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GRADIENT YAMABE SOLITONS WITH

CONFORMAL VECTOR FIELD
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Abstract. The purpose of this paper is to investigate the geometry of

complete gradient Yamabe soliton (Mn, g, f, λ) with constant scalar cur-
vature admitting a non-homothetic conformal vector field V leaving the

potential vector field invariant. We show that in such manifolds the po-

tential function f is constant and the scalar curvature of g is determined
by its soliton scalar. Considering the locally conformally flat case and

conformal vector field V , without constant scalar curvature assumption,
we show that g has constant curvature and determines the potential func-

tion f explicitly.

1. Introduction

A Riemannian manifold (Mn, g) is said to be a Yamabe soliton if it satisfies

(1.1) LXg = (λ−R)g,

where R is the scalar curvature, LXg is the Lie derivative of the metric tensor
g with respect to X, and λ is a constant. A Yamabe soliton will be denoted by
(Mn, g,X, λ). Also, Yamabe solitons serve as similar solutions to the Yamabe
flow introduced by Hamilton [5]. A Yamabe soliton (Mn, g,X, λ) is called a
gradient Yamabe soliton if X is the gradient of some smooth function f on
Mn. In this case (1.1) reduces to

(1.2) Hessf =
1

2
(λ−R)g,

where Hess stands for the Hessian operator with respect to g. The Yamabe
soliton is said to be shrinking, steady and expanding according as λ is positive,
zero and negative, respectively.

A vector field X on a Riemannian manifold (Mn, g) is said to be conformal
vector field if it satisfies the following equation

(1.3) LXg = 2σg,
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where σ is a smooth function on M . The vector field X is called homothetic
when σ is constant, and is Killing when σ = 0. Studying the conformally flat
Yamabe solitons initiated by Daskalopoulos and Sesum [4]. They proved that
locally conformally flat gradient Yamabe solitons with positive sectional cur-
vature are rotationally symmetric. Also, it has been shown that any complete,
noncompact, gradient Yamabe soliton with positive Ricci tensor is rotationally
symmetric, whenever the potential function is nonconstant [3]. In [2] Cao and
others showed that every complete nontrivial locally conformally flat gradient
Yamabe soliton admits a special global warped product structure. In fact, the
manifold Mn is the warped product of an interval I and an (n−1)-dimensional
manifold N as follows:

(Mn, g) = (I, dr2)×ϕ (Nn−1, ḡ),

where r is the coordinate on I, ϕ is the warping function and g = dr2 +ϕ2(r)ḡ.

Remark 1.1. Note that Mn is Einstein, with Ric = λg, if and only if Nn−1 is
Einstein with Ric = λ̄ḡ and the warping function ϕ solves the first-order ODE

(1.4) ϕ′2 +
λ

n− 1
ϕ2 =

λ̄

n− 2
.

You can see details in [1].

This paper is motivated by the recent work of Sharma on gradient Ricci
solitons with a conformal vector field [6]. We study the efficacy of the existence
of a 1-parameter group of conformal transformations generated by a conformal
vector field X on a gradient Yamabe soliton. We consider a complete gradient
Yamabe soliton (Mn, g, f, λ) with constant scalar curvature admitting a non-
homothetic conformal vector field V leaving the potential vector field invariant.
We show that in such manifolds the potential function f is constant and the
scalar curvature of g is determined by its soliton scalar. Considering the locally
conformally flat case and conformal vector field V , without constant scalar
curvature assumption, we show that g has constant curvature and determines
the potential function f explicitly.

2. Main results

In this section, we investigate the geometry of a gradient Yamabe soliton
when admits a conformal vector field with some condition. After a lemma we
prove our main theorems.

Lemma 2.1. Let (Mn, g,X, λ) be a Yamabe soliton. Then we have the follow-
ing formula:

(2.5) LXR = (n− 1)4R+R2 − λR,

where R and 4 stand for the scalar curvature and the Laplacian operator,
respectively.



GRADIENT YAMABE SOLITONS WITH CONFORMAL VECTOR FIELD 167

Proof. We must prove

LXR+ λR = (n− 1)4(R) +R2.

The right hand side (RHS) is just the usual expression for ∂R
∂t under the Yamabe

flow
∂g

∂t
= −Rg, g(0) = g0.

To obtain equality, we compute ∂R
∂t by way of the equality

R(g(t)) = R(τ(t)φ∗t (g0)) = τ−1(t)φ∗t (R(g0)),

where g(t) is the pull-back of g0 under φ(t) up to scale factor τ(t). Hence,

∂R

∂t
= LXR+ λR,

as required. �

The above lemma shows that for a Yamabe soliton (Mn, g,X, λ) with con-
stant scalar curvature, we have either R = 0 or R = λ. Hence, either X is
Killing or homothetic conformal vector field.

Theorem 2.2. If (Mn, g, f, λ) is a connected gradient Yamabe soliton with
constant scalar curvature R which admits a non-homothetic vector field V with
[V,∇f ] = 0, then the potential function f is constant and the scalar curvature
of g is determined by its soliton scalar R = λ.

Proof. Let us express Eq. (1.2) in the form

∇X∇f =
1

2
(λ−R)X.

Straightforward computation shows that

(2.6) R(X,Y )(∇f) +
1

2
(∇XR)Y − 1

2
(∇YR)X = 0.

Considering {ei}ni as a local orthonormal frame on (M, g), we replace ei for Y
in (2.6) then we take the inner product with ei and sum over ei. Consequently,
we get the following formula

(2.7) Q(∇f) =
n− 1

2
∇R,

where Q denotes the Ricci operator of g. As R is constant by hypothesis, the
above equation simplifies to

(2.8) Q(∇f) = 0.

Next, differentiating |∇f |2 along an arbitrary vector field X, and applying
Eq. (1.2) provides the following equation

(2.9) |∇f |2 + (R− λ)f = c

Now, Lie differentiating the relation df = g(∇f, ·) along the conformal vector
field V , mentioning that Lie derivative commutes with exterior derivative d,
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and utilizing the condition LV∇f = 0, we obtain d(LV f) = 2σdf . Regarding
Poincare’s lemma d2 = 0, we get

(2.10) dσ ∧ df = 0.

We have (1.2) in the following form

∇X∇f =
1

2
(λ−R)X.

Calculating Lie derivative along the conformal vector field V , also using the
following formula

LV∇Y Z −∇Y LY Z −∇[V,Y ]Z = (LV∇)(Y,Z)

with the choice Z = ∇f , along the assumption LV∇f = 0 and Eq. (1.2) and
the following formula ([7])

(LV∇)(Y, Z) = (Y σ)X + (Zσ)Y − g(Y,Z)∇σ
yields

1

2
(LVR)Y = −g(∇f,∇σ)Y,

since the scalar curvature is constant hypothesis, we get

g(∇f,∇σ) = 0.

This equation along Eq. (2.10) provides

(dσ ∧ df)(∇f,∇σ) = |∇f |2|∇σ|2,
so

|∇f ||∇σ| = 0.

As σ is not constant on M , ∇σ 6= 0 on an open subset U on M . So we must
have ∇f = 0 on U . But g-trace of Eq. (1.2) is 4(f) = n

2 (λ−R) on M . Since
4f = 0 on U , we have R = λ on U . By assumption, the scalar curvature R is
constant on M and M is connected so, R = λ on M . Consequently Eq. (1.2)
reduces to ∇∇f = 0 which implies ∇f = 0 on M and so f is constant on
M . �

For the case when V is homothetic, we prove the following theorem.

Theorem 2.3. If (Mn, g, f, λ) is a gradient Yamabe soliton with a homothetic
vector field V leaving the potential vector field ∇f invariant, then either i)
R = λ or ii) V preserves f .

Proof. We have LV g = 2σg with constant σ. We consider Eq. (1.2) as follows

L∇fg =
1

2
(λ−R)g.

Calculating the Lie differentiation of the above equation with respect to V , we
obtain

LV L∇fg = (λ−R)σg.
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Considering the identity LY LZ − LZLY = L[Y,Z] and hypothesis [V,∇f ] = 0
in the above equation, we get following equation

−L∇fLV g = (λ−R)σg =⇒ σ(λ−R) = 0.

Then either R = λ or σ = 0. If σ = 0, then V is Killing. Now Lie differentiating
(2.9) with respect to V , and regarding that LV∇f = 0 and LV g = 0 implies
LV |∇f |2 = 0, then we obtain R = λ or V preserves f . This proves the
proposition. �

Lemma 2.4. Let (Mn, g) be an Einstein manifold. If (Mn, g, f, λ) is a gradient
Yamabe soliton with non-constant f , then Mn is Ricci flat.

Proof. Let Ric = kg, then for every Y ∈ XM we have QY = kY and the
manifold has constant scalar curvature. On the other hand, from (2.7) we have
Q(∇f) = n−1

2 ∇R. Therefore,

Q(∇f) = k∇f = 0.

Consequently, k = 0 and the manifold is Ricci flat. �

3. Conformally flat case

Finally, taking into account the results of [2] for a locally conformally flat
gradient Yamabe soliton, we prove the following theorem.

Theorem 3.1. If (Mn, g, f, λ) is a locally conformally flat gradient Yamabe
soliton admitting a conformal vector field V which leaves the potential vector
field ∇f invariant, then (Mn, g) has constant curvature and the vector field
V is homothetic and potential function f is the either identity mapping or a
quadratic polynomial with respect to r.

Proof. By a result of [2], if (Mn, g, f, λ) is a locally conformally flat gradient
Yamabe soliton, then (Mn, g) is the warped product of an interval I and an
(n − 1) dimensional manifold N of constant curvature R̄ with metric g =
dr2 + ϕ2(r)ḡ, where r is the coordinate on I and ϕ is the warping function.
Also, f is a function of r. The gradient Yamabe soliton Eq. (1.2) yields (as
mentioned in [2])

(3.11) ϕ′ + λ = ϕ−2R̄− (n− 1)(n− 2)(
ϕ′

ϕ
)2 − 2(n− 1)

ϕ′′

ϕ
,

where a prime denotes partial differentiation with respect to r. Note that for
Yamabe soliton (Mn, g, f, λ), the warping function is

(3.12) ϕ = |∇f | = f ′(r)

and the scalar curvature is

(3.13) R = ϕ′ + f.
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Let V be a conformal vector field on Mn which can be decompose as V =
α∂r + Uk∂k where α and Uk depend on r as well as the coordinates xi on N .
The components of conformal Killing Eq. (1.3) provide

α̇ = σ,(3.14)

∂iα = −(∂rU
k)gik,(3.15)

LUgij = 2(σ − αϕ
′

ϕ
)gij ,(3.16)

where U = Uk∂k. The assumption LV∇f = [V,∇f ] = 0 shows

f ′α′ = αf ′′,

∂rU
k = 0.

(3.17)

Hence Uk = Uk(xi) and Eq. (3.15) imply α = α(r). Eq. (3.17) integrates to
α = f ′ (up to a constant multiple which can be taken 1). Consequently, (3.14)
assumes the form

(3.18) σ = f ′′.

Eq. (3.16) shows that U is homothetic on (N, ḡ), i.e., LU ḡ = 2kfḡ where k is
constant such that

(3.19) f ′′ − f ′ϕ
′

ϕ
= k.

Substituting f ′ for ϕ yields k = 0 and U is a Killing vector field.
According to Theorem 1.4 and Corollary 1.5 in [2] and remark 1.1, the

manifold M and N are Einstein and have constant scalar curvature. Also
potential function f has at most one critical point. Comparing it with (3.13),
the function ϕ′ = f ′′ will be constant and from Eq. (3.14), gives that the vector
filed V is a homothetic. Since R and R̄ are constant, we get λ = R(n− 1) and
λ̄ = R̄(n− 2). Using this in (1.4) we have

ϕ′ +Rϕ2 = R̄,

then by (3.13)

(3.20) R̄ = R+Rϕ2 − λ.
Applying (3.20) in (3.11)

ϕ2ϕ′ + ϕ2λ = R+Rϕ2 − λ− (n− 1)(n− 2)(ϕ′)2 − 2(n− 1)ϕ′′ϕ,

consequently

(3.21) ϕ′ − (n− 1)(n− 2)(ϕ′)2 = 0.

Since ϕ′ = f ′′ is constant we can consider as the following polynomial

(3.22) f(r) = ar2 + br + c.

Finally, we should consider two cases: (i) potential function f has exactly one
critical point and (ii) potential function f has no critical point. In the first
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case (i), comparing (3.22) with (3.21) yields that f is quadratic with respect
to r. In the second case (ii), we find coefficient a = 0. So, we get f(r) = br+ c.
Applying a suitable translation and dilation on r, we obtain f(r) = r. �

Remark 3.2. In [2], the authors have given a classification of locally conformally
flat Yamabe solitons. If the potential function f has exactly one critical point
then (M, g) is defined on Rn, rotationally symmetric, and equal to the warped
product

([0,∞), dr2)×|∇f | (Sn−1, ḡcan),

and in the case of the potential function f has no critical point, then (M, g) is
the warped product

(R, dr2)×|∇f | (N
n−1, ḡ),

where (Nn−1, ḡN ) is a space form.
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