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a b s t r a c t

Due to its computational efficiency and geometrical flexibility, the Method of Characteristics (MOC) has
been widely used for light water reactor lattice physics analysis. Usually acceleration methods are
necessary for MOC to achieve acceptable convergence on practical reactor physics problems. Among
them, Coarse Mesh Finite Difference (CMFD) is very popular and can drastically reduce the number of
transport iterations. In OpenMOC, CMFD acceleration was implemented but had the limitation of sup-
porting only a uniform CMFD mesh, which would often lead to splitting MOC source regions, thus
creating an unnecessary increase in computation and memory use. In this study, CMFD acceleration with
a non-uniform Cartesian mesh is implemented into OpenMOC. We also propose a quadratic fit based
CMFD prolongation method in the axial direction to further improve the acceleration when multiple
MOC source regions are contained in one CMFD coarse mesh. Numerical results are presented to
demonstrate the improvement of the CMFD acceleration capability in OpenMOC in terms of both effi-
ciency and stability.
© 2020 Korean Nuclear Society, Published by Elsevier Korea LLC. This is an open access article under the

CC BY-NC-ND license (http://creativecommons.org/licenses/by-nc-nd/4.0/).
1. Introduction acceptable convergence on practical reactor physics problems, as
The Method of Characteristics [1] (MOC), which discretizes the
neutron transport equation using many characteristic lines which
traverse the reactor geometry, has seen widespread use for the 2D
lattice physics analysis of single assemblies or 2D radial cores [2].
OpenMOC [3] is a MOC neutral particle transport code for reactor
physics criticality calculations. With the advancement of modern
high performance computing, three-dimensional full-core neutron
transport simulation with sub-pin level resolution is now possible.

Recently, OpenMOC has been extended to handle 3D extruded
geometries [4]. Theexplicit formof3DMOCleads toa large increase in
computational burden. In OpenMOC, hybrid parallelism using
domain decomposition and shared memory, axially extruded ray
tracing, a linear source approximation and CMFD acceleration are
employed to mitigate the computational challenges of 3D MOC.

Transport acceleration is generally necessary for MOC to achieve
ience and Engineering, Mas-
Ave, Cambridge, MA, 02139,
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by Elsevier Korea LLC. This is an
problems with high dominance ratios may require hundreds if not
thousands of power iterations. CMFD [5], also known as non-linear
diffusion acceleration, is a multi-grid method with a physics-based
restriction and a prolongation process. In the restriction process,
the fine mesh solution is collapsed to a coarse mesh preserving
balance and leakage using equivalence theory. In the prolongation
process, the coarse mesh solution is used to update the fine mesh
solution.

However, CMFD is found to be conditionally unstable numeri-
cally and theoretically for some realistic reactor physics problems,
particularly for optically thick coarse CMFD mesh cells [6]. There-
fore, CMFD variants have been devised to address the instability
issue and improve the convergence rate. One of these stabilization
techniques is simply to use under-relaxation, for the fluxes [7] or
the current correction factor [8]. Another technique is to use higher
order spatial prolongation within a coarse mesh with an interpo-
lation of flux ratio among neighboring coarse meshes [6,9]. In
addition, other alternatives exist including partial-current based
CMFD (pCMFD) [10], optimally diffusive CMFD (odCMFD) [11] and
multi-level CMFD [12].

In OpenMOC, CMFD acceleration was originally implemented
for uniform meshes only [13]. However, in real reactor geometries,
this leads to potentially splitting regions that lie near the
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boundaries of assemblies. In this study, non-uniform CMFD accel-
eration is implemented into OpenMOC, and a quadratic fit based
CMFD prolongation method in the axial direction is proposed to
improve both the convergence rate and the stability.

The remainder of this paper is organized as follows. Section II
presents the implementation of non-uniform CMFD into Open-
MOC. Section III is devoted to the quadratic fit based CMFD prolon-
gation method. Section IV demonstrates the numerical results of
several benchmark problems. Section V provides the conclusions.
2. Non-uniform CMFD implementation into 3D OpenMOC

In a light water reactor, fuel lattices are not uniform. For
example [14], thin water gaps exist between assemblies and grid
spacers are located at different heights in the axial direction. These
non-uniform geometric features make the use of non-uniform
meshes in CMFD acceleration indispensable.

As shown in Fig. 1 (a), a 3 � 3 lattice with pin pitch 1.26 cm is
surrounded by a water gap with thickness of 0.5 cm. A completely
uniform 3 � 3 CMFD coarse mesh division is shown in Fig. 1 (b).
MOC source regions have to be further subdivided into smaller
source regions to line up with the CMFD meshes, leading to un-
necessary thin source regions. The objective of non-uniform CMFD
is to make the CMFD lattice structure consistent with the usual cell
boundaries like in Fig. 1 (c).

In the OpenMOC implementation, three arrays are employed to
represent the widths of the non-uniform CMFD lattice in the x, y,
and z directions. The summation of each array should be consistent
with the problem size in relevant direction. Additionally, user input
CMFDwidths will be slightly adjusted in the code to guarantee that
the CMFD meshes line up with the boundaries of sub-domains
when spatial domain decomposition is used. These two re-
strictions are checked by the code in order to avoid any inconsis-
tency caused by user input.

OpenMOC provides two convenient ways for the user input of
these three widths arrays. When using the Python API, the Python
list data type and associated functions should be used. When using
a compiled executable, the user can define with the * operator, for
example 1.26*15 means 1.26 cm repeated 15 times.
3. Quadratic fit based CMFD prolongation in the axial
direction

The conventional prolongation approach using a flat ratio
within each coarse cell for updating the fine mesh fluxes after
Fig. 1. Example of source regions split
solving the CMFD equations works well when the CMFD mesh is
very fine. However, a finer CMFD mesh will increase the compu-
tational burden andmemory consumption of the CMFD calculation,
which defects the purpose of an acceleration method.

In the radial direction, linear prolongationwas implemented in
OpenMOC with linear weighting based on adjacent coarse-mesh
cell prolongation factors [6]. The weights were based on the dis-
tances between the source region centroid and up to nine
neighboring CMFD mesh centers. Another linear prolongation
CMFD named lpCMFD [9] replaces the ratio based scaling
approach with a linear interpolation of the scalar flux differences
at the coarse-mesh cell edges. Bothmethods were implemented in
the radial direction, achieving better stability and higher conver-
gence rate.

In the axial direction, smoothly varying flux shapes are expected
due to the simple geometric structure axially. Therefore, we choose
to approximate the flux shape in each coarse cell as being quadratic.
The quadratic fit based CMFD prolongation will be introduced in
detail in the following sub-sections.
3.1. Overview of CMFD formulation

The formulation and algorithm of the conventional CMFD scheme
are presented in this section. After the l'th neutron transport itera-
tion, the MOC fine mesh fluxes are calculated. The average MOC flux
and CMFD cross-sections over coarse mesh and coarse group
structure are then defined based on flux-volume homogenization in
terms of fine mesh MOC quantities, as shown in Fig. 2. Usually, the
CMFD coarsemeshes are rectangular and the dimensions of the cell c
are xc; yc; zc in the x; y; z directions. CMFD is usually also performed
with a coarse energy structure and the restriction steps include
condensation to the coarse energy structure as well.

The average MOC flux in a coarse mesh is calculated with the
fine mesh flux within this coarse mesh as

f
lþ1

2
c;e;TRAN ¼

P
gεe

P
kεcf

lþ1
2

k;g;TRANVkP
kεcVk

; (1)

where

k ¼ MOC source region index,
c ¼ CMFD coarse mesh index,
kεc ¼ MOC source region k within coarse mesh c,
g ¼ energy group index for MOC,
e ¼ energy group index for CMFD,
by CMFD coarse mesh boundaries.



Fig. 2. Illustration of CMFD flux-volume homogenization in the radial and axial directions.
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gεe ¼ MOC group g within CMFD group e,
l ¼ source iteration index,
lþ 1

2 ¼ intermediate iteration step,
CMFD ¼ result from CMFD calculation,
TRAN ¼ result from MOC calculation,

f
lþ1

2
c;e;TRAN ¼ MOC coarse mesh average flux,

f
lþ1

2
k;g;TRAN ¼ MOC source region flux,

Vk ¼ the volume of MOC source region k.

By applying the flux-volume weighting homogenization, the
homogenized transport cross-section over a coarse mesh in a
coarse group can be expressed as

S
lþ1

2
tr;c;e ¼

P
gεe

P
kεc

P
tr;k;gf

lþ1
2

k;g;TRANVkP
gεe

P
kεcf

lþ1
2

k;g;TRANVk

; (2)

where

Str;k;g ¼ transport cross-section over MOC source region k in
group g,
S
lþ1

2
tr;c;e ¼ homogenized transport cross-section over coarse mesh

c in CMFD group e.

Similar as the homogenized transport cross-section, the ho-

mogenized scattering cross-section S
lþ1

2

s;c;e0/e
and fission production

cross-section nS
lþ1

2
f ;c;e can be computed.

The homogenized diffusion coefficient Dlþ1
2

c;e is computed by
spatially collapsing the transport cross-section in each MOC source
region contained within the CMFD cell and then energy condensing
the diffusion coefficient 1

3S
lþ1

2
tr;c;g

for all MOC groups in the CMFD group
Dlþ1
2

c;e ¼

P
gεe

0
B@P

kεc
f
lþ1

2
k;g;TRANVk

1
CA

2

3
P

kεc

P
tr;k;g

f
lþ1

2
k;g;TRANVkP

gεe
P

kεcf
lþ1

2
k;g;TRANVk

: (3)

By applying the fission source and volume weighting, the
average fission spectrum is derived as

c
lþ1

2
c;e ¼

P
gεe

P
kεcck;g

0
B@PG

g0¼1n
P

f ;k;g0f
lþ1

2
k;g0;TRAN

1
CAVk

P
kεc

0
B@PG

g0¼1n
P

f ;k;g0f
lþ1

2
k;g0;TRAN

1
CAVk

; (4)

where

ck;g ¼ fission emission probability in MOC source region k for
group g,

c
lþ1

2
c;e ¼ average fission emission probability in coarse mesh c for

group e,
G ¼ total number of energy groups for MOC transport
calculation.

As shown in Fig. 2, neutron currents, and effective diffusion
coefficients are defined on the interface between coarse mesh cells.
Once these coarse mesh quantities are calculated, the non-linear
current correction factors are introduced to preserve MOC net
currents. Taking the direction of x for example, the preservation of
high-order solution can be written as
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Jlþ
1
2

cþ1
2;e;TRAN

¼ �Dlþ1
2

eff ;cþ1
2;e

0
B@f

lþ1
2

cþ1;e;TRAN �f
lþ1

2
c;e;TRAN

1
CA

þ D
lþ1

2

cor;cþ1
2;e

0
B@f

lþ1
2

cþ1;e;TRAN þf
lþ1

2
c;e;TRAN

1
CA; (5)

where

Jlþ
1
2

cþ1
2;e;TRAN

¼ MOC net current on the cþ 1
2 coarse mesh interface

in group e,

Dlþ1
2

eff ;cþ1
2;e

¼ effective diffusion coefficient on the cþ 1
2 coarse

mesh interface in group e,

Dlþ1
2

cor;cþ1
2;e

¼ non-linear current correction factor on the cþ 1
2

coarse mesh interface in group e.

Dlþ1
2

eff ;cþ1
2;e

is defined based on Fick's law, written as

D
lþ1

2

eff ;cþ1
2;e

¼
2Dlþ1

2
c;e D

lþ1
2

cþ1;e

Dlþ1
2

c;e xcþ1 þ Dlþ1
2

cþ1;exc
: (6)

D
lþ1

2

cor;cþ1
2;e

is defined by rearranging equation (5) as

D
lþ1

2

cor;cþ1
2;e

¼

J
lþ1

2

cþ1
2;e;TRAN

þ D
lþ1

2

eff ;cþ1
2;e

0
B@f

lþ1
2

cþ1;e;TRAN � f
lþ1

2
c;e;TRAN

1
CA

0
B@f

lþ1
2

cþ1;e;TRAN þ f
lþ1

2
c;e;TRAN

1
CA

: (7)

Since all the coarse mesh parameters and the non-linear factors
are determined, the CMFD neutron balance equation for coarse
mesh c is presented as

X
h2ðx;y;zÞ

J
lþ1

2
hþ;c;e;CMFD � J

lþ1
2

h�;c;e;CMFD

hc
þS

lþ1
2

tr;c;ef
lþ1

2
c;e;CMFD

¼ c
lþ1

2
c;e

keff

XE
e0¼0

nS
lþ1

2
f ;c;e0f

lþ1
2

c;e0;CMFD þ
XE

e0¼0

S
lþ1

2
s;c;e0/ef

lþ1
2

c;e0;CMFD; (8)

where

Jlþ
1
2

hþ=�;c;e;CMFD ¼ CMFD net current on the hþ=� coarse mesh
interface in group e,

f
lþ1

2
c;e;CMFD ¼ CMFD average flux over coarse mesh c in group e,

keff ¼ multiplication factor,
E ¼ total number of energy groups for CMFD calculation,
hc ¼ size of coarse mesh c in the direction h.

By replacing f
lþ1

2
cþ1;e;MOC with f

lþ1
2

cþ1;e;CMFD, the CMFD net current

Jlþ
1
2

cþ1
2;e;CMFD

in equation (8) takes the same analytical form as theMOC

net current in equation (5)
Jlþ
1
2

cþ1
2;e;CMFD

¼ �Dlþ1
2

eff ;cþ1
2;e

0
B@f

lþ1
2

cþ1;e;CMFD �f
lþ1

2
c;e;CMFD

1
CA

þ D
lþ1

2

cor;cþ1
2;e

0
B@f

lþ1
2

cþ1;e;CMFD þf
lþ1

2
c;e;CMFD

1
CA: (9)

By inserting the CMFD net current definition (9) into the CMFD

balance equation (8), the CMFD average fluxes f
lþ1

2
c;e;CMFD and keff

could be computed in the usual inner-outer iterative strategy.
In OpenMOC, the power method is employed for the eigenvalue

iteration, and the red-black SOR algorithm is adopted for the linear
system. It is important to note that the CMFD equation is solved
with the same domain decomposition as the MOC sweeping. Also,
OpenMOC has implemented the usual CMFD stabilization tech-
nique of relaxing the non-linear factors, written at the l'th iteration
as

D
lþ1

2

cor;cþ1
2;e

¼uD
lþ1

2

cor;cþ1
2;e

þ ð1�uÞDl
cor;cþ1

2;e
: (10)

The relaxation factor u can be chosen by the user in the interval
½0;1�, and is usually dependent on the size of the CMFD mesh cells
and the problem. The default u value is 0.7 in OpenMOC. A smaller
u leads to greater CMFD stability, but typically leads to slower
convergence rates.

Once the CMFD equations are solved, the coarse mesh CMFD
solutions are used to update the fine mesh MOC fluxes, producing a
more converged source for the next MOC iteration. This updating
process is called the prolongation step. The conventional prolon-
gation method is applying a flat update ratio to all MOC fluxes
encompassed by CMFD coarse mesh c and CMFD group e as

flþ1
k;g;TRAN ¼f

lþ1
2

k;g;TRAN

f
lþ1

2
c;e;CMFD

f
lþ1

2
c;e;TRAN

ðkεc; gεeÞ; (11)

where the key terms are recalled

f
lþ1

2
c;e;CMFD ¼ average CMFD flux over coarsemesh c in CMFD group

e,
f
lþ1

2
c;e;TRAN ¼ average MOC flux before CMFD over coarse mesh c in

CMFD group e,
f
lþ1

2
k;g;TRAN ¼ MOC flux in source region k and group g at inter-

mediate iteration step lþ 1
2,

flþ1
k;g;TRAN ¼ MOC flux in source region k and group g for the lþ 1

source iteration.

The conventional prolongation method works well when the
CMFD mesh is fine, but this increases the CMFD computational
burden. Very coarse CMFD mesh provides less of acceleration, and
may even lead to instability.
3.2. The quadratic fit based CMFD prolongation method

In the radial direction, linear prolongation was performed in
OpenMOC, achieving better stability and higher convergence. For
OpenMOC, it is essential to employ a novel prolongation method in
the axial direction. Hence, the quadratic fit based CMFD prolon-
gation method is proposed in this study.

As illustrated in Fig. 3, for three adjacent coarse meshes in the
axial direction, z0; z1; z2 refer to the centroids, h0;h1;h2 refer to the
axial sizes, f0; f1; f2 refer to the flux averages over CMFD coarse



Fig. 3. Depiction of the quadratic fit of coarse mesh fluxes in the axial direction.
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meshes in CMFD group e for simplicity, zs; ze refer to the bottom and
the top z coordinates of a MOC source region within the center
coarse mesh.

By following the scheme employed in the approximation of
transverse leakage shape in the nodal method [15] and assuming
that there are no less than 3 axial coarse meshes within the prob-
lem domain, the flux shape varying smoothly in the axial direction
Fig. 4. Modified 3D C5G7 benchmark with water gap
can be approximately written in quadratic form as

f ðzÞ¼ az2 þ bzþ c; (12)

where

a;b;c ¼ coefficients of the quadratic fit,
z ¼ axial coordinate.

Considering the definition of flux averages in the coarse mesh,
we integrate the expression (12) over the coarse mesh, yielding

1
h0

ðz0þh0
2

z0�h0
2

f ðzÞdz ¼ f0;
1
h1

ðz1þh1
2

z1�h1
2

f ðzÞdz ¼ f1;
1
h2

ðz2þh2
2

z2�h2
2

f ðzÞdz ¼ f2:

(13)

Combining the equations described at (13), it is easy to obtain
undetermined coefficients a;b;c, which are functions of z0;z1;z2, h0;
h1;h2, and f0; f1; f2. z0; z1; z2 and h0;h1;h2 follow the relationship

z0 ¼ z1 �
h1
2

� h0
2
; z2 ¼ z1 þ

h1
2

þ h2
2
: (14)

By applying the dimensionless quantity z
0 ¼ z=h1 � 1. The flux

shape function (12) can be re-written as gðz0 Þ. zs; ze refer to the
dimensionless axial coordinates of the bottom and the top z co-
ordinates of the MOC source region k. The average flux in source
region k is defined as

fk ¼
1

ze � zs

ðze

zs

g
�
z
0�
dz

0
: (15)

By inserting the expressions of (14) in equation (15), z0; z1; z2
will be cancelled out in the expression of fk. Therefore, fk is repre-
sented as the linear combination of the fluxes of three adjacent
coarse meshes
s (left) and source region discretization (right).
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fk ¼ c0f0 þ c1f1 þ c2f2: (16)

In equation (16) c0; c1; c2 are computed as

c0 ¼
h1expr

4ðh0 þ h1Þðh0 þ h1 þ h2Þ
; (17)

c1 ¼ 1�h1ðze þ zsÞ
ðh1 þ h2Þ

þ h1expr
4h2ðh0 þ h1Þ

� h21expr
4h2ðh1 þ h2Þðh0 þ h1 þ h2Þ

; (18)

c2 ¼
h1ðze þ zsÞ þ c0ðh0 þ h1Þ

ðh1 þ h2Þ
; (19)

expr¼h1 þð2h1 þ4h2Þðze þ zsÞ � 4h1
�
z2e þ z2s þ zezs

�
: (20)

As we can see from (17)e(20), c0; c1; c2 merely depend on the
sizes of MOC source regions and CMFD coarse meshes. Once the
mesh division is created, the coefficients remain unchanged during
the whole iteration process. Therefore, c0; c1; c2 are computed once
and stored in memory. It is also important to note that zs; ze, the
axial coordinates of MOC source regions, are already computed
during the axially extruded ray tracing.

Using the average MOC fluxes and CMFD fluxes over the coarse
meshes, and the quadratic fit coefficients c0; c1; c2, it's straightfor-
ward to calculate the average MOC fluxes and CMFD fluxes in the
MOC source regions. Hence, the quadratic fit based CMFD prolon-
gation takes the new form
flþ1
k;g;TRAN ¼f

lþ1
2

k;g;TRAN

c0f
lþ1

2
c�1;e;CMFD þ c1f

lþ1
2

c;e;CMFD þ c2f
lþ1

2
cþ1;e;CMFD

c0f
lþ1

2
c�1;e;TRAN þ c1f

lþ1
2

c;e;TRAN þ c2f
lþ1

2
cþ1;e;TRAN

ðkεc; gεeÞ: (21)
As shown in Fig. 3, fluxes from two immediate neighboring
coarse meshes (the ones above and below) is required to determine
the coefficients a; b; c for each CMFD mesh cell. However, for the
coarse meshes at the domain boundaries, such as the lower most
coarse mesh cbottom, three adjacent coarse mesh cells used for the
quadratic fit are cbottom; cbottomþ1 and cbottomþ2. Then the fluxes of
source regions within coarse mesh cbottom are updated in the same
way by adaptively adjusting the dimensionless axial coordinates zs;
ze.

4. Numerical results

Three neutron transport problems are solved to demonstrate
the improvements of the CMFD acceleration of OpenMOC. The ac-
curacy, efficiency and stability are studied.

4.1. Test problems description

(1) Modified 3D C5G7 benchmark with inter-assembly water
gaps

The first problem is a modified 3D C5G7 [16] benchmark with
variable inter-assembly water gaps surrounding assemblies. As
illustrated in Fig. 4, each assembly is a lattice of 17 � 17 pin cells,
and each pin cell is further subdivided into radial rings and sectors.
As shown on the right of Fig. 4, all guide tube cells are subdivided
into 5 rings and 4 sectors, all fuel cells are subdivided into 4 sectors
but without further ring discretization, all moderator cells are
subdivided into 8 sectors. The reflector cells are subdivided into
3 � 3 meshes, but the extra water gaps are not further subdivided.
In the axial direction, the geometry is divided into 54 source re-
gions of size 1.19 cm each. This problem is calculated with 3
different inter-assembly gap sizes of 0.05 cm, 0.1 cm, and 0.5 cm.

(2) BEAVRS assembly with 3.1% U-235 enrichment and burnable
poisons

The second problem is a BEAVRS [14] assembly with 3.1%
enrichment and 20 burnable rods of borosilicate glass. A full
description is available in the benchmark. In this study, the 70
group macro cross-section library is generated with an OpenMC
Monte Carlo simulation of this assembly, and transferred to
OpenMOC using the MGXS package [17]. The cross-sections are
generated for each unique material, and flux-limited in-scatter
transport correction is used to model anisotropic scattering. The
reference results are from the OpenMC Monte Carlo solution from
which the multi-group cross-sections are derived.

As depicted in Fig. 5, axial details created by the grid spacers,
support plates, rod plenums, and nozzles, make it so non-uniform
that it’s unavoidable to split axial source regions into thinner
ones with a uniform CMFD mesh. Hence, it's crucial to employ the
non-uniform CMFD lattice to improve efficiency.

For this BEAVRS assembly problem, the source region division in
the radial direction is similarly defined as the modified 3D C5G7
benchmark shown in Fig. 4. In the axial direction, the source region
division is defined based on the material detail with the mesh size
of less than 2 cm, and the non-uniform CMFD coarse mesh is
defined to line up with the MOC source regions. Overall, 230 CMFD
coarse meshes are defined in the axial direction.

(3) 4 � 4 simple lattice with 20 cm axial extension

The third problem is a 4 � 4 simple lattice with 20 cm extension
in the axial direction, as shown in Fig. 6. The pin-cells with 1 cm
pitch are UO2-water with small (0.2 cm), medium (0.3 cm), large
(0.4 cm) radius, and the cross sections are from the C5G7 bench-
mark. All 6 surfaces have reflective boundary conditions. Two
separate radial geometric configurations both with the height
1.0 cm are repeated alternatively in the axial direction, avoiding
constant net current axially. Hence, the size of MOC source regions
in the axial direction is 1 cm.

The third problem is created for testing the quadratic fit based
CMFD prolongation with different axial CMFD coarse mesh struc-
tures applied. The same MOC source region division as in Fig. 4 is
used, and these parameters are trivial for the object of this problem.

In this paper, all results are generated with MOC parameters of
64 azimuthal angles, 0.05 cm azimuthal spacing, 14 Gauss Legendre
polar angles, 0.75 cm axial spacing. The MOC energy group struc-
ture is used in the CMFD acceleration. The CMFD relaxation factor is



Fig. 5. Illustration of the assembly axial cross section and the exhaustive list of all axial planes.

Fig. 6. Depiction of radial geometries of the 4 � 4 simple lattice problem.
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Table 1
The reference keff results for the modified 3D C5G7 problems computed with
OpenMC with a standard deviation of 1 pcm.

Gap Size (cm) Rodded B Rodded A Unrodded

0.05 1.08195 1.13208 1.14692
0.10 1.08588 1.13577 1.15047
0.50 1.10337 1.15044 1.16430
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0.7 by default if not specified otherwise, and the SOR relaxation
factor is set to 1.5 for solving the linear system in CMFD. Linear
source approximation for MOC source regions is always applied.
The stopping criteria are set to be 1 pcm for eigenvalue and 10�4 for
relative RMS fission rate error.

4.2. Verifications: non-uniform CMFD implementation in the radial
direction

The modified 3D C5G7 problems are solved to test the imple-
mentation of non-uniform CMFD acceleration into 3D OpenMOC in
the radial direction. 3 gap sizes of 0.05 cm, 0.10 cm and 0.50 cm are
tested. 3 � 3 � 9 domain decomposition without OpenMP paral-
lelism are applied for the solution. The reference keff results listed
in Table 1 are provided by OpenMC with a standard deviation of 1
pcm, running 8000 batches (200 inactive) of 5 � 105 neutrons.

For the simulation of OpenMOC, 54 coarse meshes are used
axially with each containing a single MOC source region. In the
radial direction, 3 types of CMFD lattice are employed as follows:

1) water gap merged into fuel cell in a single CMFD coarse mesh
(51 � 51, labeled as merged);

2) water gap treated by creating an extra CMFD coarse mesh
(57 � 57, labeled as separate);

3) uniform CMFD mesh (51 � 51, labeled as uniform).

The numerical results by OpenMOC employing 3 types of CMFD
lattices are listed in Table 2, fromwhich we can find: 1) keff results
Table 2
Numerical results for the modified 3D C5G7 problems by OpenMOC for 3 types of CMFD

Gap Size (cm) Rod Case CMFD Lattice Type MOC keff Bia

0.05 Rodded B Merged 1.08242 47
Separate 1.08243 47
Uniform 1.08242 46

Rodded A Merged 1.13230 21
Separate 1.13230 21
Uniform 1.13229 20

Unrodded Merged 1.14697 5
Separate 1.14697 5
Uniform 1.14696 4

0.10 Rodded B Merged 1.08629 41
Separate 1.08630 42
Uniform 1.08628 40

Rodded A Merged 1.13588 11
Separate 1.13588 11
Uniform 1.13587 10

Unrodded Merged 1.15046 0
Separate 1.15046 0
Uniform 1.15045 �1

0.50 Rodded B Merged 1.10405 68
Separate 1.10403 66
Uniform 1.10402 64

Rodded A Merged 1.15095 50
Separate 1.15092 48
Uniform 1.15091 47

Unrodded Merged 1.16467 36
Separate 1.16464 33
Uniform 1.16463 32
have the same level of accuracy with all CMFD lattice types for all
rodded cases, and agree well with the Monte Carlo reference; 2)
compared with the uniform CMFD lattice, non-uniform CMFD lat-
tices get significant reduction in the numbers of both MOC source
regions and characteristic segments; 3) due to these reductions, the
computational time per iteration is reduced with non-uniform
CMFD; 4) with large gap size merged into fuel cell, the conver-
gence slows down due to the increased optical thickness; 5) with
large gap size the keff bias increases, because the water gap is not
further divided into finer source regions; 6) for various rodded
cases, the more heterogeneous, the larger the error is. The nu-
merical results demonstrate that the non-uniform CMFD acceler-
ation for OpenMOC is properly implemented in the radial direction
and functions well as anticipated.

4.3. Verifications: non-uniform CMFD implementation in the axial
direction

A BEAVRS assembly problem is used to test the implementation
of non-uniform CMFD acceleration into 3D OpenMOC in the axial
direction. This problem is solved with uniform and non-uniform
CMFD lattice separately, both using 232 CMFD meshes in the
axial direction. 2� 2� 4 domain decomposition and 16 threads per
process are applied for the solution.

The results are compared with the OpenMC Monte Carlo solu-
tion from which the multi-group cross-sections are derived. The
OpenMC simulation used 13000 batches (200 inactive) with 106

particles per batch. The computational expense, the eigenvalue and
the radially integrated fission rates are presented in Table 3 and
Fig. 7.

As indicated, the solutions with uniform and non-uniform
CMFD have the same level of accuracy. The eigenvalue errors
(�125 pcm) come from ignoring the angular dependence of total
cross-sections, leading to an incorrect modeling of spatial self-
shielding, particularly in U-238 [18,19]. As shown in Fig. 7, the
significant axial heterogeneity caused by the grid spacers is well
captured by OpenMOC, and the axial power distribution agrees
lattice.

s (pcm) # Iter. Elapsed Time (s) # SR # Seg

16 5276 1.63Eþ06 1.74Eþ10
15 5006 1.63Eþ06 1.74Eþ10
15 5288 2.56Eþ06 2.07Eþ10
15 4834 1.63Eþ06 1.74Eþ10
15 4818 1.63Eþ06 1.74Eþ10
15 5110 2.56Eþ06 2.07Eþ10
16 4964 1.63Eþ06 1.74Eþ10
16 5045 1.63Eþ06 1.74Eþ10
15 5030 2.56Eþ06 2.07Eþ10
16 5318 1.63Eþ06 1.75Eþ10
15 5018 1.63Eþ06 1.75Eþ10
15 5381 2.56Eþ06 2.08Eþ10
16 5103 1.63Eþ06 1.75Eþ10
15 4920 1.63Eþ06 1.75Eþ10
15 5175 2.56Eþ06 2.08Eþ10
16 5012 1.63Eþ06 1.75Eþ10
15 4780 1.63Eþ06 1.75Eþ10
15 5035 2.56Eþ06 2.08Eþ10
22 7343 1.63Eþ06 1.80Eþ10
15 5166 1.63Eþ06 1.80Eþ10
17 6124 2.77Eþ06 2.13Eþ10
22 7066 1.63Eþ06 1.80Eþ10
15 5022 1.63Eþ06 1.80Eþ10
17 5972 2.77Eþ06 2.13Eþ10
22 6938 1.63Eþ06 1.80Eþ10
15 4888 1.63Eþ06 1.80Eþ10
17 5795 2.77Eþ06 2.13Eþ10



Table 3
The computational expense and the eigenvalue accuracy for BEAVRS assembly problem with uniform and non-uniform CMFD.

OpenMC (Reference) OpenMOC (Uniform CMFD) OpenMOC (Non-Uniform CMFD)

keff 1.04654 1.04530 1.04529
Deviation (pcm)* 1 �124 �125
# Segments / 16,181,379,892 16,112,522,520
# Source Regions / 315,148 305,508
# Iterations / 15 15
Running Time (s) / 2308 2284

Deviation (pcm)*: It means standard deviation for OpenMC.

Fig. 7. Comparisons of the axial fission rate distribution for the BEAVRS assembly.

Fig. 8. Depiction of partial control rod insertion into a CMFD coarse mesh for the
modified 3D C5G7 rodded B case.
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well with the reference. The list of computational expense shown in
Table 3 demonstrates that non-uniform CMFD does not affect the
acceleration, but eliminates the extra overhead caused by uniform
CMFD, which splits regions to line up with the CMFD meshes.
4.4. Results: quadratic fit based CMFD prolongation

For the axially extended simple lattice problem, 20 MOC source
regions are used axially and several axial CMFD meshes are tested
combined with different axial prolongation mode. The comparison
of the number of iterations with different prolongation modes for
various CMFD lattices is listed in Table 4.

From the results in Table 4, we can find that quadratic fit based
prolongation improves the convergence significantly for coarse
CMFD meshes, reducing the iteration count by up to 30%.

Themodified 3D C5G7 rodded B case is also tested by employing
a much coarser CMFD mesh in the axial direction: 2.38 cm axial
mesh size containing 2 MOC source regions compared to the
1.19 cm previously employed. In addition, a non-uniform CMFD
latticewith the subdivision “2.38 cm*5,1.19 cm, 3.57 cm, 2.38 cm*4,
1.19 cm, 3.57 cm, 2.38 cm*14” is used in the axial direction. This
Table 4
Comparison of iteration counts for the axially extended simple lattice pr

Axial CMFD Mesh Widths Conventional Pr

7.0 cm, 7.0 cm, 6.0 cm 92
5.0 cm*4 76
4.0 cm*5 61
2.0 cm*10 33
1.0 cm*20 21
subdivision is created to demonstrate the acceleration of quadratic
fit prolongation in the case of partial control rod insertion as
depicted in Fig. 8, where all control rods of the modified 3D C5G7
rodded B problem are partially inserted into CMFD coarse mesh
cells.

The convergence results for combinations of CMFD relaxation
factor and prolongation mode are plotted in Fig. 9, from which we
can find that: 1) with the increase in optical thickness of the CMFD
mesh, CMFD becomes unstable with previously setup relaxation
value 0.7 for both prolongation modes; 2) by taking a smaller u of
0.6, CMFD is still unstable for conventional prolongation but con-
verges smoothly with quadratic fit based prolongation; 3) by taking
u as small as 0.5, both prolongation modes converge, but quadratic
fit based prolongation converges in less iterations; 4) evenwith the
control rods partially inserted into the CMFD coarse mesh, the
quadratic fit based prolongation shows stable acceleration.

Finally, a BEAVRS assembly problem with full axial details is
solved to demonstrate the acceleration of the quadratic fit based
prolongation for realistic core problems, since this study only deals
with the CMFD improvement in the axial direction. This problem
has the same geometrical details with that in Fig. 5 except that
burnable poisons are replaced with an AIC control rod cluster. Only
a single rod among the cluster is inserted to keep an interesting
power profile, while displaying strong flux gradients near the rod.
oblemwith different prolongation modes for various CMFD lattices.

olongation Quadratic Fit Prolongation

66
66
51
28
21



Fig. 9. Comparison of CMFD convergence with/without quadratic fit prolongationfor
the modified C5G7 rodded B problem with a coarse CMFD axial mesh.

Fig. 10. Comparison of CMFD convergence with/without quadratic fit prolongationfor
a BEAVRS assembly problem with a coarse CMFD axial mesh.
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An axial mesh of 230 2 cm MOC regions is imposed on the geom-
etry, but the CMFD axial mesh is coarsened to 115 4 cm meshes
compared with that used in Section 4.3 (232 CMFD meshes).

The convergence results for this BEAVRS assembly problem are
plotted in Fig. 10, from which similar observations related to ac-
celeration and stability are obtained as the modified C5G7 rodded B
problem.

The numerical results in Table 4, Figs. 9 and 10 respectively for
the axially extended simple lattice problem, the modified C5G7
rodded B problem and a BEAVRS assembly problem demonstrate
that the quadratic fit based prolongation is more stable and more
efficient, especially for coarser CMFD meshes.
5. Conclusions

In this paper, two new features of the CMFD acceleration are
implemented into OpenMOC: 1) non-uniform CMFD lattice; 2)
quadratic fit based CMFD prolongation in the axial direction. Three
neutron transport problems, the modified 3D C5G7 benchmark
with water gaps, a BEAVRS assembly problem and a constructed
4 � 4 simple lattice with 20 cm axial extension, are solved to test
the new features. Numerical results demonstrate that:

1) The non-uniform CMFD lattice eliminates the need to split MOC
source regions with the CMFD mesh, and provides a significant
reduction in the numbers of both MOC source regions and
characteristic segments, thus saving computational time each
iteration and lowering memory usage.

2) The quadratic fit based CMFD prolongation in the axial direction
improves both the stability and the speed of convergence when
a relatively coarse CMFD mesh is employed.

Both new features are important for the efficiency and practical
use of OpenMOC for 3D whole-core neutron transport simulations.
Future work of this paper may include performing the Fourier
analysis of the quadratic fit based CMFD prolongation proposed
here.
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