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EXPRESSIONS OF MEROMORPHIC SOLUTIONS OF A

CERTAIN TYPE OF NONLINEAR COMPLEX

DIFFERENTIAL EQUATIONS

Jun-Fan Chen and Gui Lian

Abstract. In this paper, the expressions of meromorphic solutions of
the following nonlinear complex differential equation of the form

fn +Qd(z, f) =
3∑
i=1

pi(z)e
αi(z)

are studied by using Nevanlinna theory, where n ≥ 5 is an integer,
Qd(z, f) is a differential polynomial in f of degree d ≤ n − 4 with ra-

tional functions as its coefficients, p1(z), p2(z), p3(z) are non-vanishing

rational functions, and α1(z), α2(z), α3(z) are nonconstant polynomials
such that α′1(z), α′2(z), α′3(z) are distinct each other. Moreover, examples

are given to illustrate the accuracy of the condition.

1. Introduction

In this paper, the function f(z) always means a nonconstant meromorphic
function in the whole complex plane C. We assume that the reader is familiar
with the basic concepts and standard notations in the Nevanlinna theory (see
e.g. [5, 7, 18]), such as T (r, f), N(r, f), m(r, f), N(r, f). For a meromorphic
function f(z), S(r, f) denotes any quantity satisfying S(r, f) = o(T (r, f)), as
r →∞, possibly outside of an exceptional set of finite logarithmic measure and
not necessarily the same at each occurrence.

Theory of complex differential equations has been widely used in many
research fields, and it has been deeply studied by a number of experts and
scholars in the world. In recent several decades, a lot of papers (see e.g.
[1,3,4,6,8–12,14–17,19,20]), have focused on the research on the properties and

Received August 7, 2019; Accepted December 20, 2019.

2010 Mathematics Subject Classification. 30D35, 34A34, 34M05.
Key words and phrases. Nonlinear differential equations, meromorphic solutions, Nevan-

linna theory, zeros, order.
Project supported by the National Natural Science Foundation of China (Grant No.

11301076), and the Natural Science Foundation of Fujian Province, China (Grant No.
2018J01658), and Key Laboratory of Applied Mathematics of Fujian Province University

(Putian University) (Grant No. SX201801).

c©2020 Korean Mathematical Society

1061



1062 J.-F. CHEN AND G. LIAN

expressions of the solutions of complex differential equations. In particular, a
class of nonlinear complex differential equations of the following form

(1.1) fn +Qd(z, f) = p1(z)eα1(z) + p2(z)eα2(z)

are extensively studied, whereQd(z, f) is a differential polynomial in f of degree
at most n− 1 with small functions of f as its coefficients, p1(z), p2(z) are non-
vanishing rational functions, and α1(z), α2(z) are nonconstant polynomials.

In 2006, Li and Yang [11] considered a special case of the above equation
(1.1) regarding the existence of the solutions, and they obtained the following
result.

Theorem 1.1 (see [11]). Let n ≥ 4 be an integer, Qd(z, f) be a differential
polynomial in f of degree at most n− 3, p1(z), p2(z) be non-vanishing polyno-
mials, and α1, α2 be nonzero constants such that α1

α2
is not rational. Then the

equation
fn +Qd(z, f) = p1(z)eα1z + p2(z)eα2z

has no transcendental entire solutions.

In 2011, Li [10] proceeded to study the expressions of the solutions of the
nonlinear differential equation (1.1) and proved the following theorem.

Theorem 1.2 (see [10]). Let n ≥ 2 be an integer, Qd(z, f) be a differential
polynomial in f of degree at most n − 2, and p1, p2, α1, α2 ∈ C \ {0} such
that α1 6= α2. If f is a transcendental meromorphic solution of the following
nonlinear complex differential equation:

fn +Qd(z, f) = p1e
α1z + p2e

α2z,

and satisfying N(r, f) = S(r, f), then one of the following holds:

(1) f(z) = c0 + c1e
α1z
n ;

(2) f(z) = c0 + c2e
α2z
n ;

(3) f(z) = c1e
α1z
n + c2e

α2z
n , and α1 + α2 = 0,

where c0 is a small function of f and c1, c2 ∈ C satisfying cn1 = p1 and cn2 = p2.

In 2013, Liao, Yang and Zhang [12] proved a further result on the base of
Theorem 1.2. Moreover, the solution f = ez+z+1 of the nonlinear differential
equation f3 − 2(z + 1)2f ′′ − (z + 1)2f = e3z + 3(z + 1)e2z was given as an
example to show that the third case in the conclusion of Theorem 1.3 below
may occur.

Theorem 1.3 (see [12]). Let n ≥ 3 be an integer, Qd(z, f) be a differential
polynomial in f of degree d with rational functions as its coefficients. Suppose
that p1(z), p2(z) are non-vanishing rational functions and α1(z), α2(z) are
nonconstant polynomials. If d ≤ n − 2 and the complex differential equa-
tion (1.1) admits a meromorphic function solution f with finitely many poles,

then
α′

1

α′
2

is a rational number. Furthermore, only one of the following four cases

holds:
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(1) f(z) = q(z)eP (z),
α′

1

α′
2

= 1, where q(z) is a rational function and P (z) is

a polynomial with nP ′ = α′1 = α′2;

(2) f(z) = q(z)eP (z) and either
α′

1

α′
2

= k
n or

α′
1

α′
2

= n
k , where q(z) is a rational

function, k is an integer with 1 ≤ k ≤ d and P (z) is a polynomial with nP ′ =
α′1 or nP ′ = α′2;

(3) f satisfies the first order linear differential equation f ′ =
(

1
n
p′1
p1

+ 1
nα
′
1

)
f

+ϕ and
α′

1

α′
2

= n
n−1 or f satisfies the first order linear differential equation

f ′ =
(

1
n
p′2
p2

+ 1
nα
′
2

)
f + ϕ and

α′
1

α′
2

= n−1
n , where ϕ is a rational function;

(4) f(z) = c1(z)eβ(z) + c2(z)e−β(z) and
α′

1

α′
2

= −1, where c1(z), c1(z) are

rational functions and β(z) is a polynomial with nβ′ = α′1 or nβ′ = α′2.

In 2018, Zhang [19] made new progress on the subject and proved the fol-
lowing Theorem 1.4 to illustrate that there exist only two types of possible
solutions of the equation (1.1) in some cases.

Theorem 1.4 (see [19]). Let n ≥ 4 be an integer, Qd(z, f) be a differential
polynomial in f of degree d with rational functions as its coefficients. Suppose
that p1(z), p2(z) are non-vanishing rational functions and α1(z), α2(z) are
nonconstant polynomials. If d ≤ n − 3 and the complex differential equa-
tion (1.1) admits a transcendental meromorphic function solution f with finitely

many poles, then
α′

1

α′
2

is a rational number, and f(z) must be of the following

form:

f(z) = q(z)eP (z),

where q(z) is a non-vanishing rational function and P (z) is a nonconstant
polynomial. Furthermore, only one of the following two cases holds:

(1)
α′

1

α′
2

= 1, Qd(z, f) ≡ 0 and nP ′ = α′1 = α′2;

(2)
α′

1

α′
2

= k
n , where k is an integer satisfying 1 ≤ k < d, Qd(z, f) ≡

p1(z)eα1(z) and nP ′ = α′2, or
α′

1

α′
2

= n
k , where k is an integer satisfying 1 ≤

k < d, Qd(z, f) ≡ p2(z)eα2(z) and nP ′ = α′1.

Comparing the above results, one can find that the right hand side of the

equation (1.1) just reduces to one term when
α′

1

α′
2

= 1, whereas the right hand

side of the equation (1.1) has two terms when
α′

1

α′
2
6= 1. Therefore, it leads

naturally to the following question:

Question 1.1. Can the solution be obtained when the right hand side of the
equation (1.1) contains three linearly independent exponential type functions?

In this paper, we give an affirmative answer to Question 1.1, where the
following theorem is established.



1064 J.-F. CHEN AND G. LIAN

Theorem 1.5. Let n ≥ 5 be an integer, Qd(z, f) be a differential polynomial
in f of degree d with rational functions as its coefficients. Suppose that p1(z),
p2(z), p3(z) are non-vanishing rational functions and α1(z), α2(z), α3(z) are
nonconstant polynomials such that α′1(z), α′2(z), α′3(z) are distinct each other.
If d ≤ n− 4 and the complex differential equation

(1.2) fn +Qd(z, f) =

3∑
i=1

pi(z)e
αi(z)

admits a meromorphic function solution f with finitely many poles, then
α′

1

α′
2
,

α′
2

α′
3

are rational numbers, and f(z) must be of the following form:

f(z) = q(z)eP (z),

where q(z) is a non-vanishing rational function and P (z) is a nonconstant
polynomial. Furthermore, there must exist positive integers l0, l1, l2 with
{l0, l1, l2} = {1, 2, 3} and distinct integers k1, k2 with 1 ≤ k1, k2 ≤ d such that
α′l0 : α′l1 : α′l2 = n : k1 : k2, nP ′ = α′l0 , Qd(z, f) ≡ pl1(z)eαl1 (z) + pl2(z)eαl2 (z).

Remark 1.1. The condition “d ≤ n−4” in Theorem 1.5 is necessary, which can
be illustrated by the following two examples.

Example 1.1. Let n = 5, d = 2 and Qd(z, f) = −10ff ′ + 6f ′ − f . Then the
following differential equation

f5 − 10ff ′ + 6f ′ − f = e5z + 5e4z + 10e3z

has a transcendental entire solution f = ez + 1. But it cannot be expressed
as f(z) = q(z)eP (z).

Example 1.2. Let n = 5, d = 2 and Qd(z, f) = −10(z+1)3ff ′′+6(z+1)4f ′′−
(z + 1)4f . Then the following differential equation

f5−10(z+ 1)3ff ′′+ 6(z+ 1)4f ′′− (z+ 1)4f = e5z + 5(z+ 1)e4z + 10(z+ 1)2e3z

has a transcendental entire solution f = ez + z+ 1. But it cannot be expressed
as f(z) = q(z)eP (z).

Remark 1.2. In Theorem 1.5, the condition “n ≥ 5” is necessary. If n ≤ 4,
then Qd(z, f) is not a differential polynomial in f , and so the equation (1.2)
is not a differential equation. Further, even if we adjust the degree of Qd(z, f)
correspondingly, then Theorem 1.5 may not hold, as seen from the following
examples.

Example 1.3. Let n = 4, d = 1 and Qd(z, f) = −3(z + 1)3f ′′ − (z + 1)3f .
Then the following differential equation

f4 − 3(z + 1)3f ′′ − (z + 1)3f = e4z + 4(z + 1)e3z + 6(z + 1)2e2z

has a transcendental entire solution f = ez + z+ 1. But it cannot be expressed
as f(z) = q(z)eP (z).
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Example 1.4. Let n = 3, d = 1 and Qd(z, f) = f ′′ + 2f ′ − f . Then the
following differential equation

f3 + f ′′ + 2f ′ − f = e3z + 3e2z + 5ez

has a transcendental entire solution f = ez + 1. But it cannot be expressed
as f(z) = q(z)eP (z).

Example 1.5. Let n = 2, d = 1 and Qd(z, f) = 3
2f
′′ + 3

2f
′ − 5f . Then the

following differential equation

f2 +
3

2
f ′′ +

3

2
f ′ − 5f = 4e2z − 3e−z + e−2z

has a transcendental entire solution f = 2ez + e−z + 1. But it cannot be
expressed as f(z) = q(z)eP (z).

In order to prove the theorem, the following symbol ρ(f) is introduced to
represent the order of a meromorphic function f (see [5, 7, 18]).

Definition 1.1 (see [5,7,18]). Let f be a nonconstant meromorphic functions
in the complex plane C. Then the order ρ(f) of f is defined as follows:

ρ(f) = lim sup
r→∞

log+ T (r, f)

log r
.

2. Some lemmas

Lemma 2.1 (see [18]). Let ai(z) (1 ≤ i ≤ n) be entire functions of at most
finite order ρ, gi(z) (1 ≤ i ≤ n) be entire functions such that gj(z)−gk(z) (j 6=
k) are transcendental entire functions or polynomials of degree greater than ρ.
Then

n∑
i=1

ai(z)e
gi(z) = a0(z)

holds if and only if

a0(z) = a1(z) = · · · = an(z) ≡ 0.

Lemma 2.2 (see [20]). Condsider the algebraic differential equation

P (z, f) = 0,

where P (z, f) is an algebraic differential polynomial in f with meromorphic
coefficients. If P (z, f) has only one dominant term, then the above equation
has no admissible transcendental meromorphic solutions satisfying N(r, f) =
S(r, f).
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Lemma 2.3 (Cramer’s rule, see [13]). Let aij (1 ≤ i, j ≤ n) and bi (1 ≤ i ≤
n) be finite numbers. Then the system of linear equations

a11 a12 · · · a1n
a21 a22 · · · a2n

...
...

. . .
...

an1 an2 · · · ann




x1
x2
...
xn

 =


b1
b2
...
bn


has a unique solution

(x1, x2, . . . , xn) =

(
detA1

detA
,

detA2

detA
, . . . ,

detAn
detA

)
,

if detA 6= 0, where

A =


a11 a12 · · · a1n
a21 a22 · · · a2n

...
...

. . .
...

an1 an2 · · · ann

 ,

Ai =

 a11 · · · a1,i−1 b1 a1,i+1 · · · a1n
...

. . .
...

...
...

. . .
...

an1 · · · an,i−1 bn an,i+1 · · · ann

 , i = 1, 2, . . . , n.

Lemma 2.4 (Clunie’s Lemma, see [2, 7]). Let f(z) be a transcendental mero-
morphic solution of the differential equation

fn(z)P (z, f) = Q(z, f),

where P (z, f), Q(z, f) are polynomials in f and its derivatives with meromor-
phic coefficients, said {aλ |λ ∈ I}, such that m(r, aλ) = S(r, f) for all λ ∈ I.
If the total degree of Q(z, f) as a polynomial in f and its derivatives is at most
n, then

m (r, P (z, f)) = S(r, f)

for all r out of a possible exceptional set of finite logarithmic measure.

Lemma 2.5 (Hadamard’s factorization theorem, see [18]). Let f(z) be a mero-
morphic function of finite order λ and

f(z) = ckz
k + ck+1z

k+1 + · · · (ck 6= 0)

in the neighborhood of z = 0. Suppose that a1, a2, . . . are nonzero zeros of f(z)
and b1, b2, . . . are nonzero poles of f(z). Then

f(z) = zkeQ(z)P1(z)

P2(z)
,

where P1(z) is a canonical product of nonzero zeros of f(z), P2(z) is a canonical
product of nonzero poles of f(z), and Q(z) is a polynomial of degree at most λ.



EXPRESSIONS OF MEROMORPHIC SOLUTIONS 1067

3. Proof of Theorem 1.5

For convenience, we denote

(3.1) h(z) := fn +Qd(z, f).

Suppose that the solution f of the differential equation (1.2) is rational. Then
h(z) is obviously a small function of pi(z)e

αi(z) (i = 1, 2, 3). Because α′1(z),
α′2(z), α′3(z) are distinct each other, by Lemma 2.1 we can deduce that pi(z) ≡
0 (i = 1, 2, 3), which is a contradiction to non-vanishing rational functions
pi(z) (i = 1, 2, 3). Hence f must be transcendental meromorphic.

We assert that the transcendental solution f of the equation (1.2) must

be of finite order. If ρ(f) = +∞, it is obvious that
∑3
i=1 pi(z)e

αi(z) is a
small function of f . Note that f is an admissible meromorphic solution of the
equation (1.2) with finitely many poles. Since the equation (1.2) has only one
dominant term fn, this contradicts Lemma 2.2. Thus it follows that ρ(f) <
+∞, as asserted.

Now we shall prove that f has at most finitely many zeros, that is, f(z) =
q(z)eP (z), where q(z) is a non-vanishing rational function, and P (z) is a non-
constant polynomial.

Differentiating the equation (1.2) twice yields the system of differential equa-
tions

(3.2)



h =
3∑
i=1

pie
αi ,

h′ =
3∑
i=1

(p′i + piα
′
i)e

αi ,

h′′ =
3∑
i=1

(p′′i + 2p′iα
′
i + piα

′′
i + pi(α

′
i)

2)eαi .

By Lemma 2.3, we obtain

(3.3) D0e
α1 = D1,

where

D0 =

∣∣∣∣∣∣
p1 p2 p3

p′1 + p1α
′
1 p′2 + p2α

′
2 p′3 + p3α

′
3

p′′1 + 2p′1α
′
1 + p1α

′′
1 + p1(α′1)2 p′′2 + 2p′2α

′
2 + p2α

′′
2 + p2(α′2)2 p′′3 + 2p′3α

′
3 + p3α

′′
3 + p3(α′3)2

∣∣∣∣∣∣
is a rational function, and

D1 =

∣∣∣∣∣∣
h p2 p3
h′ p′2 + p2α

′
2 p′3 + p3α

′
3

h′′ p′′2 + 2p′2α
′
2 + p2α

′′
2 + p2(α′2)2 p′′3 + 2p′3α

′
3 + p3α

′′
3 + p3(α′3)2

∣∣∣∣∣∣ .
We distinguish two cases below:

Case 1. If D0 ≡ 0, then from (3.3) we obtain D1 ≡ 0, that is,

(3.4) M11h−M21h
′ +M31h

′′ = 0,
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where

M11 =

∣∣∣∣ p′2 + p2α
′
2 p′3 + p3α

′
3

p′′2 + 2p′2α
′
2 + p2α

′′
2 + p2(α′2)2 p′′3 + 2p′3α

′
3 + p3α

′′
3 + p3(α′3)2

∣∣∣∣ ,
M21 =

∣∣∣∣ p2 p3
p′′2 + 2p′2α

′
2 + p2α

′′
2 + p2(α′2)2 p′′3 + 2p′3α

′
3 + p3α

′′
3 + p3(α′3)2

∣∣∣∣ ,
M31 =

∣∣∣∣ p2 p3
p′2 + p2α

′
2 p′3 + p3α

′
3

∣∣∣∣
are rational functions.

Substituting the expression (3.1) of h(z) and its first and second derivatives
h′, h′′ into (3.4), we get

(3.5) M11f
n − nM21f

n−1f ′ +M31

[
n(n− 1)fn−2(f ′)2 + nfn−1f ′′

]
= Q1(z),

where Q1(z) = −M11Qd(z, f) +M21Q
′
d(z, f)−M31Q

′′
d(z, f). Obviously, Q1(z)

is a differential polynomial in f of degree at most d with rational functions as
its coefficients. We rewrite (3.5) as

(3.6) fn−2
{
M11f

2 − nM21ff
′ +M31

[
n(n− 1)(f ′)2 + nff ′′

]}
= Q1(z),

and denote

(3.7) R1(z) := M11f
2 − nM21ff

′ +M31

[
n(n− 1)(f ′)2 + nff ′′

]
.

Note that d ≤ n− 3. Combining (3.6) with Lemma 2.4 we obtain

m(r,R1) = O(log r).

On the other hand, by the assumption, f has finitely many poles. It then
follows from (3.7) that

T (r,R1) = m(r,R1) +N(r,R1) = O(log r),

which means that R1 is a rational function.
Next we discuss the following two subcases.

Subcase 1.1. If R1(z) ≡ 0, then by (3.7) we have

(3.8) M11f
2 − nM21ff

′ +M31[n(n− 1)(f ′)2 + nff ′′] = 0.

Since α′1(z), α′2(z), α′3(z) are distinct each other, we get

(3.9) M31 = p2p3

[(
p′3
p3

+ α′3

)
−
(
p′2
p2

+ α′2

)]
6≡ 0.

If not, by integration we have

(3.10)
p3
p2
≡ Ceα2−α3 ,

where C is a nonzero constant. This cannot hold because α′2 6≡ α′3, meaning
that α2 − α3 is nonconstant. In the following, we will prove by contradiction
that f only has finitely many zeros.

Suppose that f has infinitely many zeros. Then there must be z1 which
satisfies f(z1) = 0 but is neither zeros nor poles of M11, M21, M31. Thus we
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can deduce from (3.6) that f ′(z1) = 0, which implies that z1 is a multiple zero
of f . Now we have

f(z) = sτ (z − z1)τ + sτ+1(z − z1)τ+1 + · · · (sτ 6= 0, τ ≥ 2)

in the neighborhood of z1. By calculating the lowest degree of z− z1 in the left
side of (3.6), we get

(3.11) n(n− 1)τ2s2τ + nτ(τ − 1)s2τ = 0.

Clearly, (3.11) cannot hold because n ≥ 5, τ ≥ 2 and sτ 6= 0. Hence, f has a
finite number of zeros at most.

Subcase 1.2. If R1(z) 6≡ 0, then it follows from (3.5) and (3.6) that

fn−3 (fR1(z)) = Q1(z).

By Lemma 2.4, we have

m(r,R1f) = O(log r).

On the other hand, R1f has finitely many poles. Then

T (r,R1f) = m(r,R1f) +N(r,R1f) = O(log r).

Therefore, R1f is a rational function, which contradicts that f is transcenden-
tal.

Case 2. If D0 6≡ 0, then, differentiating both sides of (3.3), we obtain

(3.12) (D′0 +D0α
′
1)eα1 = D′1.

By eliminating eα1 from (3.3) and (3.12), we derive

(3.13) D′1D0 −D1D
′
0 = α′1D1D0.

Substituting D1 = M11h−M21h
′+M31h

′′ and D′1 = M ′11h+ (M11−M ′21)h′+
(M ′31 −M21)h′′ +M31h

′′′ into (3.13), we get

(3.14) A1h+A2h
′ +A3h

′′ +A4h
′′′ = 0,

where 
A1 = M ′11D0 −M11D

′
0 − α′1M11D0,

A2 = (M11 −M ′21)D0 +M21D
′
0 + α′1M21D0,

A3 = (M ′31 −M21)D0 −M31D
′
0 − α′1M31D0,

A4 = M31D0

are rational functions. Clearly, A4 6≡ 0 since D0 6≡ 0 and (3.9).
Substituting h, h′, h′′, h′′′ into (3.14), we have

A1f
n + nA2f

n−1f ′ +A3[n(n− 1)fn−2(f ′)2 + nfn−1f ′′](3.15)

+A4[n(n− 1)(n− 2)fn−3(f ′)3

+ 3n(n− 1)fn−2f ′f ′′ + nfn−1f ′′′] = Q2(z),
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where Q2(z) = −A1Qd(z, f) − A2Q
′
d(z, f) − A3Q

′′
d(z, f) − A4Q

′′′
d (z, f). Obvi-

ously, Q2(z) is a differential polynomial in f of degree at most d with rational
functions as its coefficients. It then follows from (3.15) that

fn−3{A1f
3 + nA2f

2f ′ +A3[n(n− 1)f(f ′)2 + nf2f ′′](3.16)

+A4[n(n− 1)(n− 2)(f ′)3 + 3n(n− 1)ff ′f ′′ + nf2f ′′′]} = Q2(z).

We set

R2(z) := A1f
3 + nA2f

2f ′ +A3[n(n− 1)f(f ′)2 + nf2f ′′](3.17)

+A4[n(n− 1)(n− 2)(f ′)3 + 3n(n− 1)ff ′f ′′ + nf2f ′′′].

Noting that d ≤ n− 4 and applying Lemma 2.4 to (3.16), we deduce that

m(r,R2) = O(log r).

On the other hand, by the assumption, f has finitely many poles. Combining
this with (3.17), we find

T (r,R2) = m(r,R2) +N(r,R2) = O(log r),

which means that R2 is a rational function.
In the following, we discuss two subcases.

Subcase 2.1. If R2(z) ≡ 0, then from (3.17) we get

A1f
3 + nA2f

2f ′ +A3[n(n− 1)f(f ′)2 + nf2f ′′](3.18)

+A4[n(n− 1)(n− 2)(f ′)3 + nf2f ′′′ + 3n(n− 1)ff ′f ′′ = 0.

Next we will prove that f only has finitely many zeros.
Suppose that f has infinitely many zeros. Then there must be z2 which

satisfies f(z2) = 0 but is neither zeros nor poles of A1, A2, A3, A4. Thus we
deduce that f ′(z2) = 0 by (3.18), which means that z2 is a multiple zero of f .
Now we have

f(z) = sτ (z − z2)τ + sτ+1(z − z2)τ+1 + · · · (sτ 6= 0, τ ≥ 2)

in the neighborhood of z2. By calculating the lowest degree of z− z2 in the left
side of (3.18), we obtain

(3.19) n(n− 1)(n− 2)τ3s3τ + 3n(n− 1)τ2(τ − 1)s3τ + nτ(τ − 1)(τ − 2)s3τ = 0.

However, (3.19) cannot hold because n ≥ 5, τ ≥ 2 and sτ 6= 0. This shows that
f has a finite number of zeros at most.

Subcase 2.2. If R2(z) 6≡ 0, then, combining (3.15) with (3.17), we obtain

fn−4(fR2(z)) = Q2(z).

Noting d ≤ n− 4 and using Lemma 2.4, we deduce that

m(r,R2f) = O(log r).

On the other hand, R2f has finitely many poles. Then

T (r,R2f) = m(r,R2f) +N(r,R2f) = O(log r).
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Therefore, R2f is a rational function, which contradicts that f is transcenden-
tal.

In conclusion, we have proved that f is a transcendental meromorphic func-
tion with finite zeros and poles. Now by Lemma 2.5, it is easy to see that

(3.20) f(z) = q(z)eP (z),

where q(z) is a non-vanishing rational function, and P (z) is a nonconstant
polynomial. Substituting (3.20) into (1.2) yields

(3.21) qnenP +

d∑
k=0

βke
kP =

3∑
i=1

pie
αi .

Since α′1, α′2, α′3 are distinct each other, α1 −α2, α2 −α3, α3 −α1 are all non-
constant polynomials. On the other hand, q, p1, p2, p3 are all non-vanishing
rational functions. Applying Lemma 2.1 we can deduce that there must exist
positive integers l0, l1, l2 with {l0, l1, l2} = {1, 2, 3} and distinct integers
k1, k2 with 1 ≤ k1, k2 ≤ d such that nP = αl0 + C0,

k1P = αl1 + C1,
k2P = αl2 + C2,

where C0, C1, C2 are constants, and qn = e−C0pl0 ,
βk1 = e−C1pl1 ,
βk2 = e−C2pl2 .

Furthermore, βk ≡ 0 holds for all k 6= k1, k2 with 0 ≤ k ≤ d, which yields α′l0 :

α′l1 : α′l2 = n : k1 : k2, nP ′ = α′l0 and Qd(z, f) ≡ pl1(z)eαl1 (z) + pl2(z)eαl2 (z).
This completes the proof of Theorem 1.5.

Acknowledgments. The authors would like to thank the referees for their
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