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ABSTRACT

Instead of Cartesian product for in combining multiple
inputs for fuzzy logic controllers, a method using fuzzy re-
lation in inference is proposed. Moreover, fuzzy control rule
described by fuzzy relations is derived from given conven-
tional fuzzy control rule by fitting concept. It will be shown
through several examples that the proposed technique gives
smoother interpolation than conventional ones.

1 Introduction

During the past several decades, fuzzy control has emerged
as one of the most fruitful research areas in the application
of fuzzy set theory. Many practical applications to indus-
trial process, as well as studies on the theory itself, have
been reported in many works. Even though the details may
be different, the basic structure of announced fuzzy logic
controllers is composed of fuzzification part, rule base, in-
ference engine, and defuzzification parts. Among the parts,
we will focus discussions on the inference method, and pro-
pose some modified method to the conventional ones.

As summarized in {1], the four most widely used in-
ference methods use min operation in calculating firing
strength of each rule for multiple input cases. Since fuzzy
control rules, in general, are described by finite number of
rules and finite number of fuzzy sets, some informations
may be lost in min operation[2, 3]. Therefore, we propose
a inference method for FLC adopting fuzzy relation in de-
scribing conditionzl part of fuzzy control rules.

Even though the fuzzy relation has some advantage over
the min operator, it is not easy for experts of a system
to summarize control rules in the form of fuzzy relation
because the description should be arranged into some forms
in which the input variables are coupled. Therefore, we
proposed some fuzzy relation-fitting technique with fuzzy
sets and fuzzy rules given by experts. For example, the
following type of control rules

R; : if (x,y) is D; then z is C;
are fitted from the following type of control rules.
R;: ifzis A; and y is B; then z is C;.

Simulation results using our approach to a class of sys-
tem will be given in comparison with the ones using min
operators.

2 Fuzzy Inference Methods for
FLC

For completeness let’s review the four most widely used
fuzzy inference methods assuming two fuzzy control rules
with two-inputs and one-output[l]. The first three types
process the following fuzzy control rules:

R, : if zis A; and y is B, then z is C;.
Ry :if z1s Ay and y is By then z is (.

With the two rules, the firing strengths a; and a; of the
first and second rules may be expressed as

a1 = pa,(zo) A p1,(¥0) (1)

a2 = pa,(20) A i, (yo) (2)

where p,,(z¢) and pp,(yo) play the role of the degree of
partial match between the measured data and the data in
the rule base.
1) Fuzzy Reasoning of the First Type - Mamdani’s Min-
itmum Operation Rules as a fuzzy Implication Function:
In this method, the ¢th rule leads to the control decision

ror(w) = o A po, (w) (3)

By the above calculation, the membership function p¢ of
the inferred consequence C is pointwise given by

po(w) = por V sy (4);

= o1 A e, (w)] V [aa A pe, ()] (5)

2)Fuzzy Reasoning of the Second Type — Lasen’s Prod-
uct Operation Rule as a Fuzzy Implication Function: This



method is based on the use of Lasen’s product operation
rule as a fuzzy implication function, in which the sth rule
leads to the control decision

per(w) = o - po,(w) (6)

For the case of two rules

pe(w) = pey Vo poy = loa - po (W) V [oa - pe, (w)] (7)

3) Fuzzy Reasoning of the Third Type — Tsukamoto’s
Method with Linguistic Terms as monotonic Membership
Functions: Under the assumption that the membership
functions of fuzzy set A;, B;, and C; are monotonic, the re-
sult inferred from the first rule is o; such that oy = C1(1)
and o, from second rule such that a; = Ci(y2). Also,
a crisp control action may be expressed as the weighted
combination

a1y1 + azyz
zg = ————22, 8
o ay + an ®)

4} Fuzzy Reasoning of the Fourth Type — The Conse-
quence of a Rule is a Function of Input Linguistic Vari-
ables: For the simple case of two-input, one-output, and
two control rule system, the fuzzy control rules are de-
scribed as follows

Ry: if ¢ is Ay and y is By then z = fi(z,y)
R,: if z is Az and y is B, then z = fi(z,y).

The inferred value of the control action from the first rule is
a1 fi(zo,yo). The inferred value of the control action from

the second rule is a;fa(xo,y0). Finally the crisp control
action is given by

a1f1(0,y0) + @2 f2(%0, y0)
20 = . (9)
o1+ ap

In the above four methods, min operator is used to
calculate the firing strength «;. Graphical interpretation
of the min operator is shown in Fig. 1.

As shown in the figures the min operator does not dis-
tinguish points in some region(see the line A in the Fig. 1).
This means that a controller using min operator in combin-
ing multiple input variables inherently has some limits on
control performances especially in the case where control
laws should couple the input variables, which was pointed
out in [3] on the view point of function generating capabil-
ities of fuzzy logic controllers.
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Figure 1: Result of min operation for two convex fuzzy
sets.

Moreover, suppose the rule of Fig. 2 be given by an
expert to control a systém. If we focus on the parts where
the conclusion parts are ZE’s, we can know that the inten-
tion of the expert is to give control action ZE around the
line Izg in the Fig. 3. But it necessary to analyze what
happens if the measured state is mapped to the point P in
Fig. 3.
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Figure 2: A fuzzy control rule

¢

o]

N

| [
Figure 3: Part of control rule corresponding to ZE control
action

Since the the point P is very near to the line lzg, the
true intention of the expert is to mainly exert control ZE
to such situation. However if we use the following type of
rules and min operation to combine two input variables,
the main control is a fuzzy variable corresponding to box
containing the point P which may be possibly different from
ZE.

R;: if z is Ay and y is By then z is C.

These observations give us a motivation to device a
fuzzy logic controller using fuzzy relation(i.e., fuzzy sets
defined in the whole space of input variables) to overcome
these difficulties. At this point we summarize the definition
of the fuzzy relations[3] for the simple binary case:

Definition : Let X,Y C R be universal sets then

R={((z,9),ua(z, )z, 9) S X xY}  (10)

is called a fuzzy relation on X x V.

Also we show an example of the fuzzy relation as follows:
Let X =Y = R and R := “considerably larger than.”
The membership function of the fuzzy relation, which is,
of course, a fuzzy set on X x Y, can then be :

- o forz <
ra(X.Y) = { (I+(y=2)?)" forz >z (11)
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By the fuzzy relation we propose fuzzy control rules
described in the following forms:

R; : if (z,y) is A; then z is C,.

Note that A; is a fuzzy relation defined on X x Y, and
"twice bigger than” may be an example. With the fuzzy
relation we can protect the loss of information contained in
the measured data pair (zq,yo) caused by the min opera-
tion. Extension to n input variable case is straightforward.

3 Fuzzy Inference based on Fuzzy
Relation

Even though the fuzzy relation has some advantage over
the Cartesian product method using mén operator in com-
bining multiple variables, it is not easy for experts of a sys-
tem to summarize the control rules in the form of fuzzy re-
lation because the description should be arranged into some
forms in which the input variables are coupled. There-
fore, we have found some fuzzy relation-fitting technique
with the decomposed fuzzy sets and fuzzy rules given by
experts, i.e., a technique generating the following type of
control rules and fuzzy relations

R; : if (z,y) is D; then z is C;
from the following type of control rules and fuzzy sets.
R;:ifzis A; and y is B; then z is Ci.

To do so, we first assume that all the fuzzy sets in the
controller are fuzzy numbers which satisfy convexity and
have only one maximum point. Also we denote A as a real
number that gives maximum membership grade of fuzzy
set A, l.e.,

A=pz'(1) (12)

and call such point as mazimum point of fuzzy number A.
Then we summarize the whole procedures;
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Figure 4: Fuzzy sets used in simulation for (a) error, (b)
change of error, and (c¢) control input.
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Figure 5: Lines formed by connecting maximum points

(a1) Gather all rules that have same conclusion part Cy,
k = 1,..,K, where K is the number of fuzzy sets
defined on the space of control variable.

(a2) Gather the points (/ijk,éjk) corresponding to the
conditional part of jrth rule having Cy in conclusion
part.

(a3) Construct piecewise linear line I¢, by connecting ad-
Jacent two points of (a2) by straight lines.

With the fuzzy sets of Fig. 4 and fuzzy rules of Fig. 2, the
resultant lines are shown in the Fig. 5.

From now on, a method of inference using fuzzy rela-
tions is described. Even though there may be many ways
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Figure 6: Minimum distances between lines and measured
state

to implement such inferences, we adopt a simple method
under the assumption that every region is covered by two
fuzzy relations, i.e., only two fuzzy relations give nonzero
membership grade for every measured state.

(b1) For measured value pg = (g, yo), determine two c¢n-
closing lines, upper-line /i; and lower-line /.

(b2) Calculate minimum distances between the measured
point and the lines, d(po, {) and d{po, {1).

(b3) Calculate the firing strengths oy and ay, as

d(Po-lL)

;o= - 13

= Tporlo) + dlporls) (1
d(po, lv)

d(po,lr) + d{po, 1)

(b4) With these firing strengths, apply the simplified in-
ference method[3] to calculate control input.

(14)

Oy, =

Part of the procedure is shown in Fig. 6.
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With the fuzzy sets of Fig. 4 and the control rules of
Fig. 2, the proposed methods gave the result of inference
as Fig. 7-(a) while conventional method gave the result as
Fig. 7-(b). Note that simplified defuzification method[?]
was adopted in the comparison simulation. {\s'shown in
the figure, the new method gives smoother variation of cal-
culated control input than conventional methods.
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Figure 7: results of defuzzification of (a) proposed method
and (b) conventional method.
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Figure 8: Responses of Gy(s) by (a) new method and (b)
conventional method.

4 TIllustrative Examples

We have applied the proposed method for plant described
as

1
—_— 15
s(s+1) (15)
and got the result of Fig. 8. Also we have applied the

proposed method for the following plant and got the result
of Fig. 9.

Gi(s) =

1
s2402s+1
As shown in the two figures, the new inference method
gives smoothly varying control inputs. In the example of

Ga(s) = (16)

() (b)

Figure 9: Responses of (;(s) by (a) new method and (b)
conventional method.
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Figure 10: Responses of G3(s) by (a) new method and (b)
conventional method.

the following plant, slightly more stable response was ob-
tained by the new method than by conventional methods.

1

Gals) = s(s+0.1)(s+2)

(17)

5 Concluding Remarks

An inference method for FLC adopting fuzzy relation in
describing conditional part of fuzzy control rules was pro-
posed instead of conventional ones using min operator in
combining multiple inputs. Moreover, a fuzzy relation-
fitting technique with fuzzy sets and fuzzy rules described
in conventional forms which can be easily given by experts,
is proposed.

Each control rule of proposed method is summarized as
the following form

R; : if (z,y) is D; then z is C|

and is proven to give smoother interpolation result than
conventional methods using Cartesian product of fuzzy sets
for multiple input case.
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