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CONFORMAL HEMI-SLANT SUBMERSIONS FROM

ALMOST HERMITIAN MANIFOLDS

Sumeet Kumar, Sushil Kumar, Shashikant Pandey, and Rajendra Prasad

Abstract. In this paper, our main objective is to introduce the notion of

conformal hemi-slant submersions from almost Hermitian manifolds onto
Riemannian manifolds as a generalized case of conformal anti-invariant

submersions, conformal semi-invariant submersions and conformal slant
submersions. We mainly focus on conformal hemi-slant submersions from

Kähler manifolds. During this manner, we tend to study and investigate

integrability of the distributions which are arisen from the definition of the
submersions and the geometry of leaves of such distributions. Moreover,

we tend to get necessary and sufficient conditions for these submersions

to be totally geodesic for such manifolds. We also provide some quality
examples of conformal hemi-slant submersions.

1. Introduction

Firstly, O’ Neill [23] and Gray [14] separately studied the concept of Rie-
mannian submersions between Riemannian manifolds in the 1960s. Using the
notion of Riemannian submersions between almost complex manifolds, Wat-
son [31] studied almost Hermitian submersions. He proved that if the total
manifold is a Kaehler manifold, then the base manifold is also a Kaehler man-
ifold. Submersions, immersions, and Riemannian maps are very usefull tools
in the study of Riemannian geometry, especially when the involved manifold
carries on additional structures as contact or Hermitian type etc. Presently, the
Riemannian submersions have abundant applications each in Mathematics and
Physics. Especially, within the Yang-Mills theory ([9,32]), Kaluza-Klein theory
[8], supergravity and superstring theories ([19, 20]), redundant robotic chains
[6] etc. In the course of time Riemannian submersions became a good tool to
describe the geometry of Riemannian manifolds equipped with differentiable
structures.
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Let there be two Riemannian or semi-Riemannian manifolds (M1, g1) and
(M2, g2) and π be a submersion from (M1, g1) onto (M2, g2). Then accord-
ing to the conditions on the map π : (M1, g1) → (M2, g2), we have got fol-
lowing submersions: semi-Riemannian submersions and Lorentzian submersion
[12], slant submersions from almost Hermitian manifolds [26], Riemannian sub-
mersion from almost Hermitian manifolds [28], Riemannian submersions, Rie-
mannian maps in Hermitian geometry [29], almost Hermitian submersion [31],
anti-invariant Riemannian submersions from almost Hermitian manifolds [25],
almost contact-complex submersion [10], para contact submersion [17], semi-
slant submersion [24], semi-slant submersions from almost product Riemannian
manifolds [18], anti-invariant Riemannian submersion from cosymplectic mani-
folds [22]. In 2016, Tatsan, Sahin and Yanan introduce the notion of Hemi-slant
submersions [30].

On the other hand, Gundmundsson and Wood ([15, 16]) introduced hori-
zontally conformal submersion as a generalization of Riemannian submersion
and defined as follows: Let (M, gm) and (N, gn) be two Riemannian manifolds
of dimension m and n, respectively. A smooth map π : (M, gm) → (N, gn)
is called a horizontally conformal submersion, if there is a positive function λ
such that

(1) λ2gm(U1, U2) = gn(π∗U
1, π∗U

2)

for all U1, U2 ∈ (kerπ∗)
⊥. Thus Riemannian submersion is a particular hor-

izontally conformal submersion with λ = 1. The horizontal conformal maps
were introduced by Fuglede [13] in 1978. Akyol and Sahin studied conformal-
slant submersions, conformal anti-invariant submersions, conformal semi-slant
submersions etc. ([1, 5, 21]) (see also [2, 3]). We denote the kernel space of
π∗ by kerπ∗ (called vertical distribution) and taking H∗ = (kerπ∗)

⊥(called
Horizontal distribution), the orthogonal complementary space to kerπ∗. Then
the tangent bundle of M has the following decomposition:

(2) TM = (kerπ∗)⊕ (kerπ∗)
⊥.

Riemannian submersions are very important and interesting maps compar-
ing with conformal submersions. The conformal maps do not preserve the
distance between points contrary to isometries but they preserve angles be-
tween vector fields. This property allows one to transfer specific properties of
manifolds to another manifolds by deforming such properties.

2. Preliminaries

In this section, we recall main definitions and properties of Hermitian man-
ifolds and Kähler manifolds. We also give definition of conformal hemi-slant
submersions which we used in throughout the paper.

Let M be an even-dimensional differentiable manifold. Let J̄ be a (1, 1)
tensor field on M such that J̄2 = −I. Then J̄ is called an almost complex
structure on M. The manifold M with an almost complex structure J̄ is called
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an almost complex manifold [11]. It is well known that an almost complex
manifold is necessarily orientable. Nijenhuis tensor F of an almost complex
structure is defined as:

F (X,Y ) = [J̄X, J̄Y ]− [X,Y ]− J̄ [J̄X, Y ]− J̄ [X, J̄Y ] for all X,Y ∈ Γ(TM).

If Nijenhuis tensor field F on an almost complex manifold M is zero, then the
almost complex manifold M is called a complex manifold.

Let gm be a Riemannian metric on M such that

(3) gm(J̄X, J̄Y ) = gm(X,Y ), gm(X, J̄Y ) = −gm(J̄X, Y )

for all X,Y ∈ Γ(TM). Then gm is called an almost Hermitian metric on M and
manifold M with Hermitian metric gm is called an almost Hermitian manifold.
The Riemannian connection ∇̄ of the almost Hermitian manifold M can be
extended to the whole tensor algebra on M. Tensor fields (∇̄X J̄) is defined as

(∇̄X J̄)Y = ∇̄X J̄Y − J̄∇̄XY
for all X,Y ∈ Γ(TM).

An almost Hermitian manifold (M, gm, J̄) is called a Kähler manifold if

(4) (∇̄X J̄)Y = 0

for all X,Y ∈ Γ(TM).
Now, we recall following definitions for later use:

Definition 2.1. Let π be a Riemannian submersion from an almost Hermitian
manifold (M, gm, J̄) onto a Riemannian manifold (N, gn). Then we say that π
is an invariant Riemannian submersion if the vertical distribution is invariant
with respect to the complex structure J̄ , i.e.,

J̄(kerπ∗) = kerπ∗.

Definition 2.2 ([30]). Let M be an almost Hermitian manifold with Hermitian
metric gm and almost complex structure J̄ and N be a Riemannian manifold
with Riemannian metric gn. A Riemannian submersion π : (M, gm, J̄) →
(N, gn) is called a hemi-slant submersion if the vertical distribution kerπ∗ of π
admits two orthogonal complementary distributions Dθ and D⊥ such that Dθ
is slant with angle θ and D⊥ is anti-invariant, i.e.,

kerπ∗ = Dθ ⊕D⊥.

In this case, the angle θ is called the hemi-slant angle of the submersion.

Definition 2.3 ([3]). Let (M, gm, J̄) be an almost Hermitian manifold and
(N, gn) a Riemannian manifold. Let π : M → N be a smooth submersion then
π is called a horizontally conformal submersion, if there is a positive function
λ such that

gm(X,Y ) =
1

λ2
gn(π∗X,π∗Y )

for every X,Y ∈ Γ(kerπ∗)
⊥. It is obvious that every Riemannian submersion

is a particular horizontally conformal submersion with λ = I.
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Definition 2.4 ([3]). Let (M, gm, J̄) be an almost Hermitian manifold and
(N, gn) a Riemannian manifold. A horizontally conformal submersion π : M →
N with dilation λ is called a conformal anti-invariant submersion if the distri-
bution (kerπ∗) is anti-invariant with respect to J̄ , i.e., J̄(kerπ∗) ⊆ (kerπ∗)

⊥.

Definition 2.5 ([4]). Let (M, gm, J̄) be an almost Hermitian manifold and
(N, gn) a Riemannian manifold. A horizontally conformal submersion π : M →
N with dilation λ is called conformal semi-invariant submersion if there is a
distribution D1 ⊆ (kerπ∗) such that

kerπ∗ = D1 ⊕D2,

and
J̄(D1) = D1, J̄(D2) ⊆ (kerπ∗)

⊥,

where D2 is orthogonal complementary to D1 in kerπ∗.

Definition 2.6 ([5]). Let π be a horizontally conformal submersion from an
almost Hermitian manifold (M, gm, J̄) onto a Riemannian manifold (N, gn). If
for any non-zero vector field X ∈ (kerπ∗)p, p ∈ M, the angle θ(X) between
J̄X and the space (kerπ∗)p is a constant, i.e., it is independent of the choice
of the point p ∈ M and choice of the tangent vector X in (kerπ∗)p, then we
say that π is a conformal slant submersion. In this case, the angle θ is called
the slant angle of the conformal slant submersion.

Definition 2.7 ([1]). Let π be a horizontally conformal submersion from an
almost Hermitian manifold (M, gm, J̄) onto a Riemannian manifold (N, gn) is
called a conformal semi-slant submersion if there is a distribution D1 ⊆ (kerπ∗)
such that

(5) kerπ∗ = D1 ⊕D2, J̄(D1) = D1,

and the angle θ = θ(X) between J̄X and the space (D2)p is constant for non-
zero vector field X ∈ (D2)p and p ∈M, where D2 is orthogonal complementary
of D1 in kerπ∗. In this case, the angle θ is called the semi-slant angle of the
conformal semi-slant submersion.

Lemma 2.8. Let (M, gm, J̄) be an m-dimensional almost Hermitian manifold
and (N, gn) be an n-dimensional Riemannian manifold. Let π : M → N be
a differentiable map between them and p ∈ M. Then π is called horizontally
weakly conformal or semi-conformal at p if either (π∗)p = 0, or (π∗)p maps the
horizontal space H = ((kerπ∗)p)

⊥ conformally onto Tπ(p)N.

The second condition in the above definition exactly is the same as (π∗)p is
symmetric and there exists a number χ(p) 6= 0 such that

(6) gn(π∗X,π∗Y ) = χ(p)gm(X,Y ) for all X,Y ∈ ((kerπ∗)p)
⊥.

Here χ(p) is called the square dilation of π at p and its square root λ(p) =√
χ(p) is called the dilation of π at p. The map π is called horizontally weakly

conformal or semi-conformal on M if it is horizontally weakly conformal at
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every point on M. If π has no critical point, then it is said to be a (horizontally)
conformal submersion [7].

We should mention that a horizontally conformally submersion π : M → N
is called horizontally homothetic if the gradient of its dilation λ is vertical, i.e.,

(7) H(gradλ) = 0,

at p ∈M, where H is the complement orthogonal distribution to V = kerπ∗ in
Γ(TpM).

Again, we recall the following definition from [7].
Let π : M → N be a conformal submersion. A vector field E on M is called

projectiable if there exists a vector field Ê on N such that π∗(Ep) = Êπ(p) for

any p ∈M. In this case E and Ê are called π-related. A horizontal vector field

Y on M is called basic, if it is projectiable. It is a well known fact that if Ẑ
is a vector field on N, then there exists a unique basic vector field Z which is

called the horizontal lift of Ẑ.
The fundamental tensors T and A defined by O’Nill’s [23] for vector field E

and F on M such that

(8) AEF = H∇̄MHEVF + V∇̄MHEHF,

(9) TEF = H∇̄MVEVF + V∇̄MVEHF,

where V and H are the vertical and horizontal projections. On the other hand,
from equations (8) and (9), we have

(10) ∇̄UV = TUV + ̂̄∇UV,
(11) ∇̄UX = H∇̄UX + TUX,

(12) ∇̄XU = AXU + V∇̄XU,

(13) ∇̄XY = H∇̄XY +AXY,

for all U, V ∈ Γ(kerπ∗) and X,Y ∈ Γ(kerπ∗)
⊥, where V∇̄UV = ̂̄∇UV. If X is

basic, then AXV = H∇̄XV.
It is easily seen that for p ∈M, V ∈ Vp and X ∈ Hp the linear operators

TV ,AX : TpM → TpM,

are skew-symmetric, that is

(14) g(AXE,F ) = −g(E,AXF ) and g(TV E,F ) = −g(E, TV F )

for all E,F ∈ TpM. We also see that the restriction of T to the vertical dis-
tribution T is the second fundamental form of the fibres of π. Since TV is
skew-symmetric, we get π has totally geodesic fibres if and only if T = 0.
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Let (M, gm, J̄) be an almost Hermitian manifold and (N, gn) be a Riemann-
ian manifold. Let π : M → N be a smooth map. Then the second fundamental
form of π is given by

(15) (∇̄π∗)(X,Y ) = ∇̄πXπ∗Y − π∗(∇̄XY ) for all X,Y ∈ Γ(TpM),

where we denote conveniently by ∇̄ the Levi-Civita connections of the metrics
gm and gn and ∇̄π is the pullback connection ([7,13]). We also know that π is
said to be totally geodesic map if (∇̄π∗)(X,Y ) = 0 for all X,Y ∈ Γ(TpM).

Lemma 2.9. Let π : M → N be a horizontal conformal submersion. Then,
for any horizontal vector fields X,Y and vertical vector fields U, V, we have

(i) (∇̄π∗)(X,Y ) = X(lnλ)π∗(Y ) + Y (lnλ)π∗(X)− gm(X,Y )π∗(grad lnλ),
(ii) (∇̄π∗)(U, V ) = −π∗(TUV ),
(iii) (∇̄π∗)(X,U) = −π∗(∇̄MX U) = −π∗(AXU).

3. Conformal hemi-slant submersions

In this section, we define and study conformal hemi-slant submersion from
an almost Hermitian manifolds.

Definition 3.1. Let (M, gm, J̄) be an almost Hermitian manifold and (N, gn)
a Riemannian manifold. A horizontal conformal submersion π : (M, gm, J̄) →
(N, gn) is called a conformal hemi-slant submersion if the vertical distribution
kerπ∗ of π admits two orthogonal complementary distributions Dθ and D⊥
such that Dθ is slant with angle θ and D⊥ is anti-invariant, i.e.,

kerπ∗ = Dθ ⊕D⊥.
In this case, the angle θ is called the hemi-slant angle of the submersion.
It is known that the distribution kerπ∗ is integrable. Hence above definition

(8) implies that the integral manifold (fiber) π−1(q), q ∈ N of kerπ∗ is a hemi-
slant submanifold. Let π be a conformal hemi-slant submersion from an almost
Hermitian manifold (M, gm, J̄) onto Riemannian manifold (N, gn).

We observe that the notion of conformal hemi-slant submersion is natural
generalization of both the notions of anti-invariant, semi-invariant submersion
[27] and conformal slant submersion [5]. More precisely if we denote the di-
mension of D⊥ and Dθ by m1 and m2, respectively, then we have the following:

(a) If m2 = 0, then M is a conformal anti-invariant submersion,
(b) If m1 = 0 and θ = 0, then M is a conformal invariant submersion.
(c) If m1 = 0 and θ 6= π

2 , then M is a proper conformal slant submersion
with slant angle θ.

(d) If θ = π
2 , then M is a conformal anti-invariant submersion.

We say that the conformal hemi-slant submersion π : (M, gm, J̄) → (N, gn)
is proper if D⊥ 6= {0} and θ 6= 0, π2 .

Let π be a conformal hemi-slant submersion from an almost Hermitian man-
ifold (M, gm, J̄) onto a Riemannian manifold (N, gn). Then, we have

TM = (kerπ∗)⊕ (kerπ∗)
⊥.
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For any X ∈ Γ(kerπ∗), we put

(16) X = PX +QX,

where PX ∈ Γ(Dθ) and QX ∈ Γ(D⊥).
For all X ∈ Γ(kerπ∗), we have

(17) J̄X = φ̄X + ω̄X,

where φ̄X and ω̄X are vertical and horizontal components of JX, respectively.
Also for V ∈ Γ(kerπ∗)

⊥, we have

(18) J̄V = BV + CV,

where BV ∈ Γ(kerπ∗) and CV ∈ Γ(µ).
Then, the horizontal distribution Γ(kerπ∗)

⊥ decomposed as

(19) Γ(kerπ∗)
⊥ = ω̄Dθ ⊕ JD⊥ ⊕ µ,

where µ is the orthogonal complement of ω̄Dθ ⊕ JD⊥ in Γ(kerπ∗)
⊥ and it is

invariant with respect to J̄ .

Lemma 3.2. Let π be a conformal hemi-slant submersion from an almost
Hermitian manifolds (M, gm, J̄) onto a Riemannian manifold (N, gn). Then
we have

(a) φ̄Dθ = Dθ, (b) φ̄D⊥ = {0},

(c) Bω̄Dθ = Dθ, (d) BJD⊥ = D⊥.

Lemma 3.3. Let (M, gm, J̄) be an almost Hermitian manifold and (N, gn) be
a Riemannian manifold. If π : (M, gm, J̄)→ (N, gn) is a conformal hemi-slant
submersion, then

φ̄2X +Bω̄X = −X, ω̄φ̄X + Cω̄X = 0,

φ̄BZ +BCZ = 0, ω̄BZ + C2Z = −Z,
for all X ∈ Γ(kerπ∗) and Z ∈ Γ(kerπ∗)

⊥.

We define the covariant derivatives of φ̄ and ω̄ as follows:

(20) (∇̄V φ̄)W = ̂̄∇V φ̄W − φ̄ ̂̄∇VW,
(21) (∇̄V ω̄)W = H∇̄V ω̄W − ω̄ ̂̄∇VW,
for all V,W ∈ Γ(kerπ∗), where ̂̄∇VW = V ̂̄∇VW.
Lemma 3.4. Let (M, gm, J̄) be a Kähler manifold and (N, gn) be a Riemannian
manifold. If π : (M, gm, J̄) → (N, gn) is a conformal hemi-slant submersion,
then

(i)
V∇̄X φ̄Y + TX ω̄Y = BTXY + φ̄V∇̄XY,
TX φ̄Y +H∇̄X ω̄Y = CTXY + ω̄V∇̄XY,

for all X,Y ∈ Γ(kerπ∗).
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(ii)

TXBV +H∇̄XCV = CH∇̄XV + ω̄TXV,
V∇̄XBV + TXCV = BH∇̄XV + φ̄TXV,

for all X ∈ Γ(kerπ∗) and V ∈ Γ(kerπ∗)
⊥.

(iii)

V∇̄V φ̄X +AV ω̄X = BAVX + φ̄V∇̄VX,
AV φ̄X +H∇̄V ω̄X = CAVX + ω̄V∇̄VX,

for all X ∈ Γ(kerπ∗) and V ∈ Γ(kerπ∗)
⊥.

(iv)

AUBV +H∇̄UCV = CH∇̄UV + ω̄AUV,
V∇̄UBV +AUCV = BH∇̄UV + φ̄AUV,

for all U, V ∈ Γ(kerπ∗)
⊥.

Now, we define

(∇̄X φ̄)Y = V∇̄X φ̄Y − φ̄V∇̄XY,
(∇̄X ω̄)Y = H∇̄X ω̄Y − ω̄V∇̄XY,

(∇̄VB)W = V∇̄VBW −BH∇̄VW,
(∇̄V C)W = H∇̄VBW − CH∇̄VW,

for all X,Y ∈ Γ(kerπ∗) and V,W ∈ Γ(kerπ∗)
⊥.

Lemma 3.5. Let (M, gm, J̄) be a Kähler manifold and (N, gn) be a Riemannian
manifold. If π : (M, gm, J̄) → (N, gn) is a conformal hemi-slant submersion,
then

(∇̄X φ̄)Y = BTXY − TX ω̄Y,
(∇̄X ω̄)Y = CTXY − TX φ̄Y,

(∇̄VB)W = ω̄AVW −AVBW,
(∇̄V C)W = φ̄AVW −AV CW,

for all X,Y ∈ Γ(kerπ∗) and V,W ∈ Γ(kerπ∗)
⊥.

If the tensor φ̄ and ω̄ are parallel with respect to the linear connection ∇̄ on
M respectively, then

BTXY = TX ω̄Y,
CTXY = TX φ̄Y,

for all X,Y ∈ Γ(kerπ∗).

Lemma 3.6. Let π : (M, gm, J̄)→ (N, gn) be a conformal hemi-slant submer-
sion from an almost Hermitian manifold (M, gm, J̄) onto Riemannian manifold
(N, gn). Then π is a proper conformal hemi-slant submersion if and only if there
exists a constant λ ∈ [0, 1] such that

φ̄2X = −(cos2 θ)X for all X ∈ Γ(Dθ).
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Proof. For any non-zero vector field X ∈ Γ(Dθ), we have

(22) cos θ =
‖ φ̄X ‖
‖ J̄X ‖

,

and

(23) cos θ =
gm(J̄X, φ̄X)

‖ φ̄X ‖‖ J̄X ‖
,

where θ(X) is the hemi-slant angle.
Using equations (4) and (17), we get

(24) cos θ = − gm(X, φ̄2X)

‖ φ̄X ‖‖ J̄X ‖
.

From equations (23) and (24), we have

φ̄2X = −(cos2 θ)X. �

From Lemma 3.6 and equations (3) and (4), then we easily proof.

Lemma 3.7. Let π : (M, gm, J̄) → (N, gn) be a conformal hemi-slant sub-
mersion from an almost Hermitian manifold (M, gm, J̄) onto a Riemannian
manifold (N, gn). Then

(25) gm(φ̄X, φ̄Y ) = cos2 θgm(X,Y ),

(26) gm(ω̄X, ω̄Y ) = sin2 θgm(X,Y ),

for all X,Y ∈ Γ(Dθ).

Lemma 3.8. Let π : (M, gm, J̄)→ (N, gn) be a conformal hemi-slant submer-
sion from a Kähler manifold (M, gm, J̄) onto a Riemannian manifold (N, gn)
with the slant angle θ ∈ [0, π2 ]. If ω̄ is parallel with respect to ∇̄ on Dθ, then we
have

Tφ̄X φ̄X = − cos2 θ · TXX for all X ∈ Γ(Dθ).

Proof. If ω̄ is parallel ((∇̄X ω̄)Y = H∇̄X ω̄Y − ω̄V∇̄XY = 0), then from Lemma
3.4, we have

H∇̄X ω̄Y − ω̄V∇̄XY = CTXY − TX φ̄Y,

(27) CTXY = TX φ̄Y for all X,Y ∈ Γ(Dθ).

Interchanging the role of X and Y in the equation (27), we have

(28) CTYX = TY φ̄X for all X,Y ∈ Γ(Dθ).

Since T is symmetric, from equations (27) and (28), we get

Tφ̄X φ̄X = cos2 θ · TXX for all X ∈ Γ(Dθ). �
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Theorem 3.9. Let π be a conformal hemi-slant submersion from a Kähler
manifold (M, gm, J̄) onto a Riemannian manifold (N, gn). Then the slant dis-
tribution Dθ is integrable if and only if

gm(TX ω̄φ̄Y, V )− gm(TY ω̄φ̄X, V )

=
1

λ2
gn((∇̄π∗)(Y, ω̄X)− (∇̄π∗)(X, ω̄Y ), π∗(JV ))

for all X,Y ∈ Γ(Dθ) and V ∈ Γ(D⊥).

Proof. We note that Dθ is integrable if and only if gm([X,Y ], V ) = 0 and
gm([X,Y ],W ) = 0 for all X,Y ∈ Γ(Dθ), V ∈ Γ(D⊥) and W ∈ (kerπ∗)

⊥. Since
kerπ∗ is integrable then gm([X,Y ],W ) = 0. Thus, Dθ is integrable if and only
if gm([X,Y ], V ) = 0.

From equations (3), (4), (17) and Lemma 3.6, we have

gm([X,Y ], V )

= gm(∇̄XY, V )− gm(∇̄YX,V ),

= gm(∇̄X φ̄Y, J̄V ) + gm(∇̄X ω̄Y, J̄V )− gm(∇̄Y φ̄X, J̄V )− gm(∇̄Y ω̄X, J̄V )

= cos2 θgm([X,Y ], V )− gm(∇̄X ω̄φ̄Y, V ) + gm(∇̄Y ω̄φ̄X, V )

+ gm(∇̄X ω̄Y, J̄V )− gm(∇̄Y ω̄X, J̄V ).

Next, using the equation (9), we have

sin2 θgm([X,Y ], V )

= − gm(TX ω̄φ̄Y, V )+gm(TY ω̄φ̄X, V )+gm(H∇̄X ω̄Y, J̄V )−gm(H∇̄Y ω̄X, J̄V ).

Since π is conformal submersion and using the equation (15), we have

sin2 θgm([X,Y ], V )

= − gm(TX ω̄φ̄Y, V ) + gm(TY ω̄φ̄X, V )

+
1

λ2
gn((∇̄π∗)(Y, ω̄X)− (∇̄π∗)(X, ω̄Y ), π∗(J̄V )). �

The proof of the following Theorem 3.9 is exactly the same as that one for
hemi-slant submersions, see Theorem 3.13 of [30]. So we omit it.

Theorem 3.10. Let π be a conformal hemi-slant submersion from a Kähler
manifold (M, gm, J̄) onto a Riemannian manifold (N, gn). Then the anti-invari-
ant distribution D⊥ is always integrable.

The proof of the following Theorems 3.10 and 3.11 are exactly the same
as that one for conformal semi-slant submersions, see Theorems 3.6 and 3.7,
respectively of [1]. So we neglect it.

Theorem 3.11. Let π be a conformal hemi-slant submersion from a Kähler
manifold (M, gm, J̄) onto a Riemannian manifold (N, gn). Then the distribution
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(kerπ∗)
⊥ is integrable if and only if

1

λ2
gn(∇̄πY π∗(CX)− ∇̄πXπ∗(CY ), π∗(ω̄Z))

= gm(AYBX−AXBY −CY (lnλ)X+CX(lnλ)Y +2gm(X,CY )grad lnλ, ω̄Z)

+ gm(V∇̄YBX − V∇̄XBY +AY CX −AXCY, φ̄Z)

for all Z ∈ Γ(kerπ∗) and X,Y ∈ Γ(kerπ∗)
⊥.

Theorem 3.12. Let π be a conformal hemi-slant submersion from a Kähler
manifold (M, gm, J̄) onto a Riemannian manifold (N, gn). Then any two con-
ditions below imply the third:

(i) (kerπ∗)
⊥ is integrable,

(ii) π is a horizontally homothetic map,
(iii)

1

λ2
gn(∇̄πY π∗(CX)− ∇̄πXπ∗(CY ), π∗(ω̄Z))

= gm(AYBX −AXBY, ω̄Z)

+ gm(V∇̄YBX − V∇̄XBY +AY CX −AXCY, φ̄Z)

for all Z ∈ Γ(kerπ∗) and X,Y ∈ Γ(kerπ∗)
⊥.

Theorem 3.13. Let π be a conformal hemi-slant submersion from a Kähler
manifold (M, gm, J̄) onto a Riemannian manifold (N, gn). Then the distribution
(kerπ∗)

⊥ is totally geodesic foliation on M if and only if for

1

λ2
{gn(∇̄πXπ∗(Y ), π∗(ω̄φ̄PV ))− gn(∇̄πXπ∗(CY ), π∗(ω̄V ))}

= cos2 θgm(AXY, PV ) + gm(AXBY, ω̄V )

+ gm(X, grad lnλ)gm(Y, ω̄φ̄PV ) + gm(Y, grad lnλ)gm(X, ω̄φ̄PV )

− gm(X,Y )gm(grad lnλ, ω̄φ̄PV )− gm(CY, grad lnλ)gm(X, ω̄V )

+ gm(X,CY )gm(grad lnλ, ω̄V )

for all X,Y ∈ Γ(kerπ∗)
⊥ and V ∈ Γ(kerπ∗).

Proof. For all X,Y ∈ Γ(kerπ∗)
⊥ and V ∈ Γ(kerπ∗), using equations (3), (4),

(10), (11), (16), (17) and Lemma 3.6, we have

gm(∇̄XY, V )

= gm(∇̄XY, PV +QV )

= gm(∇̄X J̄Y, φ̄PV ) + gm(∇̄X J̄Y, ω̄PV ) + gm(∇̄X J̄Y, J̄QV )

= cos2 θgm(∇̄XY, PV )− gm(∇̄XY, ω̄φ̄PV ) + gm(∇̄X J̄Y, ω̄PV )

+ gm(∇̄X J̄Y, J̄QV )

= cos2 θgm(∇̄XY, PV )− gm(H∇̄XY, ω̄φ̄PV ) + gm(∇̄XBY, ω̄PV + J̄QV )

+ gm(∇̄XCY, ω̄PV + J̄QV ).
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Since ω̄V = ω̄PV + J̄QV, we have

gm(∇̄XY, V ) = cos2 θgm(∇̄XY, PV )− gm(H∇̄XY, ω̄φ̄PV )

+ gm(∇̄XBY, ω̄V ) + gm(∇̄XCY, ω̄V )

= cos2 θgm(∇̄XY, PV )− gm(H∇̄XY, ω̄φ̄PV )

+ gm(AXBY, ω̄V ) + gm(H∇̄XCY, ω̄V ).

Since π is a conformal submersion and using equation (15) and Lemma
2.10(i), we have

gm(∇̄XY, V )

= cos2 θgm(AXY, PV ) + gm(AXBY, ω̄V )

− 1

λ2
gn(∇̄πXπ∗(Y ), π∗(ω̄φ̄PV )) +

1

λ2
gn(∇̄πXπ∗(CY ), π∗(ω̄V ))

+ gm(X, grad lnλ)gm(Y, ω̄φ̄PV ) + gm(Y, grad lnλ)gm(X, ω̄φ̄PV )

− gm(X,Y )gm(grad lnλ, ω̄φ̄PV )− gm(CY, grad lnλ)gm(X, ω̄V )

+ gm(X,CY )gm(grad lnλ, ω̄V ). �

Theorem 3.14. Let π be a conformal hemi-slant submersion from a Kähler
manifold (M, gm, J̄) onto a Riemannian manifold (N, gn). Then the distribution
(kerπ∗) is a totally geodesic foliation on M if and only if

1

λ2
{gn(∇̄ω̄Y π∗(J̄CV ), π∗(ω̄X))− gn((∇̄π∗)(X, ω̄φ̄PY ), π∗(V ))}

= cos2 θgm(TXPY, V ) + gm(TX ω̄Y,BV )− gm(Aω̄Y J̄CV, φ̄X)

+ gm(ω̄X, ω̄Y )gm(grad lnλ, J̄CV )

for all X,Y ∈ Γ(kerπ∗) and V ∈ Γ(kerπ∗)
⊥.

Proof. For X,Y ∈ Γ(kerπ∗) and V ∈ Γ(kerπ∗)
⊥, using equations (3), (4), (9),

(10), (16), (17), (18) and Lemma 3.6, we have

gm(∇̄XY, V )

= gm(∇̄XPY, V ) + gm(∇̄XQY, V )

= gm(∇̄XPY, V ) + gm(∇̄XQY, V )

= − gm(∇̄X J̄ φ̄PY, V ) + gm(∇̄X ω̄PY, J̄V ) + gm(∇̄X J̄QY, J̄V )

= cos2 θgm(∇̄XPY, V )− gm(H∇̄X ω̄φ̄PY, V )

+ gm(∇̄X(ω̄PY + J̄QY ), CV ) + gm(∇̄X(ω̄PY + J̄QY ), BV ).

Since ω̄PY + J̄QY = ω̄Y, we have

gm(∇̄XY, V ) = cos2 θgm(∇̄XPY, V )− gm(H∇̄X ω̄φ̄PY, V )

+ gm(TXωY,BV ) + gm(∇̄X ω̄Y, CV )

= cos2 θgm(∇̄XPY, V )− gm(H∇̄X ω̄φ̄PY, V )
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+ gm(TXPY, V )− gm(∇̄ω̄Y J̄CV, J̄X).

Since π is a conformal submersion and using the equation (15) and Lemma
2.10, we have

gm(∇̄XY, V )

= cos2 θgm(TXPY, V ) + gm(TX ω̄Y,BV ) +
1

λ2
gn((∇̄π∗)(X, ω̄φ̄PY ), π∗(V ))

− gm(Aω̄Y J̄CV, φ̄X)− 1

λ2
gn(∇̄ω̄Y π∗(J̄CV ), π∗(ω̄X))

+
1

λ2
gn((∇̄π∗)(ω̄Y, J̄CV ), π∗(ω̄X))

= cos2 θgm(TXPY, V ) + gm(TX ω̄Y,BV ) +
1

λ2
gn((∇̄π∗)(X, ω̄φ̄PY ), π∗(V ))

− gm(Aω̄Y J̄CV, φ̄X)− 1

λ2
gn(∇̄ω̄Y π∗(J̄CV ), π∗(ω̄X))

+ gm(ω̄X, ω̄Y )gm(grad lnλ, J̄CV ),

which is complete proof. �

Theorem 3.15. Let π be a conformal hemi-slant submersion from a Kähler
manifold (M, gm, J̄) onto a Riemannian manifold (N, gn). Then the anti-invari-
ant distribution D⊥ define a totally geodesic foliation on M if and only if

gm(TXY, ω̄φ̄Z) = − 1

λ2
gn((∇̄π∗)(X, J̄Y ), π∗(ω̄Z)),

and
1

λ2
gn(∇̄πJ̄Y π∗(J̄CV ), π∗(J̄X)) = gm(TX J̄Y,BV ) + gm(X,Y )gm(grad ln, J̄CV )

for all X,Y ∈ Γ(D⊥), Z ∈ Γ(Dθ) and V ∈ Γ(kerπ∗)
⊥.

Proof. For all X,Y ∈ Γ(D⊥), Z ∈ Γ(Dθ), and V ∈ Γ(kerπ∗)
⊥ using equations

(3), (4), (10), (11), (17) and Lemma 3.6, we have

gm(∇̄XY,Z) = gm(∇̄X J̄Y, φ̄Z) + gm(∇̄X J̄Y, ω̄Z),

= cos2 θgm(∇̄XY,Z)− gm(TXY, ω̄φ̄Z) + gm(∇̄X J̄Y, ω̄Z).

Now, we have

sin2 θgm(∇̄XY,Z) = −gm(TXY, ω̄φ̄Z) + gm(∇̄X J̄Y, ω̄Z).

Since π is a conformal submersion and using the equation (15) and Lemma 3.6,
we have

sin2 θgm(∇̄XY, Z) = −gm(TXY, ω̄φ̄Z)− 1

λ2
gn((∇̄π∗)(X, J̄Y ), π∗(ω̄Z)).

Next, using equations (3), (4), (11) and (18), we have

gm(∇̄XY, V ) = gm(∇̄X J̄Y, JV )

= gm(TX J̄Y,BV )− gm(∇̄J̄Y J̄CV, J̄X).



1012 S. KUMAR, S. KUMAR, S. PANDEY, AND R. PRASAD

Since π is a conformal submersion and using the equation (15) Lemma 3.6,
we have

gm(∇̄XY, V ) = gm(TX J̄Y,BV )− 1

λ2
gn(∇̄πJ̄Y π∗(J̄CV ), π∗(J̄X))

+
1

λ2
gn((∇̄π∗)(J̄Y, J̄CV ), π∗(J̄X)),

= gm(TX J̄Y,BV )− 1

λ2
gn(∇̄πJ̄Y π∗(J̄CV ), π∗(J̄X))

+ gm(X,Y )gm(grad ln, J̄CV ),

which is complete proof. �

Theorem 3.16. Let π be a conformal hemi-slant submersion from a Kähler
manifold (M, gm, J̄) onto a Riemannian manifold (N, gn). Then the slant dis-
tribution Dθ define a totally geodesic foliation on M if and only if

gm(TZ ω̄φ̄W,X) = − 1

λ2
gn((∇̄π∗)(Z, ω̄W ), π∗(J̄X)),

and
1

λ2
gn(∇̄πω̄Wπ∗(J̄CV ), π∗(φ̄Z))

= − gm(TZ ω̄φ̄W, V ) + gm(TZ ω̄W,BV ) + gm(ω̄Z, ω̄W )gm(grad lnλ, J̄CV )

for all Z,W ∈ Γ(Dθ), X ∈ Γ(D⊥) and V ∈ Γ(kerπ∗)
⊥.

Proof. For all Z,W ∈ Γ(Dθ), X ∈ Γ(D⊥) and V ∈ Γ(kerπ∗)
⊥, using equations

(3), (4), (17) and Lemma 3.6, we have

gm(∇̄ZW,X) = gm(∇̄Z φ̄W, J̄X) + gm(∇̄Z ω̄W, J̄X),

= cos2 θgm(∇̄ZW,X)− gm(∇̄Z ω̄φ̄W,X) + gm(∇̄Z ω̄W, J̄X).

Now, we have

sin2 θgm(∇̄ZW,X) = −gm(TZ ω̄φ̄W,X) + gm(H∇̄Z ω̄W, J̄X).

Since π is a conformal submersion, using the equation (15) and Lemma 2.10,
we have

sin2 θgm(∇̄ZW,X) = −gm(TZ ω̄φ̄W,X)− 1

λ2
gn((∇̄π∗)(Z, ω̄W ), π∗(J̄X)).

Next, using equations (3), (4), (11) and Lemma 3.6, we have

gm(∇̄ZW,V ) = gm(∇̄Z φ̄W, J̄V ) + gm(∇̄Z ω̄W, J̄V ),

= cos2 θgm(∇̄ZW,V )− gm(∇̄Z ω̄φ̄W, V )

+ gm(TZ ω̄W +H∇̄Z ω̄W,BV + CV ).

Now, we have

sin2 θgm(∇̄ZW,V ) = −gm(∇̄Z ω̄φ̄W, V )+gm(TZ ω̄W,BV )+gm(∇̄Z ω̄W,CV )

= −gm(∇̄Z ω̄φ̄W, V )+gm(TZ ω̄W,BV )−gm(∇̄ω̄W J̄CV, J̄Z).
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Since π is a conformal submersion, using the equation (15) and Lemma 3.6,
we have

sin2 θgm(∇̄ZW,V )

= − gm(TZ ω̄φ̄W, V ) + gm(TZ ω̄W,BV )

− 1

λ2
gn(∇̄πω̄Wπ∗(J̄CV ), π∗(φ̄Z)) +

1

λ2
gn((∇̄π∗)(ω̄W, J̄CV ), π∗(ω̄Z))

= − gm(TZ ω̄φ̄W, V ) + gm(TZ ω̄W,BV )− 1

λ2
gn(∇̄πω̄Wπ∗(J̄CV ), π∗(φ̄Z))

+ gm(ω̄Z, ω̄W )gm(grad lnλ, J̄CV ),

which is complete proof. �

Theorem 3.17. Let π be a conformal hemi-slant submersion from a Kähler
manifold (M, gm, J̄) onto a Riemannian manifold (N, gn). Then, π is a totally
geodesic map on M if and only if

1

λ2
gn((∇̄π∗)(X, ω̄φ̄Y ), π∗(Z)) +

1

λ2
gn(∇̄ω̄Y π∗(J̄CZ), ω̄X)

= gm(Aω̄Y J̄CZ, φ̄X)− gm(ω̄X, ω̄Y )gm(grad lnλ, J̄CZ),

gm(TV J̄W,BZ) + gm(V,W )gm(grad lnλ, J̄CZ)

=
1

λ2
gn(∇̄J̄Wπ∗(J̄CZ), π∗(J̄V )),

and

− 1

λ2
gn(∇̄πCZπ∗(J̄CU), π∗(φ̄V1))

= gm(TV1 φ̄BZ,U)− gm(TV1CZ,BU) + gm(H∇̄V1 ω̄BZ,U)

+ gm(A
CZ
J̄CU, φ̄V1) + gm(CZ, J̄CU)gm(grad lnλ, ω̄V1)

for all X,Y ∈ Γ(Dθ), V,W ∈ Γ(D⊥), Z,U ∈ Γ(kerπ∗)
⊥ and V1 ∈ Γ(kerπ∗).

Proof. (i) For X,Y ∈ Γ(Dθ) and Z ∈ Γ(kerπ∗)
⊥, using equations (3), (4), (17)

and Lemma 3.6, we have

1

λ2
gn((∇̄π∗)(X,Y ), π∗(Z))

= − gm(∇̄XY, Z)

= − gm(∇̄X φ̄Y, J̄Z)− gm(∇̄X ω̄Y, J̄Z)

= gm(J̄∇̄X φ̄Y, Z)− gm(∇̄X ω̄Y, J̄Z)

= cos2 θgm(∇̄XY,Z) + gm(∇̄X ω̄φ̄Y, Z) + gm(∇̄ω̄Y J̄CZ,BX)

+ gm(∇̄ω̄Y J̄CZ,CX).
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Since π is a conformal submersion, using the equation (15) and Lemma 2.10,
we have

sin2 θ
1

λ2
gn((∇̄π∗)(X,Y ), π∗(Z))

= − 1

λ2
gn((∇̄π∗)(X, ω̄φ̄Y ), π∗(Z))− gm(∇̄ω̄Y J̄CZ, φ̄X)

− 1

λ2
gn(∇̄ω̄Y π∗(J̄CZ), ω̄X) +

1

λ2
gn(∇̄π∗(ω̄Y, J̄CZ), π∗(ω̄X))

= − 1

λ2
gn((∇̄π∗)(X, ω̄φ̄Y ), π∗(Z))− gm(Aω̄Y J̄CZ, φ̄X)

− 1

λ2
gn(∇̄ω̄Y π∗(J̄CZ), ω̄X) + gm(ω̄X, ω̄Y )gm(grad lnλ, J̄CZ).

(ii) For V,W ∈ Γ(D⊥) and Z ∈ Γ(kerπ∗)
⊥, using equations (3), (4), (11)

and (15), we have

1

λ2
gn((∇̄π∗)(V,W ), π∗(Z)) = −gm(∇̄VW,Z),

= −gm(TV J̄W,BZ) + gm(∇̄J̄W J̄CZ, J̄V ).

Since π is a conformal submersion, using the equation (15) and Lemma 2.10,
we have

1

λ2
gn((∇̄π∗)(V,W ), π∗(Z))

= − gm(TV J̄W,BZ) +
1

λ2
gn(∇̄J̄Wπ∗(J̄CZ), π∗(J̄V ))

− 1

λ2
gn((∇̄π∗)(J̄W, J̄CZ), (J̄V ))

= − gm(TV J̄W,BZ) +
1

λ2
gn(∇̄J̄Wπ∗(J̄CZ), π∗(J̄V ))

− gm(V,W )gm(grad lnλ, J̄CZ).

(iii) For Z,U ∈ Γ(kerπ∗)
⊥ and V1 ∈ Γ(kerπ∗), using equations (3), (4), (10),

(11) and (15), we have

1

λ2
gn((∇̄π∗)(V1, Z), π∗(U)) = − gm(∇̄V1

BZ, J̄U)− gm(∇̄V1
CZ, J̄U)

= gm(∇̄V1 J̄BZ,U)− gm(∇̄V1
CZ, J̄U)

= gm(∇̄V1
φ̄BZ,U) + gm(∇̄V1

ω̄BZ,U)

− gm(TV1
CZ +H∇̄V1

CZ,BU + CU)

= gm(TV1
φ̄BZ,U)− gm(TV1

CZ,BU)

+ gm(H∇̄V1 ω̄BZ,U) + gm(∇̄
CZ
J̄CU, φ̄V1)

+ gm(∇̄CZ J̄CU, ω̄V1).
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Since π is a conformal submersion and using the equation (15) and Lemma
2.10, we have

1

λ2
gn((∇̄π∗)(V1, Z), π∗(U))

= gm(TV1
φ̄BZ,U)− gm(TV1

CZ,BU) + gm(H∇̄V1
ω̄BZ,U)

+ gm(ACZ J̄CU, φ̄V1) +
1

λ2
gn(∇̄πCZπ∗(J̄CU), π∗(φ̄V1))

+ gm(CZ, J̄CU)gm(grad lnλ, ω̄V1).

(iv) On the other hand, from Lemma 2.10(i) we have

(∇̄π∗)(X1, Y1) = X1(lnλ)π∗(Y1) + Y1(lnλ)π∗(X1)− gm(X1, Y1)π∗(Hgrad lnλ)

for any X1, Y1 ∈ Γ(µ). It is obvious that if π is horizontal homothetic, it follows
that (∇̄π∗)(X1, Y1) = 0. Conversely, if (∇̄π∗)(X1, Y1) = 0, taking Y1 = φ̄X1 in
above equation, we have

(29) X1(lnλ)π∗(φ̄X1) + φ̄X1(lnλ)π∗(X1) = 0.

Taking inner product in the equation (29) with π∗φ̄X1, we get

gm(Hgrad lnλ,X1)gm(φ̄X1, φ̄X1) + gm(Hgrad lnλ, φ̄X1)gn(X1, φ̄X1) = 0.

From above equation, λ is constant on Γ(µ).
In a similar way, for V1, V2 ∈ Γ(kerπ∗), using Lemma 2.10(i), we have

(∇̄π∗)(ω̄V1, ω̄V2) = φ̄V1(lnλ)π∗(φ̄V2) + φ̄V2(lnλ)π∗(φ̄V1)

− gm(φ̄V1, φ̄V2)π∗(Hgrad lnλ).

Again if π is horizontal homothetic, it follows that (∇̄π∗)(φ̄V1, φ̄V2) = 0.
Conversely, if (∇̄π∗)(φ̄V1, φ̄V2) = 0, taking V1 = V2 in above equation, we have

2φ̄V1(lnλ)π∗(φ̄V1)− gm(φ̄V1, φ̄V1)π∗(Hgrad lnλ) = 0.

Taking inner product in Lemma 2.10(i) with π∗φ̄V1 and since π is a conformal
submersion, we get

gm(φ̄V1, φ̄V1)gm(Hgrad lnλ, φ̄V1) = 0

From above equation, it follows λ is constant on Γ(ω̄(kerπ∗)). So λ is a
constant on Γ(kerπ∗)

⊥. On the other hand if π is a horizontally homothetic
map it is obvious that (∇̄π∗)(X1, Y1) = 0. Thus, proof is complete. �

4. Example

Note that given an Euclidean space R2m with coordinates (x1, x2, . . . , x2m),
we can canonically choose an almost complex structure J̄ on R2m as follows:

J̄(a1
∂

∂x1
+ a2

∂

∂x2
+ · · ·+ a2m−1

∂

∂x2m−1
+ a2m

∂

∂x2m
)

= − a2
∂

∂x1
+ a1

∂

∂x2
+ · · · − a2m

∂

∂x2m−1
+ a2m−1

∂

∂x2m
,
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where a1, a2, . . . , a2m are real valued C∞ functions defined in R2m. Throughout
this section, we will use this notation:

Example 4.1 ([30]). Every hemi-slant submersion from an almost Hermitian
manifold to a Riemannian manifold is a conformal hemi-slant submersion with
λ = 1.

If λ 6= 1, we say that conformal hemi-slant submersion is proper. Now, we
give two non-trivial examples for a proper conformal hemi-slant submersion.

Example 4.2. Define a submersion π : R6 → R3 by

f(x1, x2, . . . , x6) = e7(x1,
x2 + x3√

2
, x6).

Then it follows that

(kerπ∗) = span{V1 =
1√
2

(
∂

∂x2
− ∂

∂x3
), V2 =

∂

∂x4
, V3 =

∂

∂x5
},

Dθ = span{V1 =
1√
2

(
∂

∂x2
− ∂

∂x3
), V2 =

∂

∂x4
},

D⊥ = span{V3 =
∂

∂x5
},

and

(kerπ∗)
⊥ = span{H1 =

1√
2

(
∂

∂x2
+

∂

∂x3
), H2 =

∂

∂x1
, H3 =

∂

∂x6
}.

Thus π is a conformal hemi-slant submersion with the slant angle θ = π
4 and

λ = e7.

Example 4.3. Define a submersion π : R8 → R4 by

f(x1, x2, . . . , x8) = π5(x1,
x2 + x3√

2
, x6, x7).

Then it follows that

(kerπ∗) = span{V1 =
1√
2

(
∂

∂x2
− ∂

∂x3
), V2 =

∂

∂x4
, V3 =

∂

∂x5
, V4 =

∂

∂x8
},

Dθ = span{V1, V2} and D⊥ = span{V3, V4},

and

(kerπ∗)
⊥ = span{H1 =

∂

∂x1
, H2 =

1√
2

(
∂

∂x2
+

∂

∂x3
), H3 =

∂

∂x6
, H4 =

∂

∂x7
}.

Thus π is a conformal hemi-slant submersion with the slant angle θ = π
4 and

λ = π5.
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