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I. INTRODUCTION

In 1970 Trachtenberg introduced the nonbinary sequence set which has period p®-1

n+l

and [amily size of p"+1 and the maximum nontrivial correlation value of 1+ 4/p™ (p

prime, n odd). In 1976 Helleseth introduced the nonbinary sequence set which has period

p™-1 and family size of p"™+! and the maximum nontrivial correlation value of

142 \/p_“ ( p prime, n even, p** # 2 mod3 ). In 1990 Kumar and Moreno introduced the
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nonbinary sequence set which has period p8-1 and family size of p? and the maximum
nontrivial correlation value of 1+\/;); ( p prime). In 1991 Liu and Komo introduced the
nonbinary Kasami sequence set which has period pt-1 and family size of p™2 and the
maximum nontrivial correlation value of 1+ p%2 ( p prime, n even). But linear span of
those sequence sets are just the number of linear shift registers for generating each
sequence set since those sequence sets are just from the addition of linear feedback shift
registers. In 1990 Antweiler and Bémer introduced the nonbinary GMW sequence with
large linear span but it is not a family of sequence for CDMA applications.

This paper presents the new nonbinary sequence set with large linear span for
CDMA applications which has more members rather than the nonbinary No family

extension ( family size is increased from p%2 to p? ).

II. THE NEW FAMILY
The trace function, which maps the elements o of GF(p") into elements of a

subfield GF(p™) can be generalized in the following way:
n/m-1 o
Tra (@)= Y, o
i=0

with n divisible by m and p a prime number.

We define the new sequence set over GF(p) (p prime) as

S={s;(nI0=<t< N-1, I <i<pn} (1)
where
s;(O=Tr™{[ T2 (o®) + o™ T2 (7,0 P )T} )

where « is a primitive element of GF(pD), the integer r, O<r<p™-1, satisfies gcd(r,p™-
=1, vy, € GF(p"), N=p"+1, m=n/2, T=p®+1. It can be noted that if p=2, this sequence
set represent exactly binary No sequence set. The correlation function, Ryj(t), 1 <i,j<p",
of the ith and jth nonbinary sequences corresponding to s;(t) and s;(t) is the inner product

of the nonbinary sequences given as
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N-1
Ry(1)=), 0™ 0<t<N1

t=0
where t+7 is modulo N addition.
8i(O=Tr™ {[ T2 (™) + o™ T2 (7,0 ")}
=Tr™ [ Tr2 (0?4 ™) + oW+ TE? (y, 2K T+ )y
where t=t;T+tp, 0 <t; <p™-1, 0<t, <T-1. Noting that
Tr2 (oP4T) = Te2 (oM o™ ) = 0P T Tr2 (o2
and that
aT(tlTﬂz) - atsz anz — aZt,Tath
and that
Tr? (Yia(p—Z)(t,Tﬂz)) =Tr? (Yia(p—2)tlT o2t )= (x(P—z)tlTTr:l (Yia(p—2)tz )
So,
si(O=Tr™ {[oP " Tr® (0P ) + o o T o2 (0072 ) )
=T {0 [ Tr2 (0 ) + 0 e (Y, )T')
As a result, we have that
8i(t+T)-8;()=Tr {0 [{Trg (@) + ™I Te (y, 0P 24"
~{Tra (o) + o Tea (v, 2)) 1}
where we define
£, (t,) =(Trp (P***9) + = O T (y, 0Py
~{Tra (0P ) + o T (v, 0822 )Y
Noting that
8i(t+7)-8§(O=Tr" {0 £, (t,))

As a result, we have that

If £,(t,) #0, 0<ty <T-1, then s;(t+7 )—sj(‘c) is a m-sequence of length p™-1.

If f,(t,)=0, we obtains p™-1 zeroes as ty varies over the range 0 to p™-2.
We define that z; denotes the number of values of t; which

21=1{12, 0<t, <T-11 £, (t,)=0}|
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then s;(t+7 )—sj(’c) takes on the value 0 a total of zl(pm—1)+(T-zl)(pm'1-1) times and takes
on the other value {1,2,3, ... ,p-1} a total of (T-z;)pm-!
£, () =(Trp (@P) + oM T (v, P2 9))
- {Trg (0P) + o T (7,052 0<t< N-1 (12)
note that,
f(t+T)=0""f (t) ,0<t< N-1 (13)
Consequently, if z, denotes the number of zeroes of the function f,(t) as t varies over
the range 0 to N-1, then it must be that
zp=(p™-1)z, (14)
Next, define
f, (0= Trg (@) + o™ OTr (v,0%29)- Trp (o) -0 T (v, 02 (15)
Since ged(r,p™@-1)=1,
f()=01f,1t)=0 ,0st< N-1 (16)
Thus it suffices to count the number of zeroes of the function f, (t).
Let x=0' so that x ranges over all the nonzero elements of GF(p?) as t varies over 0 to
N-1.

f,(x) = (07 —1)xP + (o —1)P" x?™" 4,02~ D7 T+p2)

m m _ m __ m m
+ Yip u{T+(p-2)p ltxff+(p 2)p }_ij(T+p 2) _,Yjp x(T+p (r-2)}

= xP{(0”" ~ 1) + (0 ~ 1)?“‘ xP®™-D 4 (Yia(Pm+P_l) -, )xp“‘-l
+ (,Yip"’a(p“"‘-p“’ﬂ)r _Yjp“’ )X(p'“*‘-p'“—pﬂ)} (17)
Let y=x"" . Since (p-1)(p™ 1) = p™** - p"~-p+1,
£, (0 =x" {0 = 1)+ (@ = 1)"" y? + (7,00 —y,)y

m+l__m

+(Yip"‘ [AL i 2L .Yjp“‘ )y(p-l)} (18)

Here we distinguish between two cases:

Casel: t=0and v, # v,
£, ()= xPy{(Y, ¥+ (1 =7, )y®?) (19)
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In this case, f,(x) vanishes if and only if (p-2)th degree polynomial of y in (19)
vanishes. Since the coefficients of the polynomial lie in GF(p™), the polynomial has
0,1,2,...,(p-2) roots over GF(p®).
Case 2: T #0
Similarly, f,(x) vanishes if and only if pth degree polynomial of y in (18) vanishes. And
the polynomial has 0,1,2,...,p roots over GF(p®). Thus, z,=0, (p™-1),2(p™-1), 3(p™-1),...
,p(p™-1) since y= o® ™", Thus, the values of z; are 0 or 1 or 2 or ... or p. As a result, all
possible values of Ry(7) are of the form
R;(T)= @F s
= @°{z,(p" = 1)+(T-z,)(p™" -1}
+O(T-z)p™" +@*(T-z)p" " + -+ 0" (T-2)p™"
=z,p" -T+(T—z)p" (@° +©' +---+ ™) (20)
where (@’ + @' +---+©"™) =0 So,
R;(0)=2z,p" -T=p"(z,- -1 21
If p=2, R;(T) = 2" (z, - 1) - L. Thus the sequence family presented here includes a family
of binary No sequence. And also p=3, R;(1) =3%(z, -1)-1.

The maximum Rij('c )<2-3m_1 ( the same as Helleseth's maximum value.)

III. EXAMPLE
Let p=3, n=4(m=2), r=S, and the minimum polynomial of & over GF(34) is
p(x)=x*+x+2 which is primitive. Then, N=80, M=9, and T=10. From (2), the ith
sequence of S is given as

s(O=Tr2{{Tr;} (*)+ o' Tr,} (y,0®?)F}, v, € GF(3%) (22)

or can be rewritten as
si(O=Tr {{Tr} (™) + Try (y,0")’} (23)
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Here B=c?® and is a primitive element of GF(32) and m, (x)=x2+x+2. The minimum
polynomials m , (x) and m_, (x) of & over GF(32), respectively, turn out to be

m_, (x)=x2-82x+83 (24)

m _,, (x)=x2-37x+@3 (25)
Choosing {1,8} as a basis for GF(32) over GF(3), the elements 8t can be expressed in the
form

Bt =py+v B (26)
where the coefficients y; are functions of t and lie in GF(3).

826t =B2(vy+r1B)

ST, S A, P @7
336t =B3(vy+v1B)

=2pp+201+200B (28)
878t =67 (vy+»18)

=pgtvy+pgf (29)
(Bt Y=pg+2ugr1 242002v1 +(n2v1+20+20gr12)B (30)

By the trace function property, it is sufficient for the purpose of implementation to
determine only one coefficient function of (30). Finally, different sequences within the
family are obtained by simply change the initial contents of bottom shift register for a
fixed set of initial contents for the upper shift register. For calculating the linear span of
(23), consider how many additional roots come out of this nonlinear operation. (This is
Key's result) Now,

[Tr) (™) + Ty (7,0")P = [o® + o™ + .0 + v, 0 P 31
which after some work expand to

=0 1+, +27,+27,2) + o™ 1+ 7.7 +27.° +27,)

+o ™ 2B 42y 2+, T + D)+ 2y, 7,2 +27,7 +1)

+HOO (2427, 27,0+ 2+, )+ (24 270 +y 2 27,0 4. D)

+oP 2y, +y 7+ 27 +27) + ot (27, 42y, + 7,2 4+ 27,)
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+o 2y, + 27,2 +y, )+ o 2y By, P +27,9) (32)
Since the conjugates of o are !5, o45, 55, TrZ (o) and Tl (o™) are phase shift of
the sequence. Then since the sum of phase shifts of the same sequence is a different
phase shift of the sequence,

Tr? (o™ + 0% ) = D' T (™) (33)
Similarly, the conjugates of o7 are o1, 63, 29 which yields

Tr? (o + o®) = DT (o) (34)
and the conjugates of o!3are 039, 037, o3! which yields

Tr (0 + o) = D Tr (o) (35)
and the conjugates of a23are a9, a47, a61 which yields

Trl (o + 0™ ) = DTt (™) (36)
and the conjugates of a3are a’9, o7, a’!which yields

Tr2 (™ +o™) = D*Tr (o) (37
Thus, (23) turns out the addition of five different sequences depending upon 7y, value as

si(h= D'TrZ (o) + D2 Te (o) + DO Tr (o ) + DM TrZ (o)

+ DTl (™) (38)

The minimum polynomials with roots ol that generates the sequences Tr (o),
L=5,7,13,23,53 are given as

M, (x) = (x— o )(x ~ o) (x ) (x — o)

M_, (x)=(x-o)(x~- o™ )(x - o) (x-0®)

M, (%) = (x—a*)(x-o® ) (x - ) (x - o’")

M (x) = (x—a®)(x - o®)(x - ) (x—a)

M o (x) = (x-0?)(x-a”)x-a” ) (x-a’) (39)
For v,=0, s;(t) includes only the sequences generated by o3t and «!3t and o7. Thus, the
characteristic polynomial f(x) of sy(t) is, in this case,

£(x)=M_, ()M, (M, (x) (40)
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which yields a linear span of 12. And this is the same as the result of the complex GMW
sequence[5]. The linear span of complex GMW sequence is,

Lzm’ﬁl(n/m:n—l) ‘ @1)

i=0 i

M-1

where r=) r,p‘. For v, #0, we consider which value v, (range over all of GF(34)

i=0
taking on each value exactly once as i ranges between 0 and 79 makes the coefficients of
alt vanish. (Table 1)

Table 1. Linear Span depending on v; value

i:(fyi=ai) coefficients of ol-t=0 Linear Span
0 15t 55t o7t 63t 12
40 15t 55t 71t o7t 12
20 15t 555t 16
1,3,9,26,27,62,74,78 71t o 79t 16
other values No 20

For ¥, =00, the o> and o™ terms cancels out and yields a linear span of 12. For y, =a%,
the o and ot terms cancels out and yields a linear span of 12. For vy, =a2°,a50 the o3t
term cancels out and yields a linear span of 16. For v, =a',0? of,a2a?7,052 74,78, the
o1t term cancels out and yields a linear span of 16. And for all other values, all terms

are retained and

f(x)zMus (X)Mu7 (X)Mula (X)Mau (X)Masz (X) (41)

which yields a linear span 20 which shows the increase of linear span.

IV. CONCLUSION
It has been shown that new family of sequences can be obtained by nonlinear

operation of the addition of two sequences which increase the linear span of the
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sequence. The correlation values of a new family have p+2 levels with maximum
nontrivial correlation of p™(p-1). Further work is needed to have a general formula of

linear span of this sequence set. (This work is almost done by C.Kim and Kumar)
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Fig. 1. Generation of New Sequence Set of Period 80
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