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1 |  INTRODUCTION

Digital signal processors (DSPs) lie at the heart of many 
digital products in numerous areas, including multimedia 
processing, telecommunications, and cryptography. Power 
consumption and performance are key factors that should be 
considered in the design of such products. Arithmetic par-
allelism can be exploited to achieve high-performance and 
power-efficient implementations of DSPs because many 
DSP algorithms, such as the finite impulse response, in-
finite impulse response, fast Fourier transform, and discrete 
wavelet transform, rely on sum-of-products computations. 

The parallelism of such arithmetic operations can be re-
alized by using the residue number system (RNS) as an 
alternative number representation instead of the weighted 
binary number system [1]. The parallel and modular arith-
metic nature of the RNS enhances the performance of the 
RNS data path and reduces power dissipation without de-
grading latency [2]. However, the iterative nature of DSP 
algorithms necessitates the prevention of overflow to avoid 
generating erroneous results. At first glance, selecting a 
moduli set that guarantees a sufficiently large dynamic 
range may appear to be the most appropriate method for 
solving the overflow issue. This method can be applied by 
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increasing the number of moduli or increasing the size of 
one or more moduli. However, the downsides of adopting 
such an approach lead to overall system performance deg-
radation, increased circuit timing uncertainly, and higher 
delay variation in the system data path. Therefore, scaling 
operations (ie, division by an integer) are employed to re-
duce the word length of intermediate results. Scaling in the 
RNS is known as a complex operation due to the use of 
inter-modulo computations. The long delay and significant 
hardware complexity of scaling in DSP applications has 
turned efficient scaler design into a major issue when de-
signing RNS-based DSPs.

Several contributions to RNS scaling problems have been 
reported in the literature. Previous RNS scaler schemes can 
be categorized based on different criteria [3–5]. The accuracy 
of an RNS scaler is the first criterion. According to this cri-
terion, an RNS scaler can be categorized into two classes. In 
the first class, the Chinese remainder theorem approach can 
be utilized to derive inexact scaled results with some frac-
tional errors [6–10]. Scalers belonging to this class may not 
be appropriate for certain critical applications. The second 
class focuses on the exact RNS scaling problem. In such tech-
niques, in the first step, a ceiling function is applied to the 
division of a weighted number X by a scaling factor. In the 
second step, modulo reduction is applied to the result of the 
first step. In the latter step, an expected result is generated via 
base extension or other iterative algorithms [11–13]. Another 
criterion is the scaling factor of an RNS scaler, which can be 
categorized into three main classes: scaling using one modu-
lus or the product of several moduli, scaling using a co-prime 
factor with the moduli of an RNS, and scaling using a power-
of-two factor. Most recent contributions to the RNS scaling 
problem are based on the third class because implementations 
using the first and second classes result in poor performance 
and considerable hardware costs [14–17]. The hardware im-
plementation technique is another criterion and can be clas-
sified into two groups. The hardware realization of the first 
group requires lookup tables [6–12,15,16], while the second 
group, which is known as adder-based implementation, uses 
combinational logic [3–5,13,14,17–20]. The implementa-
tion of the former approach suffers from two main problems. 
First, there is a dramatic increase in hardware costs when in-
creasing the dynamic range. Second, processing throughput 
is restricted and degraded by poor pipelining efficiency.

In recent years, the design of exact, memoryless, power-
of-two scalers has attracted the attention of many researchers 
owing to the excellent efficiency of such systems [5]. In [4], 
a high-performance, low-hardware-cost exact scaler was pro-
posed for the three-moduli set {2n − 1, 2n, 2n + 1}. A 2n signed 
integer scaler, which is an extension of the method in [4], was 
proposed in [18] based on a low-complexity and high-perfor-
mance hardware implementation. In [19], an efficient program-
mable power-of-two scaler was presented for the three-moduli 

set {2n − 1, 2n, 2n + 1} to reduce the risk of over-scaling prob-
lems (ie, scaling more than necessary, which leads to unnec-
essary accuracy reduction). In this method, the scaling factor 
can be identified at run time. Recent works in [5] and [20] have 
presented power-of-two scalers for the extended moduli set 
{2n − 1, 2n+p, 2n + 1}. The former presented an accurate and 
efficient 2n scaler for the augmented three-moduli set, as well 
as its extension set an with an additional co-prime moduli. The 
latter presented 2n and 2n+p scalers for the augmented moduli 
set {2n − 1, 2n+p, 2n + 1} with efficient hardware structures. 
Another class of moduli sets in the form of {2a, 2b − 1, 2c − 1} 
with c = b − 1 or c = b + 1 has also attracted the attention of 
researchers due to its efficient and modulo-(2n  +  1)-free in-
ternal arithmetic operations [21–28]. Based on the impressive 
theoretical properties of this type of moduli set, different algo-
rithms and hardware implementations for a variety of RNS op-
erations have been proposed in the literature. In the search for 
an efficient hardware implementation of the reverse converter, 
several contributions have been proposed for the moduli sets 
{2n, 2n − 1, 2n±1 − 1} [21–23], {2n+p, 2n − 1, 2n−1 − 1} [24], 
and {22n, 2n − 1, 2n±1 − 1} [25]. For {2n, 2n − 1, 2n+1 − 1}, ef-
ficient sign detectors have also been proposed in [26] and [27]. 
Recently, a remarkable effort resulted in the efficient hardware 
implementation of a sign-magnitude comparator for the moduli 
set {2n, 2n − 1, 2n+1 − 1} [28]. Additionally, an elegant de-
sign approach for the enhanced arithmetic unit of an RNS was 
proposed in [29] based on a shared hardware/software method. 
The chosen moduli set consists of an even modulus 2n with 
remaining moduli of type 2m − 1. Although a few contributions 
have been made regarding the design of RNS scalers for the 
aforementioned three-moduli sets [30,31], scaling problems 
with programmability features for this class of moduli sets have 
not yet been considered.

This paper proposes a novel exact scaler for the efficient 
moduli set {2n+p, 2n − 1, 2n+1 − 1} (p∈ [0, n]). The proposed 
scaler has the ability to determine the scaling factor at run time. 
To achieve this goal, for the first time, a programmable pow-
er-of-two scaler is presented for this augmented three-moduli 
set. By using a variable scaling factor 2λ, up to half of the 
dynamic range of a given RNS can be scaled during runtime 
for the particular case of p = n. The design approach in [29] 
can be considered as a potential application of the proposed 
programmable scaler to ensure its reliability. The efficiency 
of the proposed RNS scaler has a direct impact on the effi-
ciency of various applications, such as that presented in [29]. 
The remainder of this paper is organized as follows. Section 
2 introduces notational conventions that are used throughout 
this paper as well as the essential theoretical background of 
the RNS. The algorithm and architecture for the proposed pro-
grammable power-of-two RNS scaler are presented in Section 
3. The very-large-scale integration (VLSI) architecture of the 
proposed scaler based on the derived formulations is presented 
in Section 4. Performance evaluations based on gate-level and 
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experimental results are presented in Section 5. Section 6 con-
tains our concluding remarks.

2 |  BACKGROUND

2.1 | Notations

The following notations have been adopted in this paper:

• ⟨�⟩� denotes the residue of α modulo β.
• ⌊�⌋ is the greatest integer that is less than or equal to ∂.
• 
⟨

m−1
i

⟩
mj

 is the multiplicative inverse of ⟨mi⟩mj
.

• Aα:β refers to an (α – β + 1)-bit slice of the A vector from 
position β to position α (ie, A�:� = A�A�−1 ⋯A�+1A�)

• CLS (α, β) indicates shifting α circularly to the left by β 
bits.

• � denotes the one's complement of ω vector.
• || is an operator that concatenates two integer numbers in a 

binary representation.
• ||�� refers to a vector that is formed by β concatenated α 

strings (i.e., ||�� = �||�||⋯ ||�
⏟⏞⏞⏞⏞⏟⏞⏞⏞⏞⏟

�

).

• ∧, ∨, ⊕, and ⊙ are bitwise AND, OR, XOR, and XNOR 
operators, respectively.

2.2 | RNS preliminaries

An RNS is characterized by a finite set of the L co-prime 
numbers {m1, m2, …, mL} with L ≥ 2, where mi are mod-
uli. The dynamic range M of an RNS is defined by the 
product of all the moduli. Any integer X∈[0,M) has a 
unique representation with an L-tuple (x1, x2, …, xL), 
where xi is the minimum non-negative remainder of the 
division of X by mi. Based on the isomorphic relationship 

between ⟨X◦Y⟩M and 
�
⟨x1◦y1⟩m1

,… ,⟨xL◦yL⟩mL

�
, where 

◦∈{+, − ,×} and X,Y ∈[0, M), the computations of resi-
dues are performed in parallel in independent arithmetic 
channels [2]. The scaled result of a given weighted num-
ber X with a scaling factor of K can be expressed as fol-
lows [7]:

In the RNS {m1, m2, …, mL} with the mixed-radix rep-
resentation [vL, vL−1, …, v1], the weighted number X can be 
derived as follows [2]:

where the mixed-radix coefficients vi can be formulated as the 
following expressions:

which can be generalized as follows:

The following modular arithmetic properties were ex-
ploited in this study to simplify the hardware realization of 
the proposed scaling algorithm.

Property 1 [4]:

Property 2 [4]:

Property 3: k-bit binary number R modulo 2n−1, where 
n  <  k  ≤  2n is equal to ⟨R1 + R2⟩2n−1, R1  =  Rn−1:0, and 
R2 =

(||2n−k
0

) ||Rk−1:n.
Proof: Because n < k ≤ 2n, the following statement holds:

Property 4: For any integer ρ,⟨2�⟩2n−1 =
�

2⟨�⟩n

�
2n−1

.
Proof: Consider ρ = i × n + r with r = ⟨�⟩n. Therefore, the 

following statement holds:

For the three-moduli set {2n+p, 2n  −  1, 2n+1  −  1}, the 
weighted number X can be obtained using mixed-radix con-
version (MRC) as follows:

where

(1)S =
�

X

K

�
=

X−⟨X⟩K

K
.

(2)X = vL

L−1∏
i=1

mi + ⋯ + v3 m2 m1 + v2 m1 + v1,

(3)

v1 = x1,

v2 =
⟨(

x2−x1

) ⟨
m−1

1

⟩
m2

⟩
m2

,

v3 =
⟨((

x3−x1

) ⟨
m−1

1

⟩
m3

−v2

)⟨
m−1

2

⟩
m3

⟩
m3

,

(4)
vi =

⟨((((
xi−x1

) ⟨
m−1

1

⟩
mi

−v2

)⟨
m−1

2

⟩
mi

−v3

)

⟨
m−1

3

⟩
mi

−⋯−vi−1

)⟨
m−1

i−1

⟩
mi

⟩
mi

.

(5)⟨2� × z⟩2n−1 =
�

CLS
�
z, ⟨�⟩n

��
2n−1

, 0 ≤ z ≤ 2n − 1.

(6)⟨−z⟩2n−1 =
�

z
�

2n−1
, 0 ≤ z ≤ 2n − 1.

(7)
⟨R⟩2n−1 =

��
∥2n−k

0

�
∥Rk−1:n+2n×Rn−1:0

�
2n−1

=��
∥2n−k

0

�
∥Rk−1:n+Rn−1:0

�
2n−1

....

(8)
⟨2�⟩2n−1 =

�
2i×n+r

�
2n−1

=

�
2n×⋯×2n

⏟⏞⏞⏞⏟⏞⏞⏞⏟
i

×2r

�

2n−1

= ⟨2r⟩2n−1 =
�

2⟨�⟩n

�
2n−1

∴.

(9)X = x1 + 2n+p
(
v2 + (2n − 1) v3

)
= x1 + 2n+pY ,

(10)Y = v2 + (2n−1) v3.
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3 |  PROPOSED PROGRAMMABLE 
POWER-OF-TWO SCALER 
ALGORITHM

By using MRC, the scaled integer S with a programmable 
scaling factor 2λ for the moduli set {2n+p, 2n−1, 2n+1−1} can 
be obtained from the following equation:

Because the results of scaling should be directly processed 
by the arithmetic unit of a given RNS in each moduli chan-
nel, it is necessary to generate a scaled number S in residue 
form. The scaled residue corresponding to the modulo 2n+p 
channel can be obtained by applying the modulo 2n+p to (11) 
as follows:

From (12), it is clear that the calculation of Y lies at the heart 
of realizing s1. The multiplicative inverses required for calculat-
ing Y are �

m−1
1

�
m2

= ⟨2n−p⟩m2
, 

⟨
m−1

1

⟩
m3

=
⟨

2n−p+2
⟩

m3
, and ⟨

m−1
2

⟩
m3

= −2 , where 
m1 = 2n+p, m2 = 2n−1, and m3 = 2n+1−1.

Proof:  According to the definition of the multiplicative 
inverse, it is easy to derive the following results:

• 
�⟨2n−p⟩m2

× 2n+p
�

m2

=
�

22n
�

2n−1
= 1.

• 
⟨⟨

2n−p+2
⟩

m3

× 2n+p
⟩

m3

=
⟨

22n+2
⟩

2n+1−1
= 1.

• 
⟨−2 × (2n − 1)⟩m3

=
�
−2n+1 + 2

�
2n+1−1

=
�
−2n+1 + 2 + 2n+1 − 1

�
2n+1−1

= 1.

By substituting the values of ⟨m−1
1

⟩
m2

, ⟨m−1
1

⟩
m3

 and ⟨m−1
2

⟩
m3

 into 
(3), v2 and v3, can be simplified using the following expressions:

The derivation of Y considering the operands v2 and v3 can 
be defined as follows:

where Yx = v3 || v2 and Yy =
(||n

1

) || v3.
For the modulo 2n − 1 and 2n+1 − 1 channels, si is given by

where x̃1 = ⟨x1⟩2𝜆 and bi =
⟨

2−�
⟩

mi

. The scaled residues of the 
modulo m2 and m3 channels can be simplified according to (17), 
(18), (19), and (20).

For the modulo m2 channel, Properties 1 to 4 and the 
equality 

⟨(||n
1

)⟩
2n−1

= 0 are considered in the derivation of 
the scaled residue s2 according to the value of λ as follows:

It should be noted that for p  =  0, the second condition 
does not appear as λ ≤ n. Therefore, the formulation of s2 for 
p = 0 can be simplified as

For the modulo m3 channel, the scaled residue s3 consid-
ering 

⟨(||n+1
1

)⟩
2n+1−1

= 0 and Properties 1 to 4 can be de-
rived using the following detailed formulations according to 
the value of λ:

It is notable that for p ∈ {0, 1}, the second condition is 
not satisfied as λ ≤ n + 1. Therefore, the formulation of s3 for 
p ∈ {0, 1} can be shortened to

The concept behind the consideration of the dummy terms ⟨(||n
1

)⟩
2n−1

 and 
⟨(||n+1

1

)⟩
2n+1−1

 in the first conditions of (17) 
and (19) will be discussed in the next section.

Numerical Example: Consider the moduli set {64, 15, 31} 
with n = 4 and p = 2. The goal is to achieve power-of-two 

(11)
S =

⌊
X

2�

⌋
=
⌊ x1

2�

⌋
+ 2n+p−�Y = x1,n+p−1:� + 2n+p−�Y .

(12)s1 = ⟨S⟩2n+p =

� �
Y �� x1,n+p−1:𝜆

�
2n+p

𝜆 < n + p,

⟨Y⟩
2n+p

𝜆 = n + p.

(13)
v2 =

⟨
2n−p

(
x2 − x1

)⟩
2n−1

=⟨
CLS

(
x2,n − p

)
− x1 ||

(||n−p

0

)⟩
2n−1

,

(14)v3 =
⟨

2n−p+3x1 − 2n−p+3x3 + 2v2

⟩
2n+1−1

.

(15)
Y = ⟨v2 + (2n − 1) v3⟩22n+1 = ⟨v3 �� v2 − v3⟩22n+1

=
�

Yx + Yy + 1
�

22n+1
,

(16)si =
⟨(

xi− x̃1

)
bi

⟩
mi

,

(17)s2 =

⎧
⎪⎪⎨⎪⎪⎩

�
CLS

�
x2, ⟨2n − 𝜆⟩n

�
+ x1,𝜆−1:0 ��

���n−𝜆
1

�
+
���n

1

�
�

2n−1

𝜆 ≤ n,

�
CLS

�
x2, ⟨2n − 𝜆⟩n

�
+ x1,𝜆−1:𝜆−n + x1,𝜆−n−1:0 ��

���2n−𝜆
1

�
�

2n−1

𝜆 > n.

(18)s2 =
⟨

CLS
(
x2, n − �

)
+ x1, �−1:0 ||

(||n−�
1

)⟩
2n−1

.

(19)s3 =

⎧
⎪⎪⎪⎨⎪⎪⎪⎩

�
CLS

�
x3, ⟨2n − 𝜆 + 2⟩n+1

�
+ x1,𝜆−1:0 ��

���n−𝜆+1
1

�
+
���n+1

1

�
�

2n+1−1

𝜆 ≤ n + 1,

�CLS
�
x3, ⟨2n − 𝜆 + 2⟩n+1

�
+x1,𝜆−1:𝜆−n−1

+x1,𝜆−n−2:0 ��
���2n−𝜆+2

1

�

�

2n+1−1

𝜆 > n + 1.

(20)
s3 =

⟨
CLS

(
x3, n − � + 1

)
+ x1,�−1:0 ||

(||n−�+1
1

)⟩
2n+1−1

.



600 |   TAHERI ET Al.

scaling of the weighted number X = (23456)10 with a residue 
representation (32, 11, 20) using different scaling factors of 
21, 22, 24, and 26. Based on these scaling factors, the scaled 
values of X are equal to S  =  11728, 5864, 1466, and 366, 
respectively. The numerical computation of s1, s2, and s3 for 
these scaling factors is outlined in Table 1.

4 |  VLSI ARCHITECTURE OF THE 
PROPOSED SCALER

The proposed programmable RNS scaler for the moduli set 
{2n+p, 2n − 1, 2n+1 − 1} consists of three independent blocks 
that perform modular scaling on each channel in parallel. The 
detailed implementation of each block will be discussed in 
the following sections. Three types of shifters are utilized for 
the realization of these blocks. The type-I shifter performs 
logical right shifting, where the empty bit positions in its 

most significant output bits are filled with zeroes. The type-II 
shifter performs circular left shifting and the type-III shifter 
performs a logical left shift on the one's complement of its 
input data. The empty least significant bits in the output of 
the type-III shifter are padded with ones.

4.1 | s1 generator

From (12), the generation of s1 can be obtained from an 
(n + p)-bit slice from position λ to position n + p + λ − 1 in 
the vector that is generated by the concatenation of Y and x1. 
The implementation of s1 for the proposed moduli set is real-
ized using a (3n + p + 1)-bit type-I shifter (Shifter 1) with λ 
as the shift value and the concatenation of Y and x1 as the data 
input. The (n + p)-least significant bits of the Shifter 1 out-
put yield the expected value. As stated previously, the well-
organized realization of Y plays a crucial role in determining 
how well the scaler block operates in an RNS. For calculating 
the Y signal, the VLSI architecture is defined as follows. To 
implement the v2 architecture, two intermediate signals S and 
C can be considered. From (13), for p = 0, S and C are equal 
to x2 and x1, respectively. For p > 0, S and C can be generated 
from an n-bit carry save adder (CSA) with end-around carry 
(EAC) [32]. The inputs of the CSA are v2,a = CLS(x2, n − p), 
v2,b = x1,n+p−1:p, and v2,c = x1,p−1:0 ||

(||n−p

1

)
. The addition of 

S and C in the modulo 2n − 1 should be performed to realize 
the value of v2. Figures 1A and 1B illustrate the hardware 
architectures of v2 for p = 0 and p > 0, respectively.

The substantial computational delay of v3 in its serial 
form with v2 can be mitigated using a multiplexer-based 
approach, which parallelizes v2 and v3 computations. To 
this end, we removed the imposed delay of v2 from the v3 
computational critical path as follows. Considering (14), 
⟨2v2⟩2n+1−1 can be described for two different cases. For S + 
C ≠ 2n − 1, ⟨2v2⟩2n+1−1 is equal to ⟨S �� 0+C �� co⟩2n+1−1 (co 
= 1 if S + C > 2n-1). Otherwise, the value of ⟨2v2⟩2n+1−1 is 
equal to zero and can be detailed as ⟨S �� 0 + C �� �⟩2n+1−1.  
The correction bit � is equal to one when S and C are bit-
wise complements (S + C = 2n − 1). � is generated using 

T A B L E  1  Computation of scaled residues for different scaling 
factors of 21, 22, 24, and 26 based on numerical examples

λ i si

1 1
�

Y �� x1,5:1

�
26 = ⟨101101110 �� 10000⟩26

= (10000)2 = (16)10

2
�

CLS
�
x2, 3

�
+ x1,0 ��

���3
1

�
+
���4

1

��
24−1

= ⟨1101 + 1111 + 1111⟩24−1 = (13)10

3
�

CLS
�
x3,4

�
+ x1,0 ��

���4
1

�
+
���5

1

��
25−1
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F I G U R E  1  (A) Schematic of v2 for p = 0. (B) Schematic of v2 
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the available Pn−1:0 and Gn−1:0 in a parallel prefix structure 
as � = Pn−1:0Gn−1:0 [33]. When considering these cases, be-
cause co and � cannot both receive a value of one simultane-
ously, ⟨2v2⟩2n+1−1 can be expressed as ⟨S �� 0 + C �� �⟩2n+1−1,  
where � = co∨�. As a result, v2, v3,τ = 0 and v3,τ = 1 are com-
puted concurrently and the expected result of v3 based on τ 
is selected from v3,τ = 0 and v3,τ = 1. For τ = 0 and τ = 1, v3 
can be expressed as follows:

where I0 is equal to x1,n−2:0 || 0 || x1,n−1 and x1,n+p−2:p−1 || x1,n+p−1 
for p  =  0 and p  >  0, respectively. I1 can be represented as 
x1,p−3:0 ||

(
||n−p+3

0

)
. x′

3
 is also obtained by inverting each bit of 

x3, followed by a ⟨n − p + 3⟩n+1-bit circular left shift. For 
p < 2 and p ≥ 2, J0 can be represented as S || 0 and S || x1,p−2,  
respectively. J1 and J2 are equal to C || 0 and C || 1, respectively. 
Because the three (four) first terms of v3 when p ≤ 2 (p > 2) are 
similar for both values of τ and the difference in the last term is 
only in one bit, relative to the achieved speedup, the hardware 
redundancy of this parallelism is insignificant. The n most sig-
nificant bits of J1 and J2 are absolutely identical terms and the 
difference is only in the least significant bit. Therefore, one n-
bit EAC CSA with C, zn:1 and wn:1 as input operands can be 
utilized to save additional hardware elements instead of using J1 
and J2 in the reduction process. The remaining terms f0, f1, f2, 
and f3 are also yielded by AND, OR, XOR, and XNOR opera-
tors because the least significant bits of z, and w should be in-
cremented by constant values of zero and one, respectively. The 
hardware architecture of v3 is depicted in Figures 2A and 2B for 
p ≤ 2 and p > 2, respectively. In Figure 2, z and z′ are the carry 
vectors, and w and w′ are the summation outputs of the EAC 
CSA. Furthermore, the expressions of Q0, Q1, Q2, and Q3 are 
defined as follows:

where f0 = z0 ⊕ w0, f1 = z0 ∧ w0, f2 = z0 ⊙ w0, and f3 = z0 ∨ w0.
According to (15), Y can be obtained from two dif-

ferent adders. The first is an adder with v3 and v3,0 || v2 
as input signals and one as a carry input. The second is 
an adder with 

(||n
1

)
 and v3,n:1 as input vectors and a carry 

input driven by the first adder's carry output. Based on 

its constant inputs, the structure of the second adder can 
be modified to achieve enhanced performance. This ap-
proach is appropriate for a parallel prefix adder structure, 
where the carry input of a binary adder can be applied in 
the final stage of the adder with insignificant latency. For 
another type of realization using ripple carry adders, a 
multiplexing approach is more appropriate. In this paper, 
we consider the parallel-prefix-adder-based realization. 
An example of the realization of Y using a parallel prefix 
adder for n = 4 is presented in Figure 3. It is clear that this 
approach imposes less latency on the adder architecture 
compared to the previous method presented in [34]. The 
overall architecture of the Y generator is also presented in 
Figure 4.
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I0 + I1 + x�

3
+ J0 + J1

⟩
2n+1−1

p > 2,

(22)v3,𝜏=1 =

{ ⟨
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⟩
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p > 2,
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,
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F I G U R E  2  (A) Schematic of v3 for p ≤ 2. (B) Schematic of v3 
for p > 2

= = = =

(A) (B)

F I G U R E  3  Realization of Y with a parallel prefix adder for 
n = 4
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4.2 | s2 generator

According to (18), for the special case of p = 0, the first and 
second terms are yielded by an n-bit type-II shifter (Shifter 
2) and type-III shifter (Shifter 3), respectively, followed 
by a modulo 2n − 1 adder to produce s2. The shift value 
for both Shifter 2 and Shifter 3 is n − λ. From (17), for 
p > 0, the first term in s2 is equal for both conditions and 
the differences lie in the second and third terms. The first 
term is realized through a ⟨2n − �⟩n-bit circular left shift 
of x2 by an n-bit type-II shifter (Shifter 4). For the second 
and third terms, it is worth noting that based on λ, which is 
determined at run time, two distinct hardware realizations 
increase the hardware cost of s2. We will demonstrate that 
the hardware implementation of the second and third terms 
can be realized independently from λ by using 

⟨(||n
1

)⟩
2n−1

 
as a dummy term in the first condition of (17). By adopt-
ing this approach, the second and third terms of s2 can be 
produced simultaneously through a 2n − λ-bit left shift of 
the one's complement of x1 and padding with ones by using 
a 2n-bit type-III shifter (Shifter 5). The n most significant 
bits and n least significant bits of the output of Shifter 5 
yield the second and third terms, respectively. Finally, s2 
is derived by an EAC CSA followed by a modulo 2n − 1 
adder.

4.3 | s3 generator

For p ∈ {0, 1}, s3 consists of only two terms (see (20)). The 
first is produced by an (n + 1)-bit type-II shifter (Shifter 6) 
and the second is produced by an (n + 1)-bit type-III shifter 
(Shifter 7). Next, the outputs of Shifters 6 and 7 are fed into a 
modulo 2n + 1 − 1 adder to generate the expected value s3. For 
Shifters 6 and 7, the shift value is n – λ + 1. According to (19), 

for p > 1, similar to s2, the first term in s3 has the same value 
for both conditions of the scaling factor. The first term in s3 
is a circular left shift of x3 with a value of ⟨2n − � + 2⟩n+1 
produced by an (n  +  1)-bit type-II shifter (Shifter 8). The 
mechanism for generating the second and third terms of s3 
is analogous to that applied to the second and third terms of 
s2. Therefore, the realization of the second and third terms 
of s3 can be accomplished independently of λ to avoid hard-
ware redundancy. To this end, a (2n + 2)-bit type-III shifter 
(Shifter 9) is utilized to produce the second and third terms of 
s3 concurrently. This shifter generates a (2n + 2)-bit output 
with 2n – λ + 2 as the shift value. The second and third terms 
of s3 are yielded by the n + 1 most significant bits and n + 1 
least significant bits of the output of Shifter 9, respectively. 
These three terms produce s3 with an EAC CSA, which is 
followed by a modulo 2n+1 − 1 adder.

The overall architecture of the proposed programmable 
scaler for the VLSI implementation of the proposed algo-
rithm with different p-values is presented in Figure 5.

5 |  PERFORMANCE 
EVALUATIONS AND COMPARISONS

5.1 | Theoretical evaluation

In this study, the unit-gate (U-G) model [35] was adopted 
to conduct a technology-independent assessment of the 
area and time requirements of the evaluated designs. 
According to the U-G model, two-input monotonic gates, 
such as AND and OR gates, have one unit of area and 
delay. In this model, both the area and delay of two-input 
XOR, XNOR, and 2:1 multiplexer gates are considered 
as two units. This model also considers an area of three 
units and delay of two units for half adders, and an area 
of seven units and delay of four units for full adders. The 
area and delay of inverters are not considered in the U-G 
model. Furthermore, it is assumed that multi-input logic 
gates are constructed from two-input basic logic gates 
in an efficient manner. The binary adder, modulo 2n − 1 
adder, modulo 2n + 1 adder, and different types of CSAs 
and shifters are the main requirements for the architec-
tures of the reviewed designs. In this theoretical evalu-
ation, the adders adopted in [36,37] were considered. 
Binary adders are considered as 1.5n ⌈log2 n⌉ + 5n and 
2 ⌈log2 n⌉+3 units of area and delay, respectively [32]. 
The modulo 2n−1 adders are considered to have an area of 
3n ⌈log2 n⌉+5n units and imposes a delay of 2 ⌈log2 n⌉+3 
units. The area complexity and delay of modulo 2n  +  1 
diminished-one adders are 4.5n ⌈log2 n⌉+0.5n+6 units 
and 2 ⌈log2 n⌉+3 units, respectively [36]. For shifters and 
CSAs, the area and delay differ based on the structures of 
their components.

F I G U R E  4  Overall architecture of the Y generator
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In additional to the proposed programmable scaler, our 
comparison pool included the following works.

1. Hybrid programmable power-of-two scaler: To the best 
of our knowledge, no specific programmable scaler for 
the moduli set {2n+p, 2n − 1, 2n+1 − 1} has been 
developed. An appropriate method for evaluating the 
proposed programmable scaler is to consider a hybrid 
approach as a primary reference. This type of evalua-
tion is a conventional method that has been adopted in 
numerous studies, such as [5] and [19]. In general, the 
hybrid RNS scaler performs the RNS scaling algorithm 
in three steps. In the first step, by using a reverse 
converter (RC), residues are decoded into a weighted 
value. Next, the weighted value is scaled by a binary 
scaler (BS). Finally, a forward converter (FC) unit pro-
duces the expected scaled residues [5]. For the sake of 
fair comparison, the calculation of weighted number X 
from its residues (as first step of programmable hybrid 

scaler for the moduli set {2n+p, 2n−1, 2n+1 − 1}) in 
the hybrid model was performed by concatenating Y 
and x1 based on (9).

2. [19]: Among state-of-the-art RNS scalers, a design 
that offers programmability can be found in [19]. 
This scaler provides a fully combinational architec-
ture for an arbitrary moduli set {2n − 1, 2n, 2n + 1}. 
The evaluation of [19] in this paper is considered for �
2n+⌊p∕3⌋ − 1, 2n+⌊p∕3⌋, 2n+⌊p∕3⌋ + 1

�
. It is worth noting 

that the proposed moduli set and the balanced three-mod-
uli set {2n − 1, 2n, 2n + 1} are not in the same class. One 
major advantage of the moduli set {2n+p, 2n − 1, 2n+1 − 1} 
is that it has more efficient modular arithmetic operations, 
especially multiplication, when compared to the balanced 
three-moduli set {2n − 1, 2n, 2n + 1}. The advantage of the 
arithmetic unit of the moduli set {2n+p, 2n − 1, 2n+1 − 1} 
over the balanced three-moduli set {2n − 1, 2n, 2n + 1} 
stems from the existence of the modulus 2n + 1 in the lat-
ter moduli set. A recent study [38] demonstrated the supe-
riority of the moduli set {2n+p, 2n − 1, 2n+1 − 1} in terms 
of its arithmetic unit. However, based on the conjugation 
of 2n − 1 and 2n + 1 in {2n − 1, 2n, 2n + 1}, this moduli set 
has much simpler inter-modulo operations, such as RC, 
compared to the class of the proposed moduli set. In appli-
cations for which the arithmetic unit has a significant im-
pact on system performance, employing the {2n+p, 2n − 1, 
2n+1 − 1} RNS is more affordable.

Because the circuit area and delay of the proposed pro-
grammable scaler are strongly dependent on the p-value, 
various theoretical complexity descriptions can be derived 
based on the U-G model. To avoid ambiguity, the maximum 
p-value (‘n’) was considered as the worst-case scenario for 
area and delay complexity assessment. According to the U-G 
model, the area and delay of the considered designs can be 
estimated as follows.

Based on the assumptions above, the areas and delays of the RC, 
BS, FC blocks of the hybrid programmable power-of-two scaler are 
(3.5n−1) ⌈log2 n⌉+(7.5n+7.5) ⌈log2 (n+1)⌉+55n+29 and 
4 ⌈log2 (n+1)⌉+22, (8n+2) ⌈log2 (4n+1)⌉−2⌈log2(4n+1)⌉+1  
and 2 ⌈log2 (4n+1)⌉, and (3n) ⌈log2 n⌉+(3n+3) ⌈log2 (n+1)⌉+41n+11  
and 2 ⌈log2 n⌉+15 units, respectively.

According to the scaling algorithm in [19], the scaler ar-
chitecture contains three parallel channels. By considering �
2n+⌊p∕3⌋−1, 2n+⌊p∕3⌋, 2n+⌊p∕3⌋ + 1

�
 as the moduli set for 

the maximum p-value (‘n’), the U-G areas of the first, sec-
ond, and third channels when considering Figure 1 in [19] 
can be estimated as follows. In the first channel of the scaler 
architecture, the area of Shifters 1 and 2, and the modulo 
2n+⌊n∕3⌋−1 adder are 2 (n + ⌊n∕3⌋) ⌈log2 (n + ⌊n∕3⌋)⌉, 
2 (n + ⌊n∕3⌋) ⌈log2 (n + ⌊n∕3⌋)⌉ − 2⌈log2(n+⌊n∕3⌋)⌉ + n + ⌊n∕3⌋ + 2 ,  
and 3 (n + ⌊n∕3⌋) ⌈log2 (n + ⌊n∕3⌋)⌉ + 5n + 5 ⌊n∕3⌋ units, 
respectively. In the second channel, the areas of the CSA, 

F I G U R E  5  Block diagram of the proposed programmable scaler. 
(A) Overall architecture, (B) s1 generator, (C) s2 generator for p = 0, 
(D) s2 generator for p > 0, (E) s3 generator for p ∈ {0, 1}, and (F) s3 
generator for p > 1. The λi values are determined according to the s2 
and s3 generator subsections 
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modulo 22(n+⌊n∕3⌋)−1 adder, and Shifter 3 are 15n + 15 ⌊n∕3⌋, 
6 (n + ⌊n∕3⌋) ⌈log2 (n + ⌊n∕3⌋)⌉ + 18n + 18 ⌊n∕3⌋ +1, and 
6 (n + ⌊n∕3⌋) ⌈log2 (3n + 3 ⌊n∕3⌋)⌉ − 2⌈log2(3n+3⌊n∕3⌋)⌉ + 1 
units, respectively. In the third channel, the areas of Shifter 4, 
the CSA, and modulo 2n+⌊n∕3⌋+1 diminished-one adder are  
2 (n + ⌊n∕3⌋) ⌈log2 (n + ⌊n∕3⌋)⌉ + 3n + 3 ⌊n∕3⌋, 3n + 3 ⌊n∕3⌋ + 7, and 
4.5 (n + ⌊n∕3⌋) ⌈log2 (n + ⌊n∕3⌋)⌉ + 0.5n + 0.5 ⌊n∕3⌋ + 6 
units, respectively. The imposed latencies of the first, sec-
ond, and third channels are 4 ⌈log2 (n + ⌊n∕3⌋)⌉ + 4, 
2 ⌈log2 (n + ⌊n∕3⌋)⌉ + 2 ⌈log2 3 (n + ⌊n∕3⌋)⌉ + 10, and 
4 ⌈log2 (n + ⌊n∕3⌋)⌉ + 13 units of delay, respectively.

The proposed RNS scaler consists of three parallel chan-
nels. For the maximum p-value (‘n’), performance estimation 
was conducted as follows. According to Figure 5, the area 
and delay imposed on the first channel by generating Y are 
(3.5n − 1) ⌈log2 n⌉ + (7.5n + 7.5) ⌈log2 (n + 1)⌉ + 55n + 29 
and 4 ⌈log2 (n+1)⌉ + 22 units, respectively. The area and delay 
of Shifter 1 are (8n + 2) ⌈log2 (4n + 1)⌉ − 2⌈log2(4n+1)⌉ + 1 
and 2 ⌈log2 (4n + 1)⌉ units, respectively. In the second chan-
nel, Shifter 4 has 2n ⌈log2 n⌉ units of area and 2 ⌈log2 n⌉ units 
of delay. Shifter 5 requires 4n ⌈log2 2n⌉ + 2n − 2⌈log2 2n⌉ + 1 
units of area and 2 ⌈log2 2n⌉ + 1 units of delay to compute 
the second and third terms of s3. The EAC CSA requires 7n 
units of area and 4 units of delay. The area and delay of the 
modulo 2n − 1 adder are considered to be 3n ⌈log2 n⌉ + 5n 
and 2 ⌈log2 n⌉ + 3 units, respectively. The structure of the 
third channel is similar to that of the second channel. In 
the third channel, Shifter 8 has 2(n + 1) ⌈log2 (n + 1)⌉ 
units of area and 2 ⌈log2 (n + 1)⌉ units of delay. Shifter 9 
requires (4n + 4) ⌈log2 (2n + 2)⌉ + 2n − 2⌈log2(2n+2)⌉ + 3 
units of area and 2 ⌈log2 (2n + 2)⌉ + 1 units of delay to 
compute the second and third terms of s3. The EAC CSA 
requires 7n+7 units of area and 4 units of delay. The area 
and delay of the modulo 2n+1 − 1 adder are considered to 
be (3n + 3) ⌈log2 (n + 1)⌉ + 5n + 5 and 2 ⌈log2 (n+1)⌉ + 3 
units, respectively. In summary, the delay of the proposed 
scaler is equal to the delay of the first channel and the area 
of the scalar is equal to the sum of the areas of the channels. 
The total areas and imposed delays of the proposed scaler, 
hybrid scaler, and the design in [19] for p = n are listed in 
Table 2.

5.2 | Experimental evaluation

For a more realistic evaluation of the moduli set {2n+p, 
2n − 1, 2n+1 − 1} with upper and lower bounds for the 
p-value, hardware descriptions of the proposed RNS 
scaler, hybrid RNS scaler, and scaler from [19] were 
generated using Verilog HDL and a well-known arith-
metic unit that was presented in [39]. Functional verifi-
cation was conducted using ModelSim for n = 4 (p = 0, 
4), 8 (p = 0, 8), and 16 (p = 0, 16). Verilog codes were 

synthesized and mapped to the TSMC 130 nm standard 
cell library using the Synopsys Design Compiler with 
0.01 ns time intervals and delay constraints in the range 
of 0.8-8 ns. The experimental results for the ASIC im-
plementations of the scalers are listed in Tables 3 and 
4. It should be noted that the dynamic ranges of the pro-
posed moduli set {2n+p, 2n − 1, 2n+1 − 1} and the mod-
uli set 

�
2n+⌊p∕3⌋ − 1, 2n+⌊p∕3⌋, 2n+⌊p∕3⌋ + 1

�
 are not equal 

based on the different types of moduli. Because the dy-
namic range of a moduli set has a significant impact on 
its efficiency, (24) was utilized to normalize the perfor-
mance metrics for any given moduli set in comparison 
to the proposed moduli set.

In (24), Δ, F, and DR refer to the performance met-
ric, specific moduli set, and dynamic range, respectively. 
The performance metric for the design from [19] is pre-
sented in a normalized form according to (24) in Tables 
3 and 4.

As shown in Table 3, the proposed scaler outperforms its 
hybrid counterpart in terms of area, delay, A×D, and A×D2 
for n = 4, 8, and 16 when considering the upper and lower 
bounds of the p-value. These improvements can be easily 
explained because the critical path and hardware overhead 
of the proposed scaler are considerably smaller than those 
of the hybrid structure. Furthermore, the proposed scaler 

(24)ΔF, Normalized = ΔF ×
DRProposed

DRF

T A B L E  2  Area and delay comparisons between programmable 
scalers for p = n based on the U-G model

Design Area

Proposed (8.5n − 1) ⌈log2 n⌉ + (12.5n + 12.5) ⌈log2 (n + 1)⌉
+ (8n + 2) ⌈log2 (4n + 1)⌉ − 2⌈log2(4n+1)⌉

+ (4n) ⌈log2 2n⌉ − 2⌈log2 2n⌉

+ (4n + 4) ⌈log2 (2n + 2)⌉ − 2⌈log2(2n+2)⌉ + 83n + 46

Hybrid (6.5n − 1) ⌈log2 n⌉ + (10.5n + 10.5) ⌈log2 n + 1⌉
+ (8n + 2) ⌈log2 (4n + 1)⌉ − 2⌈log2(4n+1)⌉ + 96n + 41

[19] 19.5 (n + ⌊n∕3⌋) ⌈log2 n + ⌊n∕3⌋⌉
+ 6 (n + ⌊n∕3⌋) ⌈log2 3n + 3 ⌊n∕3⌋⌉
−2⌈log2 n+⌊n∕3⌋⌉ + 45.5n − 2⌈log2 3n+3⌊n∕3⌋⌉ + 45.5 ⌊n∕3⌋ + 17

Delay

Proposed 4 ⌈log2 (n + 1)⌉ + 2 ⌈log2 (4n + 1)⌉ + 22

Hybrid 4 ⌈log2 (n + 1)⌉ + 2 ⌈log2 n⌉ + 2 ⌈log2 (4n + 1)⌉ + 37

[19] 4 ⌈log2 n + ⌊n∕3⌋⌉ + 13 (n < 5)

2 ⌈log2 n + ⌊n∕3⌋⌉ + 2 ⌈log2 3 (n + ⌊n∕3⌋)⌉ + 10 (n ≥ 5)
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outperforms the scaler presented in [19] in terms of area, 
delay, A×D, and A×D2 when considering normalization.

Table 4 lists the total dynamic power dissipations, leak-
age powers, and energy consumptions of the proposed and 

hybrid scalers, as well as the design from [19], for n = 4, 8, 
and 16 with respect to the upper and lower bounds of the p-
value. The main reason for the power and energy dissipation 
improvements of the proposed scaler compared to the hybrid 
scaler is the smaller number of logic gates in the proposed 
scaler. The proposed scaler also outperforms the scaler pre-
sented in [19] in terms of power and energy dissipation when 
considering normalization.

6 |  CONCLUSIONS

In this paper, we presented a fully combinational pro-
grammable RNS scaler for the special moduli set {2n+p, 
2n  −  1, 2n+1  −  1}. The proposed programmable RNS 
scaler exploits a parallel structure combined with a hard-
ware sharing technique to achieve high speed and cost 
efficiency, as well as memoryless VLSI realization. Up 
to half of the dynamic range for the maximum p-value 
can be scaled by utilizing our programmable power-of-
two scaler. Experimental evaluations based on TSMC 130 
nm ASIC technology demonstrated that for the moduli 
set {2n+p, 2n  −  1, 2n+1  −  1}, the proposed programma-
ble scaler performs scaling operations approximately 
33.27% faster with an area savings of 28.55% and 43.28% 
greater power efficiency compared to a hybrid design. 
Furthermore, experimental evaluations demonstrated the 
superiority of the proposed programmable scaler com-
pared to the programmable scaler presented in [19] with 
average improvements of 70.93% in terms of area, 57.91% 
in terms of delay, and 59.3% in terms of power when con-
sidering normalization.

T A B L E  3  Performance metrics for synthesized programmable scalers

n p

Proposed Hybrid [19]*

Area (μm2) Delay (ns) Area (μm2) Delay (ns) Area (μm2) Delay (ns)

4 0 5875.38 1.43 10 817.60 2.21 9447.30 1.71

4 10 264.84 1.71 13 352.36 2.61 30 935.38 3.78

8 0 15 624.27 1.71 21 380 2.63 27 172.13 2.28

8 20 262.09 2.15 31 970.40 3.1 155 527 10.18

16 0 37 091.53 2.06 50881.13 3.12 66 426.25 2.7

16 52 793.2 2.43 70 233.29 3.59 198 688 6.38

A×D A×D2 A×D A×D2 A×D A×D2

4 0 8401.80 12 014.58 23 906.9 52 834.25 17 708.83 16 646.29

4 17 552.87 30 015.42 34 849.66 90 957.61 32 169.7 33 453.27

8 0 26 717.51 45 686.94 56 229.4 147 883.3 31 247.94 35 935.15

8 43 563.5 93 661.51 99 108.24 307 235.54 199 059 254 775.7

16 0 76 408.55 157 401.6 15 8749.13 495 297.3 89 675.44 121 061.86

16 128 287.48 311 738.56 252 137.51 905 173.66 318 690.2 509 904.32

*Normalized values with respect to (24). 

T A B L E  4  Comparison of synthesized programmable scalers

n p
Dynamic 
power (mW)

Leakage 
power (pW)

Energy 
(pJ)

Proposed

4 0 2.29 185.62 4.13

4 4.81 299.74 8.22

8 0 6.26 484.98 10.71

8 9.97 625.15 21.43

16 0 15.5 978.79 31.93

16 26.59 1408.9 64.61

Hybrid

4 0 4.56 267.76 10.08

4 7.82 321.8 20.41

8 0 12.07 551.8759 31.75

8 19.98 830.56 61.93

16 0 28.11 1221.5 87.70

16 42.83 1796.2 153.76

[19]*

4 0 2.78 322.35 2.62

4 10.06 877.7 10.48

8 0 8.16 698.367 9.39

8 51.76 4335.37 66.25

16 0 20.80 1801.21 28.08

16 67.2 6513.53 107.51

*Normalized values with respect to (24). 
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