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ON CHARACTERIZATIONS OF SOME LINEAR

COMBINATIONS INVOLVING THE MATRICES Q AND R

Halim Özdemir∗, Sinan Karakaya, and Tuğba Petik

Abstract. Let Q and R be the well-known matrices associated
with Fibonacci and Lucas numbers, and k,m, and n be any integers.
It is mainly established all solutions of the matrix equations c1Q

n+
c2Q

m = Qk, c1Q
n + c2Q

m = RQk, and c1Q
n + c2RQm = Qk

with unknowns c1, c2 ∈ C∗. Moreover, using the obtained results,
it is presented many identities, some of them are available in the
literature, and the others are new, related to the Fibonacci and
Lucas numbers.

1. Introduction

There are a lot of integer sequences in the literature, and they are used
in almost all sciences, especially in mathematics and physics. Fibonacci
and Lucas numbers are the most fundamental integer sequences, and
have been extensively studied in algebra, combinatorial and number the-
ory. Especially, Fibonacci numbers arise in the solution of many combi-
natorial problems. It can be looked at, for example, [1], [7], [9], [11], [13]
for several applications of this type of numbers.

Throughout the paper, the symbols Z and C∗ denote the sets of
integer and nonzero complex numbers, respectively. For n ≥ 2, the
well-known Fibonacci {Fn} and Lucas {Ln} sequences are defined by
Fn = Fn−1 + Fn−2 and Ln = Ln−1 + Ln−2 with F0 = 0, F1 = 1 and
L0 = 2, L1 = 1, respectively (see, for example, [11], [13]). There are a
lot of results which are related to Fibonacci and Lucas numbers in the
literature. Some of the most used are:

(1) F−n = (−1)n+1Fn, (see, e.g, [11])
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(2) L−n = (−1)nLn, (see, e.g., [11])

and

(3) Ln = Fn−1 + Fn+1 (see, e.g., [13])

for n ≥ 1.

In [3], it was established a relation such that

(4) Qn =

(
Fn+1 Fn

Fn Fn−1

)
between the matrix

Q =

(
F2 F1

F1 F0

)
=

(
1 1
1 0

)
known as the Fibonacci Q-matrix in the literature and classical Fi-
bonacci sequence {Fn}. Note that the property (4) is valid for all inte-
gers n. For detailed information about the Fibonacci Q-matrix, see, for
example, [4].

Similarly, the matrix

R =

(
1 2
2 −1

)
was first introduced by Hoggatt and Bruggles [12]. Then, the relation

RQn =

(
Ln+1 Ln

Ln Ln−1

)
among Lucas numbers, the matrices R, and Q was established.

Many identities related to Fibonacci and Lucas numbers have been
given by using matrix methods by many authors (see, for example, [2],
[3], [5], [8]).

In this work, first, it is mainly obtained the solutions c1, c2 ∈ C∗
of the matrix equations c1Q

n + c2Q
m = Qk, c1Q

n + c2Q
m = RQk,

and c1Q
n + c2RQm = Qk for k,m, n ∈ Z. Then, by using the results

obtained, many interesting identities are derived for the Fibonacci and
Lucas numbers.

We want to close this section by giving the following two well-known
results.

Theorem 1.1. FaFb − FcFd = (−1)r(Fa−rFb−r − Fc−rFd−r), where
a, b, c, d, r ∈ Z, a + b = c + d [6].

Theorem 1.2. FaLb − FcLd = (−1)r(Fa−rLb−r − Fc−rLd−r), where
a, b, c, d, r ∈ Z, a + b = c + d [6].
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2. On Linear Combinations of the Matrices Q and R

Consider the matrix equation

(5) c1Q
n + c2Q

m = Qk

with unknowns c1, c2 ∈ C∗, where k,m, and n are any integers. The
matrix equation (5) is equivalent to the linear equations system:

(6)
c1Fn+1 + c2Fm+1 = Fk+1,
c1Fn + c2Fm = Fk,
c1Fn−1 + c2Fm−1 = Fk−1.

It is also clear that the linear equations system (6) is equivalent to the
linear equations system

(7)
c1Fn + c2Fm = Fk,
c1Fn−1 + c2Fm−1 = Fk−1.

Meanwhile, the determinant of the matrix of coefficients of the system
(7) is

(8)

∣∣∣∣ Fn Fm

Fn−1 Fm−1

∣∣∣∣ = FnFm−1 − FmFn−1.

In view of Theorem 1.1, from (8), it is obtained that

(9)

∣∣∣∣ Fn Fm

Fn−1 Fm−1

∣∣∣∣ = (−1)n−1Fm−n.

Thus, from the equality (9), it is obvious that the determinant of the
matrix of coefficients is equal to zero for n = m, and is not zero for
n 6= m. So, we consider these cases for the system (7).

Case 1. The case n = m:
In this case, the system (7) turns into the system

(10)
(c1 + c2)Fn = Fk,
(c1 + c2)Fn−1 = Fk−1.

Now, we shall examine the system (10) with respect to k. If k = n, then
the system (10) leads to the system

(c1 + c2)Fn = Fn,
(c1 + c2)Fn−1 = Fn−1.

From this, all c1, c2 ∈ C∗ satisfying the equality c1 + c2 = 1 are solutions
of (7).
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If k 6= n, then n = 0 and n = 1 lead to k = 0 and k = 1 in view of
(10), respectively. This is a contradiction because k 6= n. So, we can
assume that n 6= 0 and n 6= 1. Hence, from (10), we get

(11) c1 + c2 =
Fk−1
Fn−1

=
Fk

Fn
.

By considering the equality (11) and Theorem 1.1, we get

(−1)n−1Fk−n = 0,

and hence, k − n = 0, that is, k = n. This is again a contradiction to
k 6= n. So, there is no solution of the system (7) for m = n 6= k.

Case 2. The case n 6= m:
In this case, since Fm−n 6= 0, the determinant in (9) is not zero. So, it
is obtained from the system (7),

c1 =
Fk−m
Fn−m

, c2 =
Fk−n
Fm−n

by taking Theorem 1.1 and Cramer rule into account.
Thus, we have proved the following theorem.

Theorem 2.1. Consider the matrix equation c1Q
n + c2Q

m = Qk

(k,m, and n being any integers) with c1, c2 ∈ C∗. Then the followings
are true:

(i) In case m = n = k, the matrix equation has finitely many solutions
c1, c2 ∈ C∗ with c1 + c2 = 1.

(ii) In case m = n 6= k, the matrix equation has no solution.
(iii) In case m 6= n, the matrix equation has a unique solution such

that c1 =
Fk−m

Fn−m
and c2 =

Fk−n

Fm−n
. �

Corollary 2.2. For all c, k,m, n ∈ Z, the equality

(−1)m−n+1Fk−mFn+c + Fk−nFm+c = Fm−nFk+c

holds.

Proof. For n = m, the proof is clear because F0 = 0. Suppose that
n 6= m. If the solutions c1 and c2 in the item (iii) of the preceding
theorem are written in the second equation of the system (6), then the
equality

Fk−m
Fn−m

Fn +
Fk−n
Fm−n

Fm = Fk

is reached. Since this equality is true for all k,m, n ∈ Z (m 6= n), the
result can be obtained by writing k + c, m + c, n + c instead of k, m,
and n, respectively.
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The matrix R =

(
1 2
2 −1

)
is nonsingular. So, the matrix equation

(12) c1RQn + c2RQm = RQk

is equivalent to the matrix equation (5), that is, these matrix equations
have the same solutions. However, the matrix equation (12) yields the
linear equations system

c1Ln+1 + c2Lm+1 = Lk+1,
c1Ln + c2Lm = Lk,
c1Ln−1 + c2Lm−1 = Lk−1,

or equivalently,

(13)
c1Ln + c2Lm = Lk,
c1Ln−1 + c2Lm−1 = Lk−1.

By writing the solutions in item (iii) of Theorem 2.1 in the equations
(13), and then collecting side to side these equations, we get

(14)
Fk−m
Fn−m

Ln−2 +
Fk−n
Fm−n

Lm−2 = Lk−2

in view of the definition of Lucas numbers. The equality (14) holds
for all k,m, n ∈ Z (m 6= n). So, we get the following result by taking
k + c + 2, m + c + 2, and n + c + 2 instead of n, m, and k, respectively.

Corollary 2.3. For all c, k,m, n ∈ Z, the equality

(15)
Fk−m
Fn−m

Ln+c +
Fk−n
Fm−n

Lm+c = Lk+c

holds with n 6= m. �

From (15), it is obvious that we can write

(16) (−1)m−n+1Fk−mLn+c + Fk−nLm+c = Fm−nLk+c.

Noteworthy that (16) also holds for n = m since F0 = 0.

Now, we consider the other kind of matrix equations related to the
matrices R and Q. First, consider the matrix equation

(17) c1Q
n + c2Q

m = RQk

with c1, c2 ∈ C∗. It is seen that this matrix equation is equivalent to the
linear equations system

(18)
c1Fn+1 + c2Fm+1 = Lk+1,
c1Fn + c2Fm = Lk,
c1Fn−1 + c2Fm−1 = Lk−1
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by considering classical properties of Fibonacci and Lucas numbers and
matrix operations. It is clear that the system (18) is equivalent to the
system

(19)
c1Fn + c2Fm = Lk,
c1Fn−1 + c2Fm−1 = Lk−1.

The matrix of coefficients of this system is the same as the matrix of
coefficients of the system (7). Recall that the determinant of this matrix
is equal to zero for n = m and is not zero for n 6= m. So, we shall examine
these cases separately.

Case 1. The case n = m:
In this case, the system (19) turns to the system

(20)
(c1 + c2)Fn = Lk,
(c1 + c2)Fn−1 = Lk−1.

From this, for n = 0 and n = 1, one can obtain the contradictions Lk = 0
and Lk−1 = 0, respectively. That is, there is no solution of the system
(20) for n = 0 and n = 1. So, from the system (20), we get

c1 + c2 =
Lk−1
Fn−1

=
Lk

Fn

for n 6= 0 and n 6= 1. Hence, we obtain

(21) Lk−1Fn − LkFn−1 = 0.

In the equality (21), by considering Theorem 1.2 with a = n, b = k −
1, c = n − 1, d = k, and r = n − 1, and then by doing necessary
arrangements, it is arrived at the equality (−1)n−1Lk−n = 0, and hence,
Lk−n = 0, which is a contradiction. Consequently, there is no solution
of the linear equations system (19), or equivalently, the matrix equation
(17) for n = m.

Case 2. The case n 6= m:
In this case, taking into account the properties of Fibonacci and Lucas
numbers together with Theorem 1.1 and Theorem 1.2, and using Cramer
rule, from (19), we get

c1 =
Lk−m
Fn−m

, c2 =
Lk−n
Fm−n

.

Thus, we have proved the following theorem.

Theorem 2.4. Consider the matrix equation

c1Q
n + c2Q

m = RQk (k,m, and n being any integers)

with c1, c2 ∈ C∗. Then, the followings are true:
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(i) There is no solution of this matrix equation in case m = n.
(ii) This matrix equation has a unique solution such that

c1 =
Lk−m
Fn−m

, c2 =
Lk−n
Fm−n

for m 6= n. �

Corollary 2.5. For all c, k,m, n ∈ Z, the equality

(−1)m−n+1Lk−mFn+c + Lk−nFm+c = Lk+cFm−n

holds.

Proof. For n 6= m, if, first, the solutions c1 and c2 in Theorem 2.4
are substituted into the second equation of the system (18), and next,
it is written k+ c, m+ c, and n+ c instead of k, m, n, respectively, with
c ∈ Z, then the desired result can be obtained easily. For m = n, the
proof is trivial because F0 = 0.

Now, we consider again the matrix equation

(22) c1Q
n + c2Q

m = RQk.

The matrix representation of (22) is

(23)

(
Fn Fm

Fn−1 Fm−1

)(
c1
c2

)
=

(
Lk

Lk−1

)
.

By premultiplying the equality (23) by R−1, we get

(24)

(
Fn + 2Fn−1 Fm + 2Fm−1
2Fn − Fn−1 2Fm − Fm−1

)(
c1
c2

)
=

(
Lk + 2Lk−1
2Lk − Lk−1

)
.

On the other hand, it is obvious that the matrix representation of the
matrix equation

c1RQn + c2RQm = Qk

is

(25)

(
Ln Lm

Ln−1 Lm−1

)(
c1
c2

)
=

(
Fk

Fk−1

)
.

Observe that the coefficient matrices of the matrix equations (24) and
(25) are equal, and also

5

(
Fk

Fk+1

)
=

(
Lk + 2Lk−1
2Lk − Lk−1

)
.

Now, recall that:
(i) The linear matrix equation Ax = b is consistent if and only if Ax = cb
is consistent with c ∈ C;
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and
(ii) The vector x1 is a solution of Ax = cb (with c 6= 0) if and only if the
vector x1

c is a solution of Ax = b.
So, in view of these facts, considering (25) and (24) as Ax = b and
Ax = 5b, respectively, leads to the following result.

Theorem 2.6. Consider the matrix equation

c1RQn + c2RQm = Qk

( k,m, and n being any integers) with c1, c2 ∈ C∗. Then, the followings
are true:

(i) The equation has no solution for m = n.
(ii) The equation has a unique solution such that

c1 =
Lk−m
5Fn−m

and c2 =
Lk−n

5Fm−n

provided that m 6= n. �

If the solutions c1 and c2 in Theorem 2.6 (ii) are substituted into (25),
by matrix operations, we get

Lk−m
5Fn−m

Ln +
Lk−n

5Fm−n
Lm = Fk.

Hence, by writing k + c, m + c, and n + c instead of k, m, and n,
respectively, with c ∈ Z, the following result is obtained.

Corollary 2.7. For all k,m, n ∈ Z, the equality

(26) (−1)m−n+1Lk−mLn+c + Lk−nLm+c = 5Fm−nFk+c

holds if n 6= m. �

Observe that the equality (26) also holds for m = n since F0 = 0.

Now, we consider the matrix equation

(27) c1Q
n + c2RQm = Qk (k,m, and n being any integers)

where c1, c2 ∈ C∗. The matrix equation (27) yields the linear equations
system

(28)
c1Fn+1 + c2Lm+1 = Fk+1,
c1Fn + c2Lm = Fk,
c1Fn−1 + c2Lm−1 = Fk−1.
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It is obvious that the system (28) is equivalent to the linear equations
system

(29)
c1Fn + c2Lm = Fk,
c1Fn−1 + c2Lm−1 = Fk−1.

If Theorem 1.2 is considered, then it is seen that the determinant of
the matrix of coefficients of the system (29) is (−1)n−1Lm−n. So, the
determinant of coefficients matrix of the system (29) is nonzero for all
m,n ∈ Z. Thus, taking into account Theorem 1.2 and Cramer rule, it
follows that the system (29) has a unique solution

c1 =
Lk−m
Ln−m

and c2 =
Fk−n
Lm−n

.

Thus, we have proved the following theorem.

Theorem 2.8. Consider the matrix equation

c1Q
n + c2RQm = Qk (k,m, and n being any integers)

with c1, c2 ∈ C∗. This matrix equation has a unique solution with

c1 =
Lk−m
Ln−m

and c2 =
Fk−n
Lm−n

.

If first, the solutions c1 and c2 found in Theorem 2.8 are substituted
into the second equation of the system (28), and next it is written k+ c,
m + c, and n + c instead of k, m, and n, then the following result is
obtained.

Corollary 2.9. For all c, k, n,m ∈ Z, the equality

(−1)m−n+1Lk−mFn+c + Fk−nLm+c = Lm−nLk+c

holds. �

Finally, consider the matrix equation

(30) c1Q
n + c2RQm = RQk (k,m, and n being any integers)

with c1, c2 ∈ C∗. Premultiplying the matrix equality (30) by R−1 leads
to the equivalent matrix equation

(31)
1

5
c1RQn + c2Q

m = Qk.

The system (31) turns into the system

(32) c′1Q
m + c′2RQn = Qk
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with c′2 = 1
5c1 and c′1 = c2. The system (32) is the same as the system

(27) except for the roles m and n. So, the solution of the matrix equation
(32) is

c′1 =
Lk−n
Lm−n

and c′2 =
Fk−m
Ln−m

by Theorem 2.8. Thus, we have proved the following theorem.

Theorem 2.10. For all k,m, n ∈ Z, the matrix equation

c1Q
n + c2RQm = RQk

with c1, c2 ∈ C∗ has a unique solution given by

c1 =
5Fk−m
Ln−m

and c2 =
Lk−n
Lm−n

.

�

Consider again the matrix equation

c1Q
n + c2RQm = RQk.

From this matrix equation, we get

(33) c1Fn + c2Lm = Lk.

If first, the values c1 and c2 found in Theorem 2.10 are written in (33),
and next it is written k + c, m + c, and n + c instead of k, m, and n,
respectively, then the following result is obtained:

Corollary 2.11. For all c, k,m, n ∈ Z, the equality

5(−1)m−n+1Fk−mFn+c + Lk−nLm+c = Lm−nLk+c

holds. �

3. Applications of the main results

In this section, we present many identities related to Fibonacci and
Lucas numbers, which are derived from the main results of the work.
Some of these identities are available in the literature but we obtain
their proof simply using the main results obtained in the current work.

In Corollary 2.2, if first it is written n + 1, 2n, 0 instead of m, k, c,
respectively, and next, considered (1) and (3), then the following result
can be obtained easily.

Corollary 3.1 (Corollary 5.5, [11]). For all n ∈ Z, the equality
F2n = FnLn holds. �
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In Corollary 2.2, taking n + 1, n − 1, 2n, and 0 instead of n, m, k,
and c, respectively, and then considering (1) lead to the following result.

Corollary 3.2 (Lemma 7, [7]). For all n ∈ Z, the equality

F2n = F 2
n+1 − F 2

n−1

holds. �

In Corollary 2.2, if one writes p, p − 1, r, and 0 instead of n, m, k,
and c, respectively, and considered the identity (1), then it is arrived at
the following corollary which is 6th property in page 88 of [11].

Corollary 3.3. For all r, p ∈ Z, the equality

Fr = FpFr−p+1 + Fp−1Fr−p

holds. �

Now, taking c = 2 and c = −n + 2 in Corollary 2.2 yields

(34) (−1)m−n+1Fk−mFn+2 + Fk−nFm+2 = Fm−nFk+2

and

(35) (−1)m−n+1Fk−m + Fk−nFm−n+2 = Fm−nFk−n+2,

respectively. By extracting (35) from (34) side by side, we get

(36) (−1)m−n+1Fk−m(Fn+2 − 1) + Fk−n(Fm+2 − Fm−n+2)

= Fm−n(Fk+2 − Fk−n+2).

In (36), writing 2n− 1 and n+ 1 instead of k and m, respectively, leads
to the equality

(37) Fn−2Fn+2 − Fn−2 + Fn−1Fn+3 − 2Fn−1 + Fn+1 = F2n+1.

If the identity (37) is rearranged, then we get the following result.

Corollary 3.4. The equality

F2n+1 = F 2
n−1 + 2FnFn+1

holds for all n ∈ Z.

From this corollary, it it seen that Theorem 2.2 in [14] is true for all
n ∈ Z.

In the equality (36), taking n+ 1 and 2n+ 1 instead of m and k, and
then taking into account the definition of Fibonacci numbers and the
property (1), we get

(38) Fn(Fn+2 − 1) + Fn+1(Fn+3 − 1) = F2n+3 − Fn+2.
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On the other hand, it is well-known that in general the identity

(39) F1 + F2 + ... + Fn = Fn+2 − 1

holds [10].
So, using (39) in (38) yields the following corollary.

Corollary 3.5. The equality

Fn

n∑
i=1

Fi + Fn+1

n+1∑
i=1

Fi = F2n+3 − Fn+2

holds with n ≥ 1. �

In Corollary 2.3, if one writes p, p − 1, r, and 0 instead of n, m, k,
and c, respectively, and then considered (1), then the following result,
which is 7th property in page 88 of the study [11], is obtained:

Corollary 3.6. For all r, p ∈ Z, the equality

Lr = LpLr−p+1 + Lp−1Lr−p

holds. �

In Corollary 2.3, first, taking n + 1, 2n, and 0 instead of m, k, and
c, respectively, and then using (1) yield the following result which is
Corollary 32.3 in [11] for the special case n = m.

Corollary 3.7. For all n ∈ Z, the equality

L2n = Fn−1Ln + FnLn+1

holds. �

In Corollary 2.2, first, writing p + 2r, p, 2p + 2r, and 0 instead of n,
m, k, and c, respectively, and then considering (1), we get the following
result, which is 55th property in page 90 of [11].

Corollary 3.8. For all r, p ∈ Z, the equality

F 2
p+2r − F 2

p = F2p+2rF2r

holds. �

In Corollary 2.3 by taking n + 1, 2n + 2, and 0 instead of m, k, and
c, respectively, it is obtained

(40) Fn+1Ln + Fn+2Ln+1 = L2n+2.

Adding the equality (40) and the equality in Corollary 3.7, we get

(41) Ln(Fn−1 + Fn+1) + Ln+1(Fn + Fn+2) = L2n + L2n+2.
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If we consider (3) in the equality (41), we get the following result, which
is 130th property in page 93 of [11].

Corollary 3.9. For all n ∈ Z, the equality

L2
n + L2

n+1 = L2n + L2n+2

holds. �

Now, we consider Corollary 2.7. Writing n+ 1, 2n+ 1, and 0 instead
of m, k, and c, respectively, yields the following corollary, which is 37th
properties in page 97 of [11].

Corollary 3.10. For all n ∈ Z, the equality

L2
n + L2

n+1 = 5F2n+1

holds. �

In Corollary 2.7, taking n + 1, 1, and 0 instead of m, k, and c,
respectively, leads to the equality

L−n
5F−1

Ln +
L1−n
5F1

Ln+1 = F1.

From this, we get

(−1)nL2
n + (−1)n−1Ln−1Ln+1 = 5

considering (2). If the last equality multiplied by (−1)n−1, then it is
arrived at the following corollary, which is 38th property in page 97
of [11].

Corollary 3.11. For all n ∈ Z, the equality

Ln−1Ln+1 − L2
n = 5(−1)n−1

holds. �

In Corollary 2.7, if we write a + 1, a− 1, 2a, and 0 instead of n, m,
k, and c, respectively, then we get the following corollary which is 44th
property of [11].

Corollary 3.12. The equality

L2
a+1 − L2

a−1 = 5F2a

holds for a ∈ Z. �



248 Halim Özdemir, Sinan Karakaya, and Tuğba Petik

Now, observe that the equality

(42) L1L3 + 4(−1)1 = 5F0F4

holds. Also, in Corollary 2.7, if we take 1, n + 3, and 0 instead of m, k,
and c, respectively, then we get

(43) LnLn+2 + 4(−1)n = 5Fn−1Fn+3

with n 6= 1. So, we have proved by (42) and (43) the following corollary
which is 93th property of [11].

Corollary 3.13. For all n ∈ Z, the equality

LnLn+2 + 4(−1)n = 5Fn−1Fn+3

holds. �

Now, consider Corollary 2.11. If we take m = n, k = 0, and c = 0,
and then use (1) and (2), then we obtain

(44)
5(−1)n+1Fn

2
Fn +

(−1)nLn

2
Ln = 2.

From the equality (44), the following result, which is the 10th property
in page 29 of [13], is obtained.

Corollary 3.14. For all n ∈ Z, the equality

L2
n − 4(−1)n = 5F 2

n

holds. �
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