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APPROXIMATION BY HOLOMORPHIC FUNCTIONS OF

SEVERAL COMPLEX VARIABLES

Steven G. Krantz and Baili Min

Abstract. Inspired by a classical approximation result of Bagemihl and

Seidel on the disc, we provide generalized results on some proper domains
in Cn about approximation of a continuous function by a holomorphic

function in the Mergelyan’s style.

1. Background

One of the elegant results in complex analysis in one variable is the Mergelyan
approximation theorem (from his original paper [9]), which states that, every
continuous function on a compact set K with connected complement, which
is holomorphic in the interior, is uniformly approximable by polynomial func-
tions. More details on this theorem can also be found in J. Garnett’s work
[3]. This theorem sheds important light on the function’s boundary behav-
ior, particularly, it inspires us to think of approximating a continuous function
by holomorphic ones along “tresses” towards the boundary. As an example,
Bagemihl and Seidel gave the following result in their work [1]:

Theorem 1.1. Let ϕ be a continuous function in D = { z ∈ C : |z| < 1 }, and
let E be an Fσ set of first category in ∂D. Then there exists a holomorphic
function f in D such that, for all ζ ∈ E, we have

(1) lim
r→1−

(f − ϕ)(rζ) = 0.

We see in this result that the tresses are simply radii of the disc.
As for the scenario of several complex variables (interested readers are re-

ferred to [7], [8], and [10] for the background), there is the work [5] by Hakim
and Sibony, which gave a similar result for the unit ball in Cn and more impor-
tantly explored more general domains than the unit ball, which we summarize
here.
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Theorem 1.2. Suppose D ⊂ Cn is a bounded pseudoconvex domain, star-
shaped with respect to the origin and convex with respect to homogeneous holo-
morphic polynomials. Then there exists an Fσ set E of total measure in ∂D,
such that for every ϕ continuous in D, there then exists a holomorphic function
f in D such that, for all ζ ∈ E, we have

(2) lim
r→1−

(f − ϕ)(rζ) = 0.

Tresses in this situation are again radii.
This last result inspires plenty of other generalizations, such as in the paper

[2] by P. Charpentier, Y. Dupain and M. Mounkaila, where they studied the
approach in the normal directions at points of strict pseudoconvexity, and ob-
tained growth control for the holomorphic limit function. What we present in
this paper are some possibilities, based on the idea in [5], we are wondering if
the approximation can be achieved along more extensive tresses.

2. `-shaped domains

2.1. `-shape

In Hakim and Sibony’s paper [5], the subject is the star-shaped domain,
with tresses being radii. Recall that a set is star-shaped with respect to 0 if
it is composed of parts of real line segments rz, that is, the point z belongs
to the set implies that the point rz also belongs to the set. We generalize this
idea as follows.

Suppose I ⊂ [0,+∞) is an interval and Z ∈ Cn is a set that contains the
origin. Let { `r(z) }(r,z)∈I×Z be a family of functions that satisfies the following:

(i) With r > 0 fixed, each `r(z), with respect to z, is biholomorphic be-
tween domains of Cn;

(ii) `0(z) is just the origin of Cn, see the “origin property” below;
(iii) With z fixed, each `r(z) is continuous with respect to the varying pa-

rameter r ≥ 0. In practice we may assume this r is also bounded from
above.

Further, we introduce a key concept in this work, the `-curve in the subse-
quent definition.

Definition. With {`r(z)} as above and z ∈ Cn fixed, the image of each `r(z)
with respect to the varying parameter r: { `r(z) ⊂ Cn : r ≥ 0 }, is defined to
be an `r(z)-curve or simply `-curve if no confusion emerges, if it satisfies the
following three conditions:

(3) `0(z) = 0 (origin property),

(4) |`rα(z)| < |`rβ (z)| if rα < rβ (monotonicity property),
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and if `r(z), `s(w) are not identical `-curves, then they only intersect at the
origin:

(5) { `r(z) : r > 0 } ∩ { `s(w) : s > 0 } = ∅ (non-intersecting property).

The picture behind this definition is that an `-curve is such a simple curve
which emanates from the origin with the increase of parameter r.

Also note that the parameter r can be bounded above if need be.
Providing an example is not so trivial, based on the trivial case `r(z) = rz,

we modify by making rotations with the increasing value of the radius.

Example 2.1. For z in the unit ball of Cn : |z| < 1 and 0 ≤ r ≤ 1 (here we
set an upper bound for r), set

(6) `r(z) = re irz.

On the kth dimension of Cn, k = 1, . . . , n, the `-curve is then a spiral with
parametrization

(7) `r = re i(r+t−1),

where t stands for the argument of the intersection point of this `-curve and the
unit circle on this dimension, and those three conditions above can be easily
verified.

It is obvious that, when `0(z) = 0 and when r > 0 fixed, each `r(z) is
biholomorphic with respect to z; when z fixed, `r(z) is continuous with respect
to r.

We should be more careful when we say the word “image”, which can be in
terms of z or r or both. As we define the so-called “`-curves” we do specify it is
with respect to r, but for this example, we may explore by a little comparison
verifying the following:

1. With r > 0 fixed,

(8) `r(B1/r) = B,

where B = { z ∈ Cn : |z| < 1} stands for the unit ball in Cn, and Bs = { z ∈
Cn : |z| < s } is the ball with radius s.

2. With z : |z| = 1 fixed, the set

(9) Cz = { `r(z) ∈ Cn : 0 ≤ r ≤ 1 }
is just a simple curve emanating from the origin and ending at ∂B. This is
what we refer as the image or the `-curve.

Definition. A domain D ⊂ Cn is called `-shaped with respect to the origin if
z ∈ D implies that z = `R(w), and points `r(w) with r ≤ R are also contained
in D.

We introduce such a domain as an alternative to the star-shaped one, in the
sense that the radial paths rz are replaced with more general curves as `-curves
here. In other words, an `-shaped domain consists of these `-curves, originating
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form the origin, terminating at some boundary point. Also note that this `-
shape, though defined through parametrization, is actually independent of the
choice of parameters of these `-curves, as long as it satisfies the prerequisites.

Example 2.2. In the previous example, if we take the union (with respect
to z on the boundary of the unit ball) of all such `-curves, then it is just the
closed unit ball:

(10)
⋃
z∈∂B

Cz = B.

This also shows that the unit ball turns out to be what we call “`-shaped”.
But we still consider this example “nontrivial” because, instead of taking the
whole ∂B, we just pick parts of it, generate these `-curves and take the union,
it can be non-star-shaped but still `-shaped.

2.2. `-homogeneous polynomials

In this setting, we develop proper tools for transformations inside D with
the next definition:

Definition. A holomorphic polynomial p : Cn → C is `-homogeneous with
degree k if

(11) p(`r(z)) = rkp(`1(z)).

Note that the homogeneity relies on the choice of parameter, therefore later
in our discussion we will have to fix the parametrization first.

However the next lemma is more geometric than depending on the para-
metrization, which states that the preimage of a star-shaped set in C is `-shaped
in Cn, and will help us to set up tresses for approximation.

Lemma 2.3. Let {`r(z)}(r,z)∈I×Z be a family of `-curves as in Definition 2.1,
and P be an `-homogeneous polynomial. If E ⊂ C is star-shaped with respect to
the origin, and set P−1(E) ⊂ ∪(r,z)∈I×Z{`r(z)}, then P−1(E) is then `-shaped.

Proof. Suppose that P is `-homogeneous with degree k. For any point z ∈
P−1(E), without loss of generality we may assume it is with parameter 1 on
an `-curve:

(12) z = `1(w).

Thus

(13) P (`1(w)) ∈ E,
which implies that, for any rk < 1 (same as r < 1), we have this inclusion as
well:

(14) rkP (`1(w)) = P (`r(w)) ∈ E .
Equivalently,

(15) `r(w) ∈ P−1(E),

and the proof is finished. �
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2.3. The subject domain D

In this and the following sections we are dealing with an `-shaped domain
D, containing the origin in its interior, bounded and strongly pseudoconvex,
with each `-curve so reparametrized that the points on the boundary corre-
spond to parameter 1, and then the family of all `-homogeneous polynomials
is denoted by P. As a more important condition, to be our subject domain for
approximation this set D must also be convex with respect to `-homogeneous
polynomials: for any w /∈ D; that is, there exists an `-homogeneous polynomial
P such that

(16) { z ∈ Cn : P (z) = P (w) } ∩D = ∅.

The dilated set will be employed for exhaustion.

Definition. Since after reparametrization any boundary point w ∈ ∂D can be
written as w = `1(z) for some z ∈ Cn, the dilated set Dr, 0 < r ≤ 1 is defined
by

(17) Dr = { z ∈ D : z = `t(`
−1
1 (w)) for any w ∈ ∂D, and any t ≤ r }.

The idea of such a dilated set Dr is that it is a shrinking of D as we collect
points on each `-curve with parameter less than or equal to r, and each Dr

preserves the polynomial convexity, as stated in the following proposition.

Proposition 2.4. Each Dr is also convex with respect P.

Proof. Within the normalized parametrization for each `-curve in D, suppose
by contradiction that there exist w /∈ Dr and z ∈ Dr such that, for some
`-homogeneous polynomial P (with degree k), it holds that

(18) P (z) = P (w).

Write w = `R(ω), R > r and z = `T (ζ), T ≤ r. By the homogeneity it
transforms into

(19) P (`1(ζ)) =
(R
T

)k
P (`1(ω)) = P (`R

T
(ω)).

However, `1(ζ) ∈ D, while `R/T (ω) does not belong to D, because it cor-
responds to parameter R/T > 1, which violates the polynomial convexity of
D. �

By the definition of Dr as well as the growth property for `r according to
the parameter r, we can easily translate this property to an inclusion property
for Dr:

Proposition 2.5. For Dr defined as above and 0 < rα < rβ < 1, we have that
Drα is a proper subset of Drβ :

(20) Drα ( Drβ .
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The approximation will be carried along what we call `-paths, which are
essentially `-curves but parametrized according to the boundary point. Just
for the sake of convenience we make this definition:

Definition. Since w ∈ ∂D can be written as w = `1(z) for some z ∈ Cn, then
we define the normalized `-path towards the boundary point w by

(21) Lr(w) = `r(z).

By this definition and together with the continuity with respect to the pa-
rameter we immediately obtain this result.

Proposition 2.6. If D ⊂ Cn is `-shaped, then for any w ∈ ∂D,

(22) lim
r→1−

Lr(w) = w.

2.4. Two lemmas

Suppose all the `-curves are so well parametrized in the domain D that
boundary points correspond to parameter 1. Let {Pi}Ni=1 be a family of poly-
nomials satisfying:

(i) they separate points;
(ii) each of them is `-homogeneous;
(iii) they are normalized by ‖Pi‖∞ = 1 on the closure D.

For a compact set E ⊂ C without interior, the pre-image P−1i (E) is `-
shaped in Cn. We are going to choose this item later for approximation. We
first construct

(23) Dr =

N⋂
i=1

P−1i

(
Pi(Dr)

)
∪

N⋂
i=1

P−1i (E),

and study the following properties.

Lemma 2.7 (inclusion property). Let 0 < rs < rt < 1 be two parameters.
Then there exists r with rs < r < rt and we can construct Dr so that

(24) Drs ⊂
◦
Dr

and

(25)
◦
Dr ⊂ Drt .

Proof. A quick observation is that

(26)
◦
Dr =

N⋂
i=1

P−1i

(
Pi(
◦
Dr)

)
.

First of all, for any ρ > 0 and any `-homogeneous polynomial P ,

(27)
◦
Dρ ⊂ P−1

(
P (
◦
Dρ)

)
.

Thus, by simply choosing r > rs, the first relation is proved.
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On the other hand, if z /∈ Dρ then, by the convexity with respect to `-
homogeneous polynomials in our assumption, there exists an `-homogeneous
polynomial Q such that

(28) { z∗ ∈ Cn : Q(z∗) = Q(z) } ∩Dρ = ∅,
or equivalently

(29) z /∈ Q−1(Q(Dρ)).

Thus, by properly choosing r < rt and the polynomial Q, we have

(30) Q−1
(
Q(Dr)

)
⊂ Drt ,

and the second relation will then be true. �

With proper modification to the argument in Hakim and Sibony’s paper we
can obtain the next lemma which will be employed for further approximation.

Lemma 2.8. Let Dr be as in (23), with E a compact set of the unit disc D
in C without interior, star-shaped with respect to the origin. Any function g
continuous on Dr can be uniformly approximated by continuous functions {hn}
which are holomorphic on the interior

◦
Dr.

3. The approximation theorem for the `-shaped domain

Keeping the notations from last section, let {tn} be a positive strictly increas-
ing sequence which converges to 1. Then, according to Lemma 2.7 concerning
the inclusion relation in the previous section, along with {Dtn} there is a family
of sets {Drn} with {rn} increasing to 1, such that

(31)

∞⋃
n=1

D̊rn = D.

This is what we mean by the exhaustion of D, and note that the conclusion
above is independent of the choice of the tresses.

3.1. Tresses on the boundary with total measure

Having treated the interior and with `-homogeneous polynomials {Pi} cho-
sen, now we shift the focus to the tresses by imposing more conditions on the
set E that we mentioned previously.

Take a sequence of sets {En} that satisfies the following conditions:

(i) Each En is a compact subset of D, the unit disc of C, and has no
interior;

(ii) The measure condition for tresses restricted to the boundary is

(32) m
( N⋂
i=1

P−1i (En) ∩ ∂D
)
> 1− 1

2n
,

where m refers to normalized measure on ∂D with m(∂D) = 1;
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(iii) The inclusion relation

(33)

N⋂
i=1

P−1i (En) ⊂
N⋂
j=1

P−1j (En+1);

(iv) Each En is star-shaped with respect to the origin.

Note that the existence of such En is fine, as we can start from an increasing

(in the sense of inclusion) sequence of set Ẽn ⊂ ∂D, having no interior with
respect to the topology on ∂D, meeting the second condition. And then we
“starify” it to En:

(34) En = { rz : z ∈ Ẽn, 0 ≤ r ≤ 1 }.

Also note that, if En is star-shaped, then P−1(En) is `-shaped, as guaranteed
by Lemma 2.3.

This finalizes our setting for

(35) Drn =

N⋂
k=1

P−1k

(
Pk
(
Drn

))
∪

N⋂
k=1

P−1k (En),

and we call ∩P−1k (En) the set of tresses in Drn , denoted by Tn. The set of
tresses restricted to the boundary of D is denoted by En = Tn ∩ ∂D. Define
its union to be E = ∪∞n=1En, which is seen to be an Fσ set. By the setup
and analysis above, we have the quick result that, as a proper subset of ∂D, E
shares the same measure:

(36) m(E) = m(∂D).

For convenience, we employ the notation Kn for the set ∩P−1k (Pk(Drn)) and
thus the long expression (35) is now shortened to just

(37) Drn = Kn ∪ Tn.

3.2. Result of Mergelyan approximation

In this subsection we state several approximation theorems. Again the do-
main D is what we introduced at the beginning of the previous section.

The proofs are just the classical ones line by line as in [1] and [5], but with the
new situation and consequently new notations, it is worthwhile to summarize
here as follows.

Initially by application of Lemma 2.8, there is one approximation result with
some requirement on the boundary behavior of continuous function.

Theorem 3.1. Let E ⊂ ∂D be the Fσ set described in the previous subsection,
and g(z) be a continuous function on D which is also continuous on E. Then
there is a holomorphic function h(z) on D such that for any point ζ ∈ E,

(38) lim
r→1−

h(Lr(ζ)) = g(ζ).
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Another version with weaker hypothesis, dropping the continuity condition
on E , is stated as follows:

Theorem 3.2. Let E ⊂ ∂D be the Fσ set described in the previous subsection,
and g(z) be a continuous function on D. Then there is a holomorphic function
h(z) on D such that for any point ζ ∈ E,

(39) lim
r→1−

(
g − h

)
(Lr(ζ)) = 0.

Let Drn = Kn ∪ Tn, rn → 1 be fixed, as provided by Lemma 2.7, and let
g be continuous in D and up to E ⊂ ∂D. Without loss of generality we may
assume that

(40) g
∣∣
K1

= 0.

The construction of the desired holomorphic function h is carried out as
follows.
Step I: We set up a sequence {hn} of continuous functions in D inductively
by finding

(41) h1
∣∣
K1

= 0 and (h1 − g)
∣∣
K2

= 0;

(42) hn
∣∣
Kj

= 0 for j ≤ n and (

n∑
j=1

hj − g)
∣∣
Kn+1

= 0.

The local definition can be summarized in the following table.

K1 K2 K3 K4 · · · Kn+1 · · ·
h1 0 = g g h1 h1 · · · h1 · · ·
h2 0 0 g − h1 h2 · · · h2 · · ·
h3 0 0 0 g − h1 − h2 · · · h3 · · ·

· · · · · · · · · · · ·
hn 0 0 0 0 · · · g − h1 − · · · − hn−1 · · ·

· · · · · · · · · · · ·
By this definition and construction, it follows that

(43) g(z) =

∞∑
i=1

hi(z),∀z ∈ D,

and actually the series
∑
hn(z) is only a finite summation for each point z ∈ D,

according to the setup of {hn}.
Step II: Consider each hn as a continuous function on Drn . Since

(44) hn
∣∣ ◦
Drn

= 0,

apply Lemma 2.8 to obtain a holomorphic polynomial pn on D such that

(45) |hn − pn|
∣∣
Drn

<
1

2n
.
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Step III: Define a function

(46) h̃(z) =

∞∑
n=1

pn(z)

and check that h̃(z) is indeed holomorphic on D. Moreover, as the series

(47)
(
g − h̃

)
(z) =

∞∑
n=1

(hn(z)− pn(z))

converges uniformly on each Drn , we see that g(z)− h̃(z) is continuous. Then

applying the last theorem to the function g − h̃, there exists a holomorphic

function ĥ on D such that

(48) lim
r→1−

(
g − h̃− ĥ

)
(Lr(ζ)) = 0, if ζ ∈ E ,

and simply defining h = h̃+ ĥ we produce the desired holomorphic function h
on D.

4. Approximation via starlike mappings

In this section we briefly set up another possibility to procure an approxi-
mation theorem in the Mergelyan style. The method is to map an appropriate
domain to a star-shaped one where we employ the known result for approxi-
mation.

Let D ⊂ Cn be a domain such that the origin is in the interior, and suppose
that there exists a starlike biholomorphic mapping f : D → Cn in the sense
that D∗ = f(D) is a bounded star-shaped domain in Cn with respect to f(0).
The biholomorphic mapping as well as starlike mapping is a subject of profound
interest. There are still many open problems concerning the existence and other
features, though for some types of domains such as Reinhardt domains, we do
have certain criteria for the mapping to be starlike. For more information on
starlike mappings, we refer the interested readers to the book [4] by S. Gong,
and K. Kikuchi’s paper [6]. Without loss of generality, we may assume that

f(0) = 0. Moreover, for any w /∈ D∗, there exists a homogeneous holomorphic
polynomial Q such that

(49) {w∗ ∈ Cn : Q(w∗) = Q(w) } ∩D∗ = ∅.

As there is not much technical difficulty to apply the approximation theorem
for the star-shaped image D∗, we just state it here with proof omitted, which
proceeds as in [5].

Theorem 4.1. Let D, f and D∗ = f(D) be the notations as introduced at the
beginning of this section. There exists a subset E∗ of the boundary of D∗, Fσ
and with total measure m(E∗) = m(∂D∗), such that, if g(z) is a continuous
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function on D∗, then there is a holomorphic function h(z) on D∗ such that for
any point ζ ∈ E∗,
(50) lim

r→1−

(
g − h

)
(rζ) = 0.

To transfer this result to the original domain D, we first take µ to be the
measure on ∂D as the pull-back by the mapping of the measure m on ∂D∗ in
the theorem above.

As for the pulling-back, the path is then described below as a curve.
For w ∈ ∂D, define

(51) lw(r) = f−1(rf(w)), 0 < r < 1,

whose image is a curve in D tending to w when r → 1:

(52) lim
r→1−

lw(r) = w.

Finally our new version of Mergelyan’s approximation theorem can be stated.

Theorem 4.2. Let f : D ⊂ Cn → f(D) ⊂ Cn be a starlike biholomorphic
mapping satisfying the described conditions at the beginning of this section.
Then there is an Fσ set E ⊂ ∂D with full measure in the sense that µ(E) =
µ(∂D), such that, for any function ϕ continuous on D, there is a function ψ
holomorphic on D such that

lim
r→1−

(
ϕ− ψ

)
(lw(r)) = 0 for any w ∈ E .

The proof is elementary. Take g = ϕ ◦ f−1 as the continuous function
on f(D), securing the holomorphic approximation h, and ultimately setting
ψ = h ◦ f .

5. Remark: A future possibility

The results in the previous two sections can be combined. To be more
explicit, instead of starlike mapping, we may study what we define to be `-
mapping here, that is, the image of a biholomorphic mapping f is an `-shaped
domain. The parallel result is as follows.

Theorem 5.1. Let D ⊂ Cn be a domain containing the origin 0 and f :
D ⊂ Cn → D∗ ⊂ Cn be a biholomorphic `-mapping such that f(0) = 0 ∈ D∗
as well as D∗ is bounded, pseudoconvex, `-shaped, and convex with respect
to `-homogeneous polynomials. Then there is an Fσ set E ⊂ ∂D with full
measure, such that, for any function g continuous on D, there is a function h
holomorphic on D such that

lim
r→1−

(
ϕ− ψ

)
(Lw(r)) = 0 for any w ∈ E ,

where Lw(r) is a path in D with parameter r towards the boundary point w,
defined by

(53) Lw(r) = f−1(Lr(w)).
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Approximation theorems in several complex variables are considerably more
complicated than in the one-variable situation. There is much yet to be learned,
and we intend to explore these matters in future papers.
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holomorphes à croissance controlée, Publ. Mat. 38 (1994), no. 2, 269–298. https:

//doi.org/10.5565/PUBLMAT_38294_02

[3] J. Garnett, On a theorem of Mergelyan, Pacific J. Math. 26 (1968), 461–467. http:

//projecteuclid.org/euclid.pjm/1102985735

[4] S. Gong, Convex and starlike mappings in several complex variables, Mathematics and

its Applications (China Series), 435, Kluwer Academic Publishers, Dordrecht, 1998.
https://doi.org/10.1007/978-94-011-5206-8

[5] M. Hakim and N. Sibony, Boundary properties of holomorphic functions in the ball of

Cn, Math. Ann. 276 (1987), no. 4, 549–555. https://doi.org/10.1007/BF01456984
[6] K. Kikuchi, Starlike and convex mappings in several complex variables, Pacific J. Math.

44 (1973), 569–580. http://projecteuclid.org/euclid.pjm/1102947954

[7] S. G. Krantz, Function Theory of Several Complex Variables, reprint of the 1992 edition,
AMS Chelsea Publishing, Providence, RI, 2001. https://doi.org/10.1090/chel/340

[8] N. Levenberg, Approximation in CN , Surv. Approx. Theory 2 (2006), 92–140.

[9] S. N. Mergelyan, Uniform approximations of functions of a complex variable, Uspehi
Matem. Nauk (N.S.) 7 (1952), no. 2(48), 31–122.

[10] W. Rudin, Function Theory in the Unit Ball of Cn, reprint of the 1980 edition, Classics
in Mathematics, Springer-Verlag, Berlin, 2008.

Steven G. Krantz

Department of Mathematics

Washington University in St. Louis
Campus Box 1146

One Brookings Drive

St. Louis, Missouri 63130, USA
Email address: sk@math.wustl.edu

Baili Min
Department of Mathematics

Huazhong University of Science and Technology

Luoyu Road 1037, Wuhan, Hubei Province, P. R. China
Email address: minbaili@gmail.com

https://doi.org/10.1007/BF01181342
https://doi.org/10.5565/PUBLMAT_38294_02
https://doi.org/10.5565/PUBLMAT_38294_02
http://projecteuclid.org/euclid.pjm/1102985735
http://projecteuclid.org/euclid.pjm/1102985735
https://doi.org/10.1007/978-94-011-5206-8
https://doi.org/10.1007/BF01456984
http://projecteuclid.org/euclid.pjm/1102947954
https://doi.org/10.1090/chel/340

