventional probabilis-
tic approach is insufficicnt or complex. In practice, since we
cannot easily obtain the exact distribution of uncertainties of sen-
sor observations, the uncertainty representation using fuzzy
numbers is more flexible and inwitive in the light of engineer’s
senses for many application areas.

We think that further researches are needed on the modeling
of robot environment using fuzzy numbers especially in: (1) the
selection of paramcters which represent the environment more
comprehensive; (2) the determination of the shapes of fuzzy
numbers according o the characteristics of sensor systems; (3)
the consistent modcling method of 3-dimensional complex
objects; (4) the representation ol the relation between objects

using their topological propertics.
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Fig. 1. Parameterization of a straight line on a plane
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Fig. 2. Uncertainty representation using triangular fuzzy number
(a) Linc paramcter representation using Hough transformation

(b) Triangular fuzzy number representation
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