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ABSTRACT

Presented in this paper is a complete error covariance anal-
ysis for strapdown inertial navigation system(SDINS). We have
found that in SDINS the cross-coupling terms in gyrocom-
pass alignment errors can significantly influence the SDINS
error propagation. Initial heading error has a close correlation
with the east component of gyro bias error, while initial level
tilt errors are closely related to accelerometer bias errors. In
addition, pseudo-state variables are introduced in covariance
analysis for SDINS utilizing the characteristics of gyrocom-
pass alignment errors. This approach simplifies the covariance
analysis because it makes the initial error covariance matrix
to a diagonal form, Thus a real implementation becomes eas-
ier. The approach is conformed by comparing the results for a
simplified case with the covariance analysis abtained from the

conventional SDINS error model.

1. INTRODUCTION

The initial alignment of inertial navigation system(INS) is
an important process performed prior to normal navigation.
For most ground based applications, gyrocompassing is known
to be a common self-alignment method[1-5]. Although the pur-
pose of the gyrocompassing is to drive the alignment errors to
zero, unfortunately the alignment errors in practical system do
not reach zero due to inertial sensor errors[6-9]. The gyrocom-
pass alignment errors of strapdown INS(SDINS) are known to
have an interesting relationship with the bias errors of iner-
tial sensors[10-13]. For example, when an SDINS in stationary
navigation maintains the alignment attitude, there is a cancel-
lation between the alignment errors and inertial sensor biases.
On the other hand, if the SDINS changes the alignment head-
ing, the cancellation between them is perturbed and relatively
large navigation error may be generated.

To analyze the navigation error of SDINS considering these

characteristics of gyrocompass alignment errors, the Monte

Carlo method and individual parameter vartation method have
been employed{10]. However, covariance analysis method which
is very efficient for terrestrial navigation error analysis[14] has
not been appeared in the literature. In covariance analysis
for SDINS, all states are generally dealt to be jointly Gaus-
sian and to be initially uncorrelated with one another, while
in case of considering the characteristics of gyrocompass align-
ment errors, we must take it into consideration that the initial
attitude errors are correlated with the inertial sensor biases.

In this paper, considering such a point, the characteris-
tics of gyrocompass alignment errors are investigated from a
stochastic theoretical point of view and the two kinds of co-
variance analysis approaches are presented. One is to use an
existing conventional SDINS error model considering the corre-
lation between the initial attitude errors and the sensor biases.
The other is to utilize a modified SDINS error model where the
attitude error states are transformed into new state variables,
so-called pseudo-states which are initially uncorrelated with
the sensor biases. llere, we investigate how the characteristics
of gyrocompass alignment errors can be shown to be conceptu-
ally equivalent in the two SDINS error models. Morcover, we
explain the difference between the two approaches and show
that the two approaches give the same result.

In the next section, the characteristics of gyrocompass align-
ment errors in the conventional SDINS error model are inves-
tigated and in section III, a modified SDINS error medel is
derived and compared with the conventional error model. In
section 1V, covariance analysis is performed, and the conclu-

sion is given in the final section.

Ii. CHARACTERISTICS OF GYROCOMPASS
ALIGNMENT ERRORS IN CONVENTIONAL
SDINS ERROR MODEL

In this section, we look into the characteristics of gyro-
compass alignment errors in the conventional error model. In

[12], the heading-sensitive characteristic of initial north level
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tilt was analyzed through the mathematical and geometric in-
terpretation. llere, we extend the anulysis to investigate the
characteristics of initial east level tilt and initial heading error
in detail.

A conventional SDINS error model is obtained by adding
the coordinate transformation matrix to the gimballed INS cr-
ror model. For the purpose of analyzing the characteristics
of gyrocompass alignment errors, we have modificd Goshen-
Meskin and Bar-Itzhack’s INS error model[15]. A local level
N ED-frame is used as the navigation frame. When we con-
sider the characteristics of gyrocompass alignment errors, since
the position error model is not changed, it is omitted. The ac-
celerometer and gyro errors are considered as random biasces.
Then the conventional SDINS error model augmented with the

sensor biases can be represented by

g=Fz (1)
where the state variable z is given by
z o= (6 iYW )T

= [buw,bve,bvp | 6¥N, Ve, 66D V4, P, Y, fen 6,807 (2)

where §p is the velocity error; P is the attitude error; ¥ is
the accelerometer bias error; g is the gyro bias error; the su-
perscripts n and b denote navigation and body frames respec-
tively; the subscripts ¥, E and D denote the north, east and
down components of the navigation frame respectively; the
subscripts z, y and z denote the each components of the body

frame. The system dynamics matrix F' can be represented by

iy P2 Pz Oaxa

O3xa Fr2 O3xz  Fa

F= (3)

03x3 0axa Oaxa Ozxa
O3x3 Ouxa Oaxa Oaxs
where 0343 is zero matrix of indicated dimension and
0 wp —wg
0 wN (4)
op -wny 0

F]] = —L:JD

where .
ON 22+ lycos L
o=|agg | = -1 (5)
wp —(2Q + [)sin L

in which Q2 is the Earth rate, [ is the geographic longitude, and
L is the geographic latitude. Fy; is the matrix

0 ~fp [fe
Fa=| fo 0 -fn (6)
-fe In 0

where fn, fg and fp are the specific forces. And Fy3 and Fy,
represent the coordinate transformation matrix CJ' relating the

body frame to the navigation frame. Finally £y, is defined as

follows.
0 wp  —Wwg
Fpp=1| —wp 0 wN (7)
Wi —WwN 0

where

wN (R4 i)cos L
w=|wg | = -L . (8)
wp —(+i)sin L

Consider a stationary self-alignment at the fixed position ex-
cluding the Earth pole. The stationary conditions are given as

follows.
In Y
fe | = 0 » (9a)
Io -4(0)
wN 2 cos L(0) Qn(0)
wg | = 0 = 0 (9b)
wp —Qsin L(0) Qp(0)

where index 0 means the value during the alignment; ¢(0) is
the gravitational acceleration at the alignment position. The
sensor errors are considered as random biases and the distur-
bance is neglected. Then, at the end of gyrocompass alignment
stage, when " = §9" = i}" = 0 is satisfied in (1), the system
is not completely observable and the steady-state alignment
errors are aflected by the sensor biases as follows[1,6-9).

_ Vg((0)
= _Vn(9)
ye(0) = (0) (10b)

where index 0 means the value during the alignment; ¥;(0)(i =
N, E, D) is the alignment error in the steady state. Provided

that | %ﬁ%% > | Mﬁg{'—l‘ﬂ |, the equation (10c) can be

reduced to
£g(0)

On(0)
In (10), the sensor biases in navigation frame are related to

¥p(0) = - (10d)

those in body frame as follows.

i

Cro)w? (11a)
ord (1)l (11b)

y*(o)
£"(0)

H

where C7(0) is the transformation matrix during the align-
ment. When navigation starts, the steady-state aligninent er-
rors in (10) are assigned to initial attitude errors in navigation.
Then in (1), if the initial attitude error and the sensor bias
states are assumed to be jointly Gaussian random vectors of
zero mean, they come to be correlated with each other.

Elyn(0)Ve] # 0 (12a)
E[pe(0)Va] # 0 (12b)
E[¢p(0)ee] # 0 (12c)

where Ef -] means the expectation of [ -].

Now let us investigate the navigation error propagation
characteristics of such initial attitude errors. In order to sim-
plify the analysis, several assumptions are used. That is, it
is supposed that the coordinate transformation matrix from

the body frame to the navigation frame has a roll-pitch-yaw
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convention and the body frame in the stationary alignment

coincides with the navigation frame such as

1 00
Co)=10 1 0]. (13)

001
Furthermore, the navigation at rest satisfies the stationary con-
ditions as given in (9) and the initial conditions of velocity error

states are given by
627(0) = §5"(0) = 0. (1)

Using these assumptions, first we analyze the relationship be-
tween initial east level tilt and the north component of ac-
celerometer biases. Neglecting the Coriolis terms in (1), we
take the north velocity error equation and consider the terms
related to the north component of accelerometer biases. Then

the resulting equation is written by
bon = —fppe +[Cr YN (18)

where [ - ]y means the north component of [ - ]. Provided that
an SDINS in stationary navigation maintains the alignment
attitude, that is, C}' = CJ(0), using (9a), (10b) and (13), (15)
becomes

§on = g(0)¥e(0)+ C1V,
_ Ci1(0)Vs ,
= ¢(0)-{~ y(()-_)—} +CnV,
= 0 (16)

which shows that there is the cancellation between the initial
east level tilt and the north component of accelerometer biases.
Thus the north velocity error does not occur for évy(0) = 0.
On the other hand, if the SDINS changes the heading by 180
degrees, that is,

-1 00
Ccr = 0 -1 0], (17)
0 01
then (15) becomes
doy = -2V, (18a)
or equivalently
§on = 29(0)(0). (18b)

It is observed that the summation occurs between the initial
level tilt and the north component of accelerometer biases.
Note also that in this case, a pitch change of 180 degrees can
also cause the summation.

Next we look into the relationship between initial heading
error and the east component of gyro biases. We take the north
velocity error equation and the east attitude error equation
from (1), neglecting the Coriolis terms. Differentiate the north
axis velocity error equation and insert the ecast axis attitude
error equation into it. Selecting the terms related to the cast

component of gyro biases, we obtain

~fp¥E
- fo{Qn¥p + [CRe)E) (19)

S

Il

Then, if an SDINS maintains the alignment attitude, inserting
(9a),(10d) and (13) into (19) yields

Sin = g(OANOD(0) + Crae,)
= (00N gD ¢ Cone,)
=0 (20)

where since the east component of gyro biases is canceled by
the initial heading error, the north velocity error does not ap-
pear for dvn(0) = Son(0) = 0. On the other hand, if the
heading is rotated by 180 degrees, then inserting (17) into (19)

results in

Sy = —2¢(0)e, (21a)

or equivalently

Sin = 29(0)n(0)¥n(0). (21Db)

We can again observe the summation between the initial
heading error and the east component of gyro biases. It can
be noted that in this case, a roll change of 180 degrees can also

produce the summation.

L. CHARACTERISTICS OF GYROCOMPASS
ALIGNMENT ERRORS IN MODIFIED
SDINS ERROR MODEL

In this section, we derive a modified SDINS error model
where the attitude error states are transformed into new states
which are initially uncorrelated with the sensor biases. And we
show through the mathematical analysis that the characteris-
tics of gyrocompass alignment errors both in the modified error
model and in the conventional error model are cquivalent to

each other.

A. Derivation of Modified SDINS Error Model

To make the initial attitude errors be uncorrclated with
the sensor biases, we define a new state variable 7, so-called
a pseudo-state vector which is transformed from the attitude

error state vector ¥ of (1) by a linear transformation as follows.

z=Tz (22)
where tle state variable z is given by (2) and the transformed
state variable z is given by

z= [6Q"T S vl fg"T]T. (23)

And the transformation matrix T is represented by

Isxa Oaxa Osxa Oaxa
0 I Ty: Ta.
= |0 fxs T 24 (24)
03x3 O3x3 faxz Ouxa
O3xa Oaxa Oaxa Jsxs

where I3x3 is the third-order identity matrix and
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_Cuf) _Cu® _Cn(
A IR )
— 1" 4
Ty = 9(0) +(0) S0 | (254)
0 0 0
0 0 0
To = 0 0 0 (25h)
Cai(0)  Ca22(0) C2(V)
N0 Tn(0) (o)

In (22), the pseudo-state components can be rewritien in the

following simple form.

_ V(0) .
IN = YN - 2(0) (26a)
= Val0) 5
= vt (26b)

_ £5(0) e
Wb = "/’D+QN(0). (26¢)

In (22)-(26), we see that since linear transformations of Gaus-
sian random variables are also Gaussian random variables, the
pseudo-states and the sensor biases come to he always initially
uncorrelated and independent regardiess of the aligniment at-
titude.

Elyn(0)VE] = 0 (27a)
E["/E(O)VN] = ¢ (27b)
E[yp(0)eg] = 0 (27¢)

which differ from (12) in the conventional error model because
ofl-diagonal terms disappear. llowever, inserting (22) into (1)

results in a modilied SDINS error model as follows.

i = TFT7'z

B. Characteristics of Gyrocompass Alignment Errors

We look into the characteristics of gyrocompass alignment
errors in the modified SDINS error model and compare with
those in the conventional SDINS error model. Considering the
assumptions used in Section I, we first analyze the relationship
between the initial east level tilt and the north component of
accelerometer biases. From (28), in case that (9a) and yx(0) =
0 hold, we obtain the following equation related to the north

component of accelerometer biases.

[Cr ¥l - [CF0) )N
{Cn - C1(0)} V. (30)

Sun

where it is seen that the cancellation occurs in case that an
SDINS maintains the alignment attitude, and the summation
takes place in case that the SDINS is rotated by 180 degrees
with respect to heading or pitch axis. Now investigate the re-
lationship between the initial heading error and tlie east com-
ponent of gyro biases. Then from (28), we also obtain the
following equation related to the east component of gyro bi-

ases.

g(O){[Cre’le - [CP0)EE)

= ¢(0){Ca2 — Cn2(0)}e, (31)

by =

which reveals the cancellation in case of no attitude change and
the summation due to the rotation of 180 degrees with respect
to heading or roll axis. Therefore, these results show that the

clharacteristics of the initial level tilt and the initial heading

u Fa B Fua bt error in the modified error model are equivalent to those in
_ Osxs  For  Foy Iy ™ (28) the conventional error model.
= b
Osx3 Osxsz Osxz Uaxsy v
b
O3xa 033 Osxz Ouxs £ IV. COVARIANCE ANALYSIS
where . R
In the previous sections, we derived the modified SDINS er-
Moo= Py (29a) ror model and showed that the characteristics of gyrocompass
Fia = Iy, (29b) alignment errors in the modified error model are equivalent to
. . those in the conventional model. The main difference between
Fp = Fn (29¢)
¥ IpCh(o Cyqy(0
(n+—"~;(}f)—z C‘x:*—%ﬂl—2 Cis + ﬁ,,o
P U C ,
Fia = Cyy + LLg(ﬁﬂ-&)- Coz + l‘fﬁiﬂ Ca + l“%ﬂﬂl (29d)
_ {0} - e Cyy (0 - Cra(® _ o C 310 Cy3(0 Cys{0
o = L0l - Ligye) O LaGylel — syl G, — gy Lagge
_wnCi(0) _.wpCia(0) _wpCi3(0
9(0 9(0) 9(0
¥ - _wpCa (v _wpCai(o _wpCa{(9
# 9(0) 9(0 4(0) (29¢)
wnCn (O+weCa(0)  wyCia(OtweCn(0) wnCis(0)+wpCas(0)
4(0) 9(0 (0}
—lgCal0) _lgla0)  _fgCal) the two error models is whether the initial attitude error states
o o ‘&t
Py = lx;l_Nz(_le L%_iM_u‘Tl - dyfan) (291) are correlated with the sensor biases or not. In this section,
0 0 0 considering such a point of the two equivalent error models, we
Cn + 13%?:_73‘11 C + ia_i-w‘_)"l Cry + =550 propose two approaches to covariance analysis on the charac-
. — _ wnCypio o wNCa(0) v waCoa(o) . P . N .
Fa Cay - 2S) Cyy =t Ca - =g |- (2%%) teristics of gyrocompass alignmnent errors. The first approach
CJI (’VQS? (J'Jil

is to use the conventional SDINS error madel. Tlere, since
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the initial attitude error states are corretated with the sensor
bias states, ofl-diagonal components are included in initial co-
variance matrix. The second approach is Lo use the modified
SDINS error model, where since the initial attitude error states
are uncorrelated with the sensor biases, the initial covariance
matrix contains only diagonal components. In order to com-
pare the two approaches, we introduce simplified covariance
analysis examples for the iuitial cast level tilt case and initial
heading error case respectively. And for each case, we com-
pare the analytic solutions of lincar variance equations. The

assumptions used in Section 11 also hold here.

A. Initial East Level Tilt Case

For this case, in order to perform covariance analysis using
the first approach, from the conventional SDINS error model
of (1), we take a simplificd conventional error model includ-
ing the relationship between the east level tilt and the north

component of accelerometer biases as follows.

Sy 0 -fp Cn don
dg | =10 0 0 VE (32)
Ve 0 0 0 Vs

where all error states are considered as Gaussian random vari-
ables with zero mean. Using the system model of (32}, let us
petform covariance analysis on the stationary navigation er-
ror after gyrocompassing. lere, the discrete lincar variance

equation for covariance analysis is represented by

P(k) = &(k,0)P(0)97(k,0) (33)

where §(k,0) = e#¥8¢ is the state transition matrix and P(k)
is the covariance matrix whose initial covariance matrix in-

cludes the off-diagonal terms such as

0 0 0
Py= {0 9i(0) (0. . {(34)

0 $i(0)Vy v?
Then, through the analytic calculation using (9a),(10Db) and
(13), the standard deviation of the north velocity error after

time k can be represented by

osun (k) = VPu(k) =l Cii(k) — Ci{0) | Vi kAL (35)

where P;; is a ij-component of P and At is the time interval.
In (35), if an SDINS in navigation maintains the alignment
attitude, that is, C1y (k) = C11(0) = 1, then o4, (k) reveals to
be zero so that the cancellation between them occurs. On the
other hand, if the SDINS changes the lieading by 180 degrees,
rather there occurs the summation. Next to use the second
approach, we modify the conventional error model of (32) using
the pseudo-state vg which is defined in (26h). Then (32) is
changed into

bon 0 —Jp Cn+LeZgl ] T buy
B | =0 0 0 e |- (36)

V. o 0 0 v,

If (36) is applied to covariance analysis where the initial co-

variance matrix is given by the diagonal matrix such as
P(0) = dieg(0,0,V?), (37)

then, the standard deviation of the north velocity error after
time k is represented by (35) as well. Thus we can also see
the cancellation or summation according to heading change.
lence, this analysis shows that for the initial east level tilt

case, the two approaches produce the same result.

B. lnitial Heading Error Case

In order to apply the first approach, from the conventional
SDINS error model of (1), we take a simplified conventional
error model including the relationship between the heading

error and the east component of gyro biases as follows.

vy 0 -fp O 0 Sun
j 0 o :
'/:'E N wn Co Ye (38)
(25} 0 0 0 0 ¥p
éy 0 0 0 o0 €y

If we try covariance analysis using (38) where initial covariance

matrix is given by the non-diagonal matrix such as

00 0 0
0 0 0 0
P(0) = s 39
(©) 0 B0 vol0e, 49
0 0 ¥p(0), el

then, using (9),(10d) and (13), the standard deviation of vy
after time & is represented by

, kAR
Osuy (k) = VPu(k) = Coa(k) - C22(0) | £, 9(0) 2

In (40), provided that an SDINS maintains the alignment at-
titude, a5,, (k) becomes zero so that the cancellation occurs.
On the other hand, if the SDINS undergoes a heading change

of 180 degrees, tliere occurs the summation between them.

. (40)

Next in order to apply the second approach, we derive the
modified error model using the psendo-state variables yg and
o which are defined in (26b) and (26c). The only difference
is that in (26b), yg is assumed to be equal to ¥g, because
the north component of acecelerometer biases is not considered

here. Then the resulting system model is represented by

17N, 0 ~fp O 0 bun
D 0 0 0 0 ™w
£y 0 0 0 0 £y

{4m)
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If we perform covariauce analysis using (1) under the condi-
tion that the initial covariance matrix is given by the diagonal

matrix such as
P(0) = diag(0, 0, 0, £, (42)

then, the standard deviation of éuy alter time k is represented
by (40) as well. Thus we can also see the cancellation or sumi-
mation according to heading change. Therefore, this analy-
sis shows that for the initial heading crror case, the two ap-

proaches produce the same result.

As seen from the results of the case A and B, it is obvious
that the two approaches which use the two equivalent SDINS
error models respectively give the same resalt, whea we utilize
covariance analysis for the purpose of analyzing the character-
istics of gyrocompass alignment errors. We note that although
the special cases were chosen to demoustrate the identity be-
tween the two approaches, the general cases will involve more

arguments, and the results will not be changed.

V. SUMMARY AND CONCLUSIONS

Two approaclies to covariance analysis for SDINS have
been presented to analyze the characteristics of gyrocompass
alignment errors which are caused by the inertial sensor biases
in stationary gyrocompassing. One is 1o introduce the correla-
tion between the initial attitude ervors and the inertial sensor
biases into the conventional SDINS error model. The other is
to use a modified SDINS error model where the attitude error
states are transformed into new states initially uncorrelated
with the sensor bias states. In the former approach, the initial
covariance matrix includes off-diagonal components, while the
latter approach does not.

Through the mathematical interpretation, it is shown that
the characteristics of gyrocompass alignment errors in the mod-
ified SDINS error model are conceptually equivalent to those
in the conventional SDINS error model. Furthermore, by com-
paring the analytic solutions of covariance analysis examples,
it is shown that the two approaches produce the same result.

Due to the simplicity of covariance analysis, the two co-
variance analyses presented here can serve as more elflicient
and accurate means to evaluate a stationary performance of
SDINS or to sclect a mission flight trajectory considering the

gyrocompass characteristics.
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