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On the Effect of Tramsversal Warping in Thick Plate
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ABSTRACT

Approximate Constant Shear Angle Theory is usually used to take a transversal shear
deformation of thick plate into consideration, which cannot be effectively considered
the influence of transversal warping of cross-section with an increase of thickness. It
night be the best way to represent the exact warping of cross-section.

In this study, the derivation of warping function is attempted, and the effect of
shear deformation and transversal warping is to be considered through the nolinear
analysis of plate.
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Warping& AP B9 dgics el B B, et gt ARk 2dshes Zo) 34
2] Wiy RHoju}.

T2 R(Beam)2] Fghddio) 2J3k thuie] Mgk warpingod Ui F 4R g, =
g o] €3 224 % 7 7gEo] $ItH7-11]. Saint Vermant EM2] M¢) A (Displacement Field)
of thst g ¥s)i(Exact Solution)[12,13]§ Generalized Kinematic Variablesod tis}ol sis}
APo A Ayt varpings] 3¥E ek Hrh %t Kinematic Hypothesis& 2§ 5 3l
tH11). F ¢ Varping2] %2 £]H¥ Pvio) 0]k SiE]o] ©He] Varpings ‘Viepdrh 3o
UM E ool H¥olEg WYl HegygosA gyie] Hehiigdog Qlgh ghyle] Mgk
Varping& Rt} YA Lepd 5 g Zojt}.

2. .%ol welAl (Displacement Field of Plate)

Fig. 1 ojMe} ol FA7t h o]l xi—x2& FHULE st o) HgladL, 2o Saint
Vennant EAjjof thgl d ¥t we|AtE Generalized Kinematic Variablesof tiistod 4isis} A|gd
2.2 ¥+ Kinematic Hypothesis-& ttoll §aste] thga} ol viepd 4 3lth.

wi(x) = uilx1.x2) — Xagilx1.x2) - ¥ ¢€x3)/:’i(xr.xz)

- 2.1
us(x) = us(xg,x2) (2.1

oJ7|4 Kinematic Variables {ui(x1,x2), @i€x1.x2)}i=1.25 27 xi® 4e] %3H9](Mean
Displacement) 2} xiZ+of vht 322 H (Average Rotation)§ Liejus Hog 4] (2.2)8 A9
B, E4Mo= Fig.20)Me} o] vebd 4 sith.

- 1 hr2 - 1 h/2
ui(xy.x2) = — f ui(x)dxa, @i(x1,x2) == — f x3 ui(x)dxs (2.2)
-h/2 1 Chr2

od7|M 1 = h3 /12 oJtk. O] ¢(x3)= Warpingy4-8M 4] (2.20& 2E vhs3 g =27
& rE3todof shar, 3 tiyA oz tlehd 4 it

hr2 "hr2
S ¢(x3)dxs = f x3 ¢(x3)dxs = O (2.3)
-h/2 -h/2
2 3
¢(x3) = F x33 ~ o X (2.4)
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WA (2.1)04M »x MEAsola, Bi(x1,x2)+= VWarpingoll ##1 3 Kinematic Variable2A
W& kel (Average Shear Angle)-& ‘hehim, A8ty gtojre] Y% Axk-geo] 0 o]
ehe 27oe ¥ the "ol 3 5 vk 71yl 2ol Fig.2 YAt Feon,
X1, X222 2] VarpingS 27t x ¢(xa)Bi(x1.x2) 2 XYY 4 3},

Bilx1.%2) = Us.i(x1.X2) - @i(x1.X2), X=5/8 (2.5)

Kinematic Variables {ui(xi.xz2), @i(x1,x2), —Ba(m,xz)}in.z. “us(xsx2)E $olM A3
g B2]AMY ujgjod] BF x1 - x2 2YUUANAM Helgla, HPEYARAS-E MIFHeE2AM Co U

oi4/d-g 7}7! Shape Fuctiong Ah&% 4 $lth. Kinematic Variables {8i(xi.x2)}i=1.2 %&
AMelEln 4 (2.1)2 Yyt Mindlin o) &0) 2J3} wig)Ao] ),

3, =38 w44 (Equations of Equilibrium, Weak Form)

FAZt holn $ENo g et AA 0 § 7hale W 0 A WitojM, A3t t=0 o u)
7124} el(Reference Configuration) B = (0,h) x @ C R3or2] 2l A= X & Helsta, Azt
to)A wajdel(Current Configuration)e] 82 x 2 vepdch 2|2k t ofMe] A Xi 9
W (Deformation Map)-& Lagrangian 5~ 2.2 thg3} o] Hygtch,

x=X+uX (3.1)

o37]M wg) u(X)e NHYA (2.1)F o) MY o g Fojx|z, ¥ 2uj(Deformation Gradient)
£ F = ax /8X2 73ejsit},

Local Forne] §% WA4lg dole] AARUE BHshe 812 HE g of vzt theay g
0] Weak Forno. & EMY 4 glt}.

G(x,m) =fBP-GRAde-.pro'B-ndV-fB'r-nds (3.2)

o§7] M- P- & 1%% - Picla-Kirchhoff - S & A}, - o= 7| EA e} (Reference - Configurat ion) of A 2}
Hrolz, B AYojrt. Jela v & AARLE oBu ofA, HYUL FALE oBu oM 7P
o] zlt}. (aBuUaB.=aB, aBuNaB.=0). W2Jg $Isk 1** Piola-Kirchhoff S¥sirM 2nd
Piola-Kirchhoff 2¥elr, S = F P & uja)s}i, uh25l: Green-Lagrangian H3-ZedA
E = Y%(FF - 1)-§ Ah&gbrh. o] oM = Ay Warpingod thil 7isiebaiel glof #4HE £

I Yong ARe Pdor gt azg 4 (3.1 ZItgAd H[AYE vz 3l
oog, oh&3 ol oY Yek =44 (Directional Derivative) [151-F o]-23tod 2] (3.2)
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2) sy alg 274 el(Intermediate Configuration) ¢ oA Aedsieic},
o § ,
DG(x,n) = de [G(x + eA)]e=o (3.3)
_ Se1 + F5I- F o) -
LIG; = 7 GRaDy (S8l + F‘E( 3 Fl RO & + 6 =0 3.0)
o§7]4 Bar: el ¢ oA APHEE He Sujsta, A € Sl 4 G99 RYL
Tangent Stiffnesso}il utz]a} &2 Out-of-balance Force® A Uhg2} .

Gx) = fFSGRADp & -7 T-qdS (3.5)
B 8Bt

4. wteatie] HAg

dutxel Mo u(x) = [ug,uz,us,¢1,92,58 .81t = HAHH U & 221y Ni(QEA v}
#2 go] E7(Interpolate)Ht}. o7]oM Kzlof= Co2] UKoz FEslrh

nel

u(x) =2 Ni(x)Ui (4.1)

i=1
A (2.2 (4.1) o)A wgle] -zul(Displacement Gradient) ofefel o] »4i+sic).

nel

GRAD u(x) = ), Bi(x)Ui (4.2)

i=t
of7)oll 4. Bi2] ¥ (Rows)Z th&zt ¥ WHOZ GRAD u 2 242} UgHr}):
B(1,2,3,4,5,6,7,8,9) —> GRAD u(11,12,13,21,22,23,31,32,33). HEzule 4 (4.2)F A2
tlo] 23 4 glam, A SE AAHEY AU of Ut e HE BEAHU ol BA
(Discrete Problem) 2 A \sit}.

Ke AU = fe (4.3)

°47.l°1\’*1 Tangent Stiffness Matrix Ki2} Out~of-balance Force fit RE g2} §fojr}.

Ko =Y /B[Sel + FQiFl &, fu=Fue-X /BUFSl & (4.4)
e B ‘e B
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Fo & 9z 2-& FAstE Hejo|t}.

dAje] dFofM = 82| Serendirity 248 A3 o], T4 Gauss-Lobatto *E
4, Brlojr= Shear LockingZ WA|8}7] $15}lod Reduced M2 (2x2 Gaussian H&)-2 A}
$3h3lt}. Gauss-Lobatto M-¥fols HE Warpings] o] gle 2ole 3d, e 220
53-8 Ahgsisic.
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(d¥h2d Mindlin 2.4)0) vhgl Warpingg aedgt 242 H|882M ojslstod vhelulisict.

ditxog At o}F g H-2(Wa = 0.01)olle BE ZFSoix BEsi(14]8} 2 23z
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e o 5 slch dAHdog AFshEel viste] £t e AHee] ulgo] g © It
€ A& & 5 sieh 2ela AEFe] gk B9 A7 7Y A 48 Varpingg 13
th 2a0) 2%t Az F7t wigo] EEle Ao Utk ®gk 4¥o] 1E ] k= Ao}
EAlzlEe] e Ao Ay os M) 71 v)-go] 3, A)alYo) Warpinge] F&
A %e A7t Y ¥R ¢ 5 Yrh '

olgit ApdodM FEslFol otk FUT Mo AUFshEol 2k BUdo A¢al HAURE
Hr} o] Varpinge] W HMo neH EEElo] g 227 st x|z Hojre] Varping
o] F&2 AlxW 2e] Varpingd HAse AYE st: Rog, %3] Fig. 5(b)2} Table
2Ab)ollM B uig} o] ExsMed whe oleigt WAl Fer g & 4 slth
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Fig.1. Coordinate system of a rectangular plate
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Fig.2. Geometry of warping section
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Fig.3. Boundary conditions and material properties



WmoxD Wen 2
——*;(X'IO—‘) ———— (x107%9)
P a q a
0.6 . . . . : 1.0 . . . T -
——————— w / warping . ~—————= w / warping
05 . 4 08 ) 4
- w / o warping w / o warping y
/
08
0.4 1
0.7
03 F .
0.6
02
0.5
01 ]
exact solutiom 14 0.4 -
exact solution 14
0.0 1 L 1 1 0.3 1 1 1 1
0.0 Q.1 0.2 Q.3 0.4 05 0.0 0.1 0.2 0.3 0.4 0.5
t/o o _ t/a
(a) Concentrated loads (b) Distributed loads
Fig.4. Midpoint deflection of a simple supported rectangular plate
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Fig.5. Midpoint deflection of a clamped rectangular plate
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t/a |w/o warping|w/ warping % t/a jw/o warping|w/ warping %
0 01 |0.116(1071°|0.116(10-1>| 0.03 0.01 [0.406(10-2°|0.407(1072){ 0.02
005 | 0.120 0.121 | 0.58 0.05 [ 0.411 0.412 | o0.21
010 0.133 0.136 | 1.95 0.10 | 0.424 0.427 | 0.13
015 | 0.155 0.160 | 3.36 0.15 | 0.446 0.454 | 1.76
020 0.185 0.193 | 4.54 0.20 | .0.476 0.490 | 2.91
0.25 | 0.224 0.236 | 5.45 0.25 | 0.516 0.537 | 4.17
0.30 [ 0.271 0.288 | 6.05 0.30 | 0.564 0.595 | 5.46
0.35 | 0.327 0.348 | 6.30 0.35 | 0.621 0.663 | 6.69
0.40 | 0.392 0.418 | 6.53 0.40 | 0.687 0.740 | 7.81
0.45 | 0.465 0.496 | 6.60 0.45 | 0.687 0.740 | 7.81
0.50 | 0.547 0.583 | 6.56 0.50 | 0.845 0.926 | 9.67

(a) Concentrated load

(b) Distributed load

Table 1. Midpoint deflection of a simple supported rectangular plate

Table 2. Midpoint deflection of a clamped rectangular plate
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..wfo w/ warping (10-1? w/0 w/ warping (10-2?
t/a jwarping t/a {warping

(10| 1 x| 2 |= =1 1 |z 2 |z
0.01 | 0.056 | 0.056 [0.18| 0.056 [0.07} | 0.01 | 0.127 | 0.127 |0.03| 0.127 |0.04
0.05 | 0.061 | 0.061 [1.32] 0.061 |1.27| | 0.05 | 0.132 | 0.133 {0.75] 0.133 |0.77
0.10 | 0.074 | 0.076 {3.56] 0.077 |3.61) | 0.10 | 0.147 | 0.150 |2.45] 0.150 |2.56
-0.15-| 0.096 |-0.101{5.42} 0.101 |5.54| | 0.15 | 0.170 | 0.178 |4.43] 0.179 |4.88
0.20 | 0.127 | 0.135 [6.64] 0.135 [6.77] | 0.20 | 0.203 | 0.215 [6.23| 0.217 |7.08
0.25 ] 0.166 | 0.178 {7.18} 0.178 [7.41] | 0.25 | 0.243 | 0.262 [7.76] 0.262 {9.04
0.30 | 0.214 | 0.229 |7.35| 0.307 |7.68| | 0.30 | 0.293 | 0.319 [8.92{ 0.324 |10.7
0.35 | 0.270 | 0.290 {7.34] 0.291 [7.75| | 0.35 | 0.350 | 0.384 {9.75] 0.392 [11.9
0.40 | 0.335 | 0.360 (7.00] 0.360 |7.68] | 0.40 | 0.417 | 0.459 [10.3] 0.471 [12.9
0.45 | 0.408 | 0.437 [6.98] 0.439 |7.53| | 0.45 | 0.492 | 0.544 |10.6] 0.559 |13.7
0.50 | 0.490 | 0.523 [6.75] 0.526 {7.33] | 0.50 | 0.575 | 0.637 [10.7] 0.657 [14.2

(a) Concentrated load (b) Distributed load




