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A NOTE ON STABILIZATION HEIGHTS OF FIBER

SURFACES AND THE HOPF INVARIANTS

Keiji Tagami

Abstract. In this paper, we focus on the Hopf invariant and give an

alternative proof for the unboundedness of stabilization heights of fiber
surfaces, which was firstly proved by Baader and Misev.

1. Introduction

A plumbing is one of well-known operations gluing two surfaces ([23]). If
one of the surfaces is a Hopf band, we call the plumbing a Hopf plumbing. The
inverse operation of a Hopf plumbing is called a Hopf deplumbing (see Figure 1).
It is known that a surface obtained by plumbing (more strongly, Murasugi sum)
two surfaces is fibered if and only if the two surfaces are fibered (see [5,6]). In
particular, Hopf plumbings preserve the fiberedness of surfaces.

Figure 1. Schematic picture of Hopf plumbing and Hopf de-
plumbing. Here, we only draw the case the Hopf band is the
positive Hopf band H+. In this picture, F and H+ are split.
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Harer [11,12] proved that any fiber surface in S3 is obtained from the stan-
dard disk by a sequence of Hopf plumbings, Hopf deplumbings and twistings
(for definition of twisting, see Section 2). Harer asked whether we can omit
twistings. Giroux [7] and Goodman [10], independently, gave an affirmative
answer, that is, every fiber surface is obtained from the standard disk by a
finite sequence of Hopf plumbings, followed by a finite sequence of Hopf de-
plumbings (see also [8]). Unfortunately, there is a fiber surface which cannot
be constructed from the standard disk by only Hopf plumbings. For example,
see Melvin and Morton’s work [19].

Baader and Misev [3] studied the minimal number of Hopf deplumbings
which are needed to obtain a given fiber surface Σ from the standard disk D.
It is called the stabilization height of Σ. More precisely, the stabilization height
of a fiber surface Σ is defined as follows. Let S be a fiber surface which is
obtained from both Σ and the standard disk D by a finite sequence of Hopf
plumbings (without Hopf deplumbings). Such a surface S is called a common
stabilization of Σ and D. Then, the stabilization height h(Σ) of a fiber surface
Σ is defined by

h(Σ) = min{b1(S)− b1(Σ) | S is a common stabilization of Σ and D},
where b1 denotes the first Betti number. Baader and Misev proved that the
stabilization height is unbounded.

Theorem 1.1 ([3, Theorem 1.1]). Let Σn ⊂ S3 be a family of fiber surfaces of
the same topological type Σ whose monodromies ϕn : Σ → Σ differ by a power
of a Dehn twist tc along an essential simple closed curve c ⊂ Σ : ϕn = ϕ0 ◦ tnc .
Then

lim
|n|→∞

h(Σn) =∞.

Roughly speaking, to prove Theorem 1.1, Baader and Misev showed the
following (a) and (b).

(a) lim
|n|→∞

scl(ϕn) = ∞, where scl(ϕn) is the stable commutator length of

ϕn in the mapping class group of a closed surface obtained from a
common stabilization Sn of Σn and D by capping off Sn by a disk after
plumbing at most six Hopf bands so that g(Sn) ≥ 3,

(b) scl(ϕn) < C(b1(Sn)), where C(b1(Sn)) is a constant depending only
on b1(Sn). From (a), we obtain C(b1(Sn)) → ∞ as |n| → ∞ and this
implies lim

|n|→∞
b1(Sn) =∞.

In this paper, we give a different approach to the unboundedness of stabi-
lization heights. In particular, we prove the following.

Theorem 1.2. There are a family {Σn}n∈Z of fiber surfaces in S3 of the same
topological type Σ and a constant C ∈ Z>0 such that

• lim
|n|→∞

h(Σn) =∞,
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• scl(ψn) < C for any n ∈ Z, where ψn is the monodromy of Σn and
we consider the stable commutator length scl(ψn) in the mapping class
group of any surface containing Σ as a subsurface.

We prove Theorem 1.2 in Section 4. To prove the unboundedness of stabi-
lization heights, we use the plane fields on S3 obtained from Σn by Thurston
and Winkelnkemper’s construction [24] and homotopy invariants for the plane
fields. In particular, we use the Hopf invariant.

Remark 1.3. The family {Σn}n∈Z in Theorem 1.2 does not satisfy the condition
of Theorem 1.1 because of the boundedness of the stable commutator length and
(a). In particular, the technique to prove Theorem 1.1 cannot be used to prove
Theorem 1.2. Conversely, there are some examples satisfying the condition of
Theorem 1.1 where we cannot use the technique to prove Theorem 1.2 (for
more detail, see Section 5).

This paper is organized as follows. In Section 2, we recall the definition of
Stallings twists. In Section 3, we recall properties of the Hopf invariant and
stabilization heights. In Section 4, we prove Theorem 1.2. In Section 5, we
compare Baader and Misev’s work with ours.

2. Stallings twist

2.1. Open book decompositions

Let Σ be an oriented surface with boundary and f : Σ→ Σ be a diffeomor-
phism on Σ fixing the boundary. Consider the pinched mapping torus

M̂f = Σ× [0, 1]/∼,

where the equivalent relation ∼ is defined as follows:

• (x, 1) ∼ (f(x), 0) for x ∈ Σ, and
• (x, t) ∼ (x, t′) for x ∈ ∂Σ and t, t′ ∈ [0, 1].

Here, we orient [0, 1] from 0 to 1 and we give an orientation of M̂f by the
orientations of Σ and [0, 1]. Let M be a closed oriented 3-manifold. If M is

orientation-preserving diffeomorphic to M̂f , the pair (Σ, f) is called an open
book decomposition of M . The map f is called the monodromy of (Σ, f). The
boundary L = ∂Σ of Σ is called a fibered link in M , and Σ ⊂ M is called a
fiber surface of L. The diffeomorphism f is also called the monodromy of L.

2.2. Twistings and Stallings twists

Let M be a closed oriented 3-manifold, and (Σ, f) be an open book decom-
position of M . Let c be a simple closed curve on a fiber surface Σ ⊂M . Then,
a twisting along c of order n is defined as performing (1/n)-surgery along c
with respect to the framing determined by Σ. Then we obtain the following.
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Lemma 2.1 (Stallings [23]). Let M be a closed oriented 3-manifold and (Σ, f)
be an open book decomposition of M . Then, the resulting manifold obtained
from M by a twisting along c of order n is orientation-preservingly diffeomor-

phic to M̂t−n
c ◦f .

Lemma 2.1 implies that, by a twisting along c of order n, the fibered link
with monodromy f is changed into the fibered link with monodromy t−nc ◦ f .

Consider the case M = S3. Let (Σ, f) be an open book decomposition of
S3. Let c ⊂ Σ be an essential simple closed curve on Σ. Suppose that c is the
unknot in S3 and the framing of c determined by Σ is equal to the framing
of c determined by a disk bounded by c. We call such a curve c a twisting
loop. Then, the twisting along a twisting loop c of order n is equivalent to
performing (1/n)-surgery along the unknot, where n ∈ Z. In this paper, we
call this twisting the Stallings twist along c of order n (for a pictorial description
of a Stallings twist, see [26, Figure 1]). Remark that this definition is slightly
different from the original definition given by Stallings [23]. It is easy to see
that a Stallings twist preserves the topology of S3.

Let Σ ⊂ S3 be a fiber surface. Let c ⊂ Σ be a twisting loop and D be a
disk bounded by c. Suppose that the minimal number of components of the
intersection between Int(D) and Σ is equal to m. Then, the Stallings twist
along c is called type (0,m) 1 (see [25]).

By Giroux and Goodman’s work, Stallings twists can be realized by some
Hopf plumbings and deplumbings. For example, Yamamoto [25] proved the
following.

Theorem 2.2 ([25, Theorem 1.1]). A Stallings twist of type (0, 1) can be real-
ized by one Hopf plumbing and one Hopf deplumbing. Moreover, the Hopf bands
have the same sign, that is, both of them are positive Hopf bands or negative
Hopf bands.

Remark 2.3. The original statement of [25, Theorem 1.1] does not contain the
last part of Theorem 2.2. However, by the same proof of [25, Theorem 1.1], it
follows.

Remark 2.4. By Theorem 2.2 and Girox’s work [7], we see that a Stallings twist
of type (0, 1) preserves the supported contact structure. However, it changes
the knot type of a fibered knot. In fact, a single Stallings twist always changes
knot types. This fact is proved as follows. If two fibered knots K and K ′

with monodromies f and f ′ are related by a single Stallings twist along c, we
obtain tc ◦ f = f ′. For contradiction, assume that K = K ′. Then, f and f ′ are
conjugate, that is, there is a diffeomorphism φ on the fiber surface such that
tc ◦ f = φ−1 ◦ f ◦φ. This implies tc is a single commutator. However, Korkmaz
and Ozbagci [16, Corollary 2.6 and Remarks (2)] proved that any single Dehn

1The first “0” of (0,m) represents that the surface framing of c ⊂ Σ is equal to the

“0”-framing.
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twist cannot be written as a single commutator. This is a contradiction. This
fact is also given by Larson and Meier [17, Lemma 4.1].

3. Invariants of plane fields and stabilization heights

Let (Σ, f) be an open book decomposition of S3. By ξΣ, denote the contact
structure obtained from Σ by Thurston and Winkelnkemper’s construction [24]
(see also [7]). We call this contact structure the supported contact structure by
(Σ, f).

Fix a parametrization TS3 ∼= S3 ×R3. For an oriented plane field ξ on S3,
by vξ, we denote a nowhere-zero vector field on S3 which transversely intersects
ξ and is oriented positively with respect to ξ. Then, vξ induces a map S3 →
R3 \ {0}. Denote the homotopy class of the map by a(ξ) ∈ π3(R3 \ {0}) ∼= Z.
This a depends on the parametrization of TS3. It is known that there is a
parametrization of TS3 such that a satisfies

a(ξH+
) = 0,

a(ξH−) = −1,

where H+ (resp. H−) is the positive (resp. negative) Hopf band. In this paper,
we call this a the Hopf invariant for plane fields on S3 and denote it by H.
Note that the classical Hopf invariant is given by H + 1.

For an oriented plane field on a 3-manifold M , Gompf [9] defined a homotopy
invariant d3. In the case M = S3, d3 is essentially equivalent to H 2. In fact,
these invariants satisfy the following properties.

H(ξΣ) = −d3(ξΣ)− 1

2
∈ Z,(3.1)

H(ξH+) = 0,(3.2)

H(ξH−) = −1,(3.3)

H(ξΣ1]pΣ2
) = H(ξΣ1

) +H(ξΣ2
),(3.4)

where Σ, Σ1 and Σ2 are fiber surfaces in S3, and Σ1]pΣ2 is a plumbing of Σ1

and Σ2 (the same relation holds for Murasugi sum). The equations (3.2)–(3.4)
can be also found in [15]. These invariants are useful in order to estimate
stabilization heights.

Let Σ ⊂ S3 be a fiber surface and S be a common stabilization of Σ and the
standard disk D. Define α+(S), α−(S), β+(S) and β−(S) as follows:

• α+(S) (resp. α−(S)) is the number of positive (resp. negative) Hopf
plumbings needed to obtain S from Σ,

• β+(S) (resp. β−(S)) is the number of positive (resp. negative) Hopf
plumbings needed to obtain S from D,

2We comment that Rudolph’s invariant λ [22] of fibered links in Sn, called the enhance-

ment to the Milnor number, is also equivalent to the Hopf invariant in the case n = 3 (see
also [20]). In particular, λ(∂Σ) = −H(ξΣ). Hedden [14, Remark 2.7] also gave a comment

related to this fact.
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Note that b1(S)− b1(Σ) = α+(S) + α−(S). By computing the Euler numbers,
we obtain the following.

Lemma 3.1. We have

χ(Σ)− α+(S)− α−(S) = 1− β+(S)− β−(S) = χ(S).

Lemma 3.2. We have

0 ≤ β−(S) = α−(S)−H(ξΣ) = −H(ξS).

Proof. By (3.2)–(3.4), we have

H(ξΣ)− α−(S) = H(ξS) = H(ξD)− β−(S) = −β−(S) ≤ 0. �

By considering the mirror image and Lemmas 3.1 and 3.2, we obtain Lemma
3.3 below (see also [22, Example 4.4] and [14, Corollary 2.3]).

Lemma 3.3. Let Σ be the mirror image of Σ. Then the mirror image S of S
is a common stabilization of Σ and D. Moreover, we obtain

α+(S) = α−(S),

β+(S) = β−(S).

In particular, we have

1− χ(Σ) +H(ξΣ) +H(ξΣ) = 0.

Proof. The first and second claims are obvious. Let us prove the last claim.
By Lemma 3.2, we have

H(ξΣ) = α−(S)− β−(S),

H(ξΣ) = α−(S)− β−(S) = α+(S)− β+(S).

By Lemma 3.1, we finish the proof. �

Lemma 3.4. For any fiber surface Σ ⊂ S3, we obtain

max{H(ξΣ), 0}+ max{H(ξΣ), 0} ≤ h(Σ).

Proof. By Lemma 3.2, we obtain

H(ξΣ) ≤ α−(S) ≤ α−(S) + α+(S) = b1(S)− b1(Σ),

H(ξΣ) ≤ α−(S) = α+(S) ≤ α−(S) + α+(S) = b1(S)− b1(Σ),

H(ξΣ) +H(ξΣ) ≤ α−(S) + α+(S) = b1(S)− b1(Σ).

Since the above three inequalities hold for any common stabilization S, we have

0 ≤ h(Σ),

H(ξΣ) ≤ h(Σ),

H(ξΣ) ≤ h(Σ),

H(ξΣ) +H(ξΣ) ≤ h(Σ).

These imply max{H(ξΣ), 0}+ max{H(ξΣ), 0} ≤ h(Σ). �
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Remark 3.5. Typical operations which preserve the fiberness of a surface (or a
link) are taking mirror images, Murasugi sums, Stallings twists and cablings.
The behaviors of the Hopf invariant under taking mirror images and Murasugi
sums have been introduced in this section.

The behavior of the Hopf invariant under cablings have been described by
Hedden [14, Theorem 2.6] and Neumann and Rudolph [20, Corollary 5.3]. On
Stallings twists, there are Neumann and Rudolph’s work [20, Theorem 7.1].

4. Proof of Theorem 1.2

In this section, we prove Lemma 4.2. The following lemma has been known
(for example, see [20, p. 84] and [4, Remark 5.6]).

Lemma 4.1. Let Σn ⊂ S3 be a family of fiber surfaces of the same topological
type. If |H(ξΣn

)| → ∞ as |n| → ∞, then we obtain lim
|n|→∞

h(Σn) =∞.

Proof. The assumption and Lemma 3.3 imply max{H(ξΣn), H(ξΣn
)} → ∞ as

|n| → ∞ since χ(Σn) is a constant. By Lemma 3.4, we finish the proof. �

In order to prove Theorem 1.2, we construct a family of fiber surfaces satis-
fying Lemma 4.2 below.

Lemma 4.2. Let Σn ⊂ S3 be a family of fiber surfaces of the same topological
type Σ. Assume that the monodromies ψn : Σ → Σ of Σn satisfy ψn = t−nc1 ◦
tnc2 ◦ ψ0, where c1, c2 are essential, non-separating simple closed curves on Σ
and tci is the right-handed Dehn twist along ci. Then, if |H(ξΣn)| → ∞ as
|n| → ∞, we obtain

• lim
|n|→∞

h(Σn) =∞,

• scl(ψn) ≤ cl(ψ0)+1, where we consider the stable commutator length scl
and the commutator length cl in the mapping class group of a surface
containing Σ as a subsurface.

Remark 4.3. It is known that the mapping class group of an orientable surface
of genus greater than 2 is perfect, namely any element in the group is expressed
as a product of commutators (see [13, 21]). In Lemma 4.2, if g(Σn) ≤ 2, and
ψn and ψ0 cannot be expressed as a product of commutators, we define the
commutator lengths by ∞.

Proof of Lemma 4.2. The first claim follows from Lemma 4.1. Let us prove
the second claim. Let c1 and c2 be the curves given in the assumption. Since
these curves are non-separating, there is a diffeomorphism g : Σ→ Σ fixing the
boundary such that g(c1) = c2 (for example, see [18, Proposition 12.7]). Hence,

scl(ψn) = scl(t−nc1 ◦ t
n
c2 ◦ ψ0) ≤ cl(t−nc1 ◦ t

n
g(c1) ◦ ψ0)

= cl(t−nc1 ◦ g ◦ t
n
c1 ◦ g

−1 ◦ ψ0)

= cl([t−nc1 , g] ◦ ψ0)
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≤ cl(ψ0) + 1,

where [t−nc1 , g] is the commutator of t−nc1 and g. �

Figure 2. The fiber surface F0 of 63

Figure 3. (color online) The curves a, b, c, d, and c′1, c
′
2 on F0

Proof of Theorem 1.2. Let F0 ⊂ S3 be the surface depicted in Figure 2. The
surface F0 is a fiber surface since it is a minimal Seifert surface of the fibered
knot ∂F0 = 63. More directly, we can check that F0 is obtained from a disk
by plumbing 2 positive Hopf bands and 2 negative Hopf bands (see the right
in Figure 2). The monodromy f0 of F0 is given by

f0 = t−1
d ◦ tb ◦ t

−1
c ◦ ta,

where a, b, c and d are the curves depicted in the left pictures in Figure 3,
and ta, tb, tc and td are the right-handed Dehn twists along the corresponding
curves.

Let c′1 and c′2 be the disjoint non-separating simple closed curves on F0

depicted in Figure 3. By twisting along c′1 of order n and along c′2 of or-
der −n, we obtain a new fiber surface in Mc′1∪c′2(1/n,−1/n) ∼= S3, where
Mc′1∪c′2(1/n,−1/n) is the 3-manifold obtained by (1/n,−1/n)-surgery along
c′1∪ c′2. Denote the fiber surface by Fn. Then the monodromy fn of Fn is given
by

fn = t−nc′1
◦ tnc′2 ◦ f0.
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In [1, Section 6], we computed that d3(ξFn
) = −n2−n+3/2. Hence, H(ξFn

) =
n2 + n− 2. This implies that H(ξFn

)→∞ as |n| → ∞.
Let F be a fixed fiber surface of genus greater than 0. Denote the monodromy

of F by f . Let Σn be a boundary sum of Fn and F . Note that Σn is a fiber
surface of genus greater than 2 and has the topological type Σ0. Denote the
corresponding monodromy of Σn by ψn = t−nc′1

◦ tnc′2 ◦ f0 ◦ f . By the above

calculation, we have H(ξΣn
) = H(ξFn

) +H(ξF )→∞ as |n| → ∞. Hence, the
family {Σn}n∈Z satisfies the condition of Lemma 4.2. Then, we obtain

scl(ψn) ≤ cl(ψ0) + 1,

where we consider the commutator lengths in the mapping class group of a
surface S containing Σ0 as a subsurface. We see that cl(ψ0) is maximal if
S = Σ0, and we have the second condition of Theorem 1.2. �

The fibered knots ∂Fn in Proof of Theorem 1.2 are constructed from a
“compatible annulus presentation” of 63 by annulus twists (for definition, see
[2, Section 5]). By the same way, it seems that we can construct many families
of fiber surfaces which satisfy the assumption of Lemma 4.2.

5. Discussion

In Baader and Misev’s proof of Theorem 1.1, they used the unboundedness
of stable commutator lengths of monodromies. Because scl(ψn) of Lemma 4.2 is
bounded, Baader and Misev’s technique cannot be used to prove Theorem 1.2.

On the other hand, in Proof of Theorem 1.2 (and Lemma 4.2), we use the
unboundedness of the Hopf invariants. In general, the Hopf invariants are
not preserved under Stallings twists. However, Stallings twists of type (0, 1)
preserve the Hopf invariant (see Section 2 and Remark 2.4). In particular, we
cannot apply Lemma 4.2 to Baader and Misev’s example [3, Section 2.2], which
is given by a Stallings twist of type (0, 1).
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