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Predicting the sloshing motion of a coolant during a seismic assessment of a rectangular spent fuel pool
is of critical concern. Linear theory, which provides a simple analytical method, has been used to predict
the sloshing motion in rectangular pools and tanks. However, this theory is not suitable for the highfrequency excitation problem. In this study, the authors developed a simple analytical method for predicting the sloshing motion in a rectangular pool for a wide range of excitation frequencies. The correlation among the linear theory parameters, inﬂuencing on excitation and convective waves, and the
excitation frequency is investigated. Sloshing waves in a rectangular pool with several liquid heights are
predicted using the original linear theory, a modiﬁed linear theory and computational ﬂuid dynamics
analysis. The results demonstrate that the developed method can predict sloshing motion over a wide
range of excitation frequencies. However, the developed method has the limitations of linear solutions
since it neglects the nonlinear features of sloshing motion. Despite these limitations, the authors believe
that the developed method can be useful as a simple analytical method for predicting the sloshing
motion in a rectangular pool under various external excitations.
© 2019 Korean Nuclear Society, Published by Elsevier Korea LLC. This is an open access article under the
CC BY-NC-ND license (http://creativecommons.org/licenses/by-nc-nd/4.0/).
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1. Introduction
A spent fuel pool (SFP) is a temporary storage for spent fuel
assemblies after their unloading from the reactor core. Its shape is
rectangular, and it contains coolant, in which spent fuel assemblies
are immersed during storage. If the spent fuel assemblies are not
cooled, the temperature of the spent fuel assemblies increases,
thereby potentially resulting in a hydrogen explosion that is caused
by the solubility of the Zircaloy that surrounds the spent fuel assemblies. We have already experienced an explosion in the accident
at the Fukushima Daiichi Nuclear Power Plant, although the explosion did not occur in an SFP [1,2]. It has also been reported that
water that contained radioactive materials ﬂowed out during the
temporal cooling of spent fuel assemblies with seawater instead of
the broken cooling water circulating pumps [1]. For these reasons,
the seismic safety of spent fuel assemblies and the SFPs that contain
them has been recognized as an important issue after the
Fukushima Daiichi Nuclear Power Plant accident.
* Corresponding author. ELSOLTEC, #303 U-Tower, 120 Heungduk Jungang-rho,
Giheung-gu, Yongin, Gyeonggi-do, 16950, Republic of Korea.
E-mail address: crchoi@elsoltec.com (C. Choi).

The level of the ﬂuid, namely, the coolant, in an SFP is determined by considering the cooling of the spent fuel assemblies and
the shielded radiation dose from the spent fuel assemblies [3]. For
example, the level should be 23 feet (approximately 7 m) above the
top of the fuel assemblies that are seated in the storage racks for
Westinghouse Advanced Passive 1000 plants (AP1000) [4]. For the
Shin Kori 1 & 2 nuclear power plants in S. Korea, the level of the
coolant should be maintained at higher than 23 ft from the top of
the rack, the temperature of the coolants should be lower than
120 F (48.9  C) during operation and lower than 120 F (60  C)
during reloading fuel assembly, and the radiation dose rate around
the free surface should be maintained at less than 0.025 mSv/hr.
When an external excitation is applied to the structures, tanks
or pools containing ﬂuids, such as SFPs, sloshing motion of the
contained ﬂuid occurs, for example, sloshing motion of the liquid
fuel in an aircraft, sloshing motion of the liquid natural gas in a ship,
and sloshing motion in large storage tanks or pools due to earthquakes [5]. This ﬂuid sloshing can result in severe mechanical
problems in liquid storage tanks and other structures because the
sloshing motion that is caused by an external excitation could be
the source of extra forces on the roof and wall of the tank by
impacting them [5e9]. Therefore, it is highly important to
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investigate the sloshing motion for ensuring the mechanical safety
of a structure that contains a large amount of liquid.
Even though additional forces that are caused by impacting the
roof could not be expected in the SFP because the SFP is not a roofed
tank, the prediction of sloshing wave motion is also highly important in SFP because it results in overﬂow and loss of the coolant. The
coolant in the SPF is used to cool the discharged spent fuel assemblies and to shield their radiation dose [3]. Therefore, loss of
coolant for any reason might result in an increase in the coolant
temperature due to insufﬁcient removal of decay heat from the
spent fuel assembly, which might also lead to an additional
decrease in coolant via evaporation. Furthermore, loss of coolant,
which refers to the depletion of the shield that is caused by the
coolant also acting as a shielding material, might lead to the escape
of radiation around the free surface of the coolant [10]. Therefore,
prediction of sloshing motion of the coolant in the SFP is important
for designing the SFP to ensure not only its structural safety, which
is impacted by sloshing, but also its radiation safety, which is
impacted by the loss of coolant.
Various analytical, numerical, and experimental studies have
been conducted to analyze ﬂuid sloshing motions. Housner presented a simple approximate method with beam-mass and springmass models for predicting the water pressure and sloshing
elevation [11]. In Housner's method, the walls are assumed to be
rigid. Epstein suggested a method for considering the ﬂexibility of
the structure that is based on Housner's study [12]. Faltinsen has
introduced a linear solution for estimating sloshing in rectangular
tanks or pools [13]. Based on these analytical studies, various numerical methods have also been developed for investigating the
sloshing motion via the ﬁnite element method and the ﬁnite difference method [14e16]. Recently, many studies have utilized
commercial computational ﬂuid dynamics (CFD) software, such as
Ansys/Fluent (Ansys, Inc., Canonburg, PA, US), Ansys/CFX, and Star
CCMþ (Siemens PLM software, Plano, TX, US). The results of these
studies demonstrated that the use of software is a feasible and
effective approach for accurately predicting sloshing motion subject to the external excitation [17e19]. However, this approach requires a large amount of computing resources.
Linear theory, which was introduced by Faltinsen [13], has been
used to predict ﬂuid behaviors in response to external excitations,
such as seismic waves, ship motions, and ﬁlling in pools or tanks in
mechanical engineering and ocean engineering ﬁelds. Previous
studies have shown that the analytical solutions that are obtained
via the linear theory accord with experimental and numerical results under low-frequency excitations [5,8]. In high-frequency
excitation conditions, the nonlinearity of sloshing motion might
play a stronger role, and the error of the linear solution could increase. Consequently, the theory has not been used to predict
sloshing motion in high-frequency excitation conditions.
Jung et al. have investigated sloshing motion under various
excitation frequencies via a numerical method [20]. The results
demonstrated that sloshing motion under both low- and highfrequency excitation involves sloshing elevation via convective
(its frequency is similar to the ﬁrst natural frequency of the ﬂuid)
and impulsive (its frequency is similar to the excitation frequency)
effects. The results also demonstrated that the sloshing motion
occurred in a limited range under high excitation frequencies, while
this range was much larger when the excitation frequency was the
same as the ﬁrst natural frequency of the contained ﬂuid.
The prediction of sloshing motion via the linear theory consists
of convective and impulsive components. The authors expected
that the theory could be used to predict sloshing motion even
under high excitation frequencies if the amplitudes of the
convective and impulsive components of the linear theory could be
limited to a suitable range under high excitation frequencies. Thus,

in this study, the authors developed a simple analytical method for
predicting sloshing motion in a rectangular pool under high- and
low-frequency excitation conditions using the linear theory. Then,
the sloshing motions were predicted under various excitation frequencies and validated by comparisons with the results from a
commercial CFD package.

2. Materials and methods
One of the SFPs in Korean nuclear power plants was selected.
The pool was simpliﬁed into a two-dimensional rectangular pool, of
which the height and width are 0.815 m and 0.52 m, respectively,
which was scaled down to 1/20 the size of the original pool (Fig. 1).
Three water levels, namely, 0.61 m, 0.42 m, and 0.23 m, were used.
Changes in the sloshing elevation on the left wall were calculated
for 10 s under various sine-wave excitations using custom MATLAB
(MATLAB 2018a, MathWorks, Inc., Natick, MA, USA) codes for the
linear theory, the modiﬁed linear theory, and the CFD analysis.
Excitation frequencies of 1 Hz, 2 Hz, 3 Hz, 4 Hz, 5 Hz, 10 Hz, 20 Hz,
and 30 Hz were used, and the amplitude was set to 5 mm for all
excitation frequencies.

2.1. Linear theory
A simple analytical solution, namely, the linear theory, has been
established based on potential wave theory for predicting the
sloshing motion of a partially ﬁlled liquid in a pool or tank by Faltinsen [13]. The linear theory was developed for a two-dimensional
sloshing problem in a horizontally excited rectangular pool with a
motion that is described by DðtÞ ¼ A$sinðutÞ (Fig. 1), where D, A, u,
and t are the displacement, amplitude, angular velocity of the
excitation, and time, respectively. Here, the liquid is assumed to be
inviscid and ﬂowing irrotationally.
The sloshing elevation in the linear theory (x, Eq. (1)) can be
divided into two terms: the sloshing elevation that corresponds to
external excitation (x1 , Eq. (2)) and the sloshing elevation that
corresponds to liquid convection (x2 , Eq. (3)) [5,8].

xðx; tÞ ¼ x1 ðx; tÞ þ x2 ðx; tÞ
x1 ðx; tÞ ¼

∞

A 2 X
xu þ
Cn $ u $ sinðkn xÞ sinðutÞ
g
n¼0

Fig. 1. Schematic diagram of ﬂuid sloshing in a rectangular pool.

(1)

(2)
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x2 ðx; tÞ ¼



∞
AX
H
un Cn þ 2n sinðkn xÞsinðun tÞ
g n¼0
u

(3)

Here, un is the natural frequency of the ﬂuid and kn is the wavenumber. The other two parameters, namely, Hn and Cn , are deﬁned
as follows:

u2n ¼ g $ kn $tanhðkn hÞ
kn ¼

2n þ 1
p
L

!
 
4
ð1Þn
Hn ¼ u3
L
k2n
Hn
Cn ¼ 2
un  u2

x1 ðx;tÞ¼

(4)

(5)

(6)

(7)

x1 ðx; tÞ ¼

2.2. Modiﬁcation of the linear theory
Sloshing motion consists of impulsive and convective components in the linear solution. The amplitude of the convective
component decreases as the excitation frequency increases, while
the amplitude of the impulsive component increases. Thus, the
excitation component could be mainly represented in the linear
solution of the free-surface height under a high-frequency excitation, while sloshing motion is affected by the convective component. Therefore, the linear theory should be modiﬁed to predict
sloshing motion in which the ﬁrst-mode natural frequency is
mainly exhibited.
For the case in which n ranges from 1 to inﬁnity (50 in this
study), Eq. (5) can be expressed as follows:

(8)

In the calculation of x1 , the amplitude of x1 (Ax1 Þ is expressed as
follows:

!
!
∞  
X
A
4
ð  1Þnþ1
u4
sinðk
xÞ
x u2 þ
n
g
L
k2n
u2n  u2
n¼1

(9)

The amplitude of x1 increases as the excitation frequency,
namely, u, increases. Here, since x1 is a linear solution, we expect
the error that is caused by the linear solution to increase as u increases. Therefore, it is helpful to identify the frequency range in
which the linear theory is applicable. In this study, the threshold
value for the linear theory was selected as twice the ﬁrst natural
frequency, namely, u1 , of the ﬂuid via preliminary computer
calculation. Thus, the formula for x1 was derived as follows by
replacing 2u1 with u0 in the case of u  2u1 :

∞

0
0
A  02 X
xu þ
C n u sinðkn xÞ sinðutÞ
g
n¼1

(11)

0

0

Cn ¼

0

Ax1 ¼

>
>
ðwhen u 2u1 Þ
>
>
>
>
>
>
>
>
>
!
!
>
>
∞  
>
X
:A
0
ð1Þn
4
u4
2
xu þ
sinðutÞ
0 sinðkn xÞ
g
L
k2n
u2n  u 2
n¼1

In the case of u 2u1 , x1 can be derived as follows using the
format of Eq. (2):

Hn
u2n e u0 2
0

Hn ¼ u 3

2n  1
p
L

ðwhen u<2u1 Þ
8
>
>
>
>
>
!
!
>
>
∞  
>
X
>
A
4
ð1Þn
u4
>
2
>
sinðkn xÞ sinðutÞ
xu þ
>
>
L
>
k2n
u2n  u2
<g
n¼1

(10)

Here, n ranges from 0 to inﬁnity; however, in this study, values from
0 to 50 were considered. Only odd wavenumbers were included in
the solution.

kn ¼

949

(12)

!
 
4
ð1Þnþ1
L
k2n

(13)

0

u ¼ 2u1

(14)

Here, n ranges from 1 to inﬁnity (50 in this study).
In previously published experimental and numerical studies,
mainly the ﬁrst-mode shape and natural frequency are observed
[20,21]. Therefore, in the calculation of x2 , the ﬁrst term of the
formula for x2 (when n is 1), namely,

A
g



x2 ðx; tÞ ¼ u1 C1 þ
¼

H1

u2



sinðk1 tÞsinðu1 tÞ
!

 
A 4
ð  1Þn
g L
k21

u31 u
sinðk1 tÞsinðu1 tÞ
 u2

u21

(15)

affects mainly x2.
For predicting sloshing motion under high frequency, we
modiﬁed the ﬁrst term. According to the convective effect x2 , the
sloshing evaluation is associated with the natural frequency of the
ﬂuid un . However, we assumed that the amplitude that is associated with the ﬁrst-mode natural frequency of the ﬂuid, namely,



A
H
u1 C1 þ 21 ;
g
u

(16)

is associated with the amplitude of x1 :
∞

0
0
A  02 X
xu þ
C n u sinðkn xÞ
g
n¼1

(17)

Concretely, we assumed that Eq. (16) is related to Eq. (17) on the
left wall (at x ¼  2L ). Thus,
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u1 C1 þ

H1



u2


  
∞
X
0
0
0
L
L
$u2þ
¼k
C n u sin kn
2
2
n¼1

(18)

was assumed. Here, k is a scaling factor that is associated with the
excitation frequency u.
1
We can express H
u2 as follows:

H1

u

¼
2

!
 
4
ð1Þ2
u
L
k21

(19)

This is a linear equation with respect to u.
We used C1 to ﬁnd the scaling factor k. A linear equation of u was
generated between 3 Hz and 10 Hz, as expressed in Eq. (20):

C1 ðuÞ ¼ au þ b

(20)

Similar to the assumption in Eq. (18), the slope of the linearized
approximate expression, namely, C1 ðuÞ, is assumed to be k times
0
the slope of the line that connects ð0; bÞ and ðu;C1 ðu ÞÞ. Thus, k can
be calculated via Eq. (21) and Eq. (22).

k

 0
C1 u  b

u

¼a

(21)
Fig. 2. CFD model of water and air for simulating ﬂuid sloshing.

au
k¼
0
C1 ðu Þ  b

(22)

Therefore, x2 can be expressed as follows:

x2 ðx; tÞ ¼

surfaces between ﬂuids (water and air) and the wall. The opening
static pressure of the superior plane of the air was set to 0 Pa. A
commercial CFD package, namely, Ansys/Fluent, was used for
modeling and analysis.

8
ðwhen u < 2u1 Þ
>
>
>
>
>
>


>
∞
>
AX
Hn
>
>
>
C
sinðkn tÞsinðun tÞ
u
þ
n
n
>
>
< g n¼1
u2
>
>
ðwhen u  2u1 Þ
>
>
>
>
>
>
>


>
∞
>
A
AX
H
>
>
: K u sinðk1 tÞsinðu1 tÞ þ
un Cn þ 2n sinðkn tÞsinðun tÞ
g
g n¼2
u

(23)

3. Results


K¼

  
∞
X
0
L
0
0
L
a
$u2 þ
C n u sin kn
0
2
2
C
ð
u
Þb
1
n¼1

(24)

2.3. Numerical method
A three-dimensional CFD model, which consists of water and air,
was established based on the volume of ﬂuid method for the
tracking of a free surface (Fig. 2) [8]. The width, height and depth of
the pool were set to 0.52 m, 0.815 m, and 0.15 m, respectively. The
temperatures of the water and air were both set to 25  C. The
densities of water and air were set to 997 kg/m3 and 1.185 kg/m3,
and the viscosities of water and air were set to 8.899  104 kg/m-s
and 1.831  105 kg/m-s, respectively. The surface tension of water
was set to 0.07199 N/m. The standard k-ε turbulence model was
used in this study. Nonslip boundary conditions were applied on all

The natural frequency of the ﬂuid in the pool could be calculated
via Eq. (11) and Eq. (12). However, those equations are applicable
only for odd wavenumbers, and the natural frequencies of the ﬂuid
for the both odd and even wavenumbers could be calculated using
Eq. (30).

sﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ


npg
nph
tanh
un ¼
L
L

(30)

The calculated ﬁrst-mode natural frequencies were 1.22 Hz,
1.22 Hz, and 1.15 Hz for the levels of 0.61 m, 0.42 m, and 0.23 m,
respectively (Table 1). Therefore, the modiﬁed linear theory was
applied in cases in which the excitation frequency exceeded 3 Hz.
The sloshing elevation that was measured on the left wall was
used for comparison with the elevations that were predicted by the
linear theory, the modiﬁed linear theory, and the CFD analysis. The
sloshing elevation was predicted on the middle line of the wall in
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Table 1
Natural frequencies of the ﬂuid with three levels for modes 1 to 5.
Mode

1
2
3
4
5

Height of the water level
0.61 m

0.42 m

0.23 m

1.22
1.73
2.12
2.45
2.74

1.22
1.73
2.12
2.45
2.74

1.15
1.73
2.12
2.45
2.74

the CFD analysis.
When excitation frequency was 1 Hz, similar patterns of
changes in the sloshing elevations that were predicted by the CFD
analysis and the linear theory were observed in all water-level
cases (Figs. 3 and 4).
The maximum sloshing elevations that were predicted by the
CFD analysis were 23 mm, 21 mm, and 36 mm for water levels of
0.61 m, 0.42 m, and 0.23 m, respectively. The elevations that were
predicted by the linear theory were 30 mm, 31 mm, and 37 mm,
and the differences between the results of the CFD analysis and the
linear theory were 7.7 mm (34%), 9.9 mm (48%), and 0.9 mm (2%).
The sloshing motion that was predicted by the linear theory over
10 s with a water level of 0.23 m, which showed higher sloshing
elevation than other cases, accorded with the results from the CFD
analysis (Fig. 5).
When the sinewave excitation frequency of 2 Hz was used, only
the linear theory was used to obtain the analytical results. The
maximum sloshing elevation that was predicted by the CFD analysis was 50 mm, compared to 33 mm by the linear theory. The
difference between the CFD and analytical results was 17 mm (34%).
For the excitation frequency of 3 Hz, both the linear theory and
the modiﬁed linear theory were used to obtain the analytical results. In the cases with excitation frequencies of 3 Hz, 4 Hz, and
5 Hz, the differences between the CFD results and the analytical
results that were obtained using the linear theory were 6 mm
(21%), 13 mm (30%) and 37 mm (55%), respectively. The differences
were 13 mm (44%), 12 mm (28%) and 3 mm (4%) when the modiﬁed
linear theory was used for the analytical calculations.
The oscillation at the same frequency as the applied excitation
frequency was calculated in the analytical results using the linear
theory. The results that were obtained using the modiﬁed linear
theory showed a similar pattern of the sloshing elevation (Fig. 6).
This phenomenon was more strongly observed when the excitation
frequency was increased to 20 Hz and 30 Hz (Fig. 7).
The differences between the results from the CFD and the linear
theory were 141 mm (89%), 121 (87%), and 119 mm (87%) with
water levels of 0.61 m, 0. 42 m, and 0.23 m, respectively, under the
excitation frequency of 10 Hz. The differences decreased to 109 mm
(69%), 89 mm (64%), and 60 mm (44%) (Fig. 6).

4. Discussion
The prediction of ﬂuid (coolant) sloshing in an SFP of a nuclear
power plant is highly important for ensuring the safety of the nuclear power plant because it is associated with overﬂow and loss of
the coolant. In this study, the authors have developed a simple
method for predicting sloshing motions in a rectangular pool by
modifying the previously introduced linear theory [13]. Sloshing
motions in a rectangular pool, which is assumed to be a simpliﬁed
SFP because the shape of an SFP is rectangular, with various water
levels and under various excitation frequencies were predicted and
compared to the results from CFD analysis.
A previously published report described a decrease in the water

Fig. 3. Sloshing elevation for an excitation frequency of 1 Hz.

level in an SFP of a nuclear power plant that was due to sloshing
overﬂow that was induced by earthquakes [22]. Only 320 gallons
(approximately 1.2 cubic meters) of water loss was reported in the
Kashiwazaki-Kariwa site during the Niigataken Chuetsu-Oki
earthquake (July 16, 2007, with a moment magnitude of
Mw ¼ 6.6). A decrease in the water level of the SFP by 8 inches
(approximately 20 cm) due to sloshing overﬂow was reported at
Onagawa plant after the Tohoku earthquake (March 11, 2011, Japan,
Moment magnitude Mw ¼ 9.0). Although decreases in SFP water
levels at the Fukushima Daiichi plant have not been reported, the
decreases have been assumed based on evaluations of the SFP
performance. A decrease of 1.6 ft (0.5 m) in the water level was
assumed for Unit 2, and decreases of 5 ft (1.5 m) were assumed for
Units 1 and 3. Those values are substantial from a nuclear safety
perspective.
The linear theory has been used to predict the seismic responses
of liquid storage tanks. The linear theory predicts sloshing motions,
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Fig. 4. Sloshing motion for a water level of 0.23 m under a 1 Hz sinewave excitation. The analytical results are represented by the black solid line. The red and blue parts correspond
to air and water, respectively, in the CFD analysis. (For interpretation of the references to colour in this ﬁgure legend, the reader is referred to the Web version of this article.)

Fig. 5. Sloshing elevation of the model with a water level of 0.23 for excitation frequencies of 2 Hz, 3 Hz, 4 Hz and 5 Hz.

and its prediction results accord not only with the numerical
analysis but also with the experimental results under lowfrequency and small-amplitude excitations of a short duration
(Fig. 3) [8]. Because the ﬁrst mode of the ﬁlled ﬂuid is the primary

behavior of the convective component of the sloshing [8], sloshing
motions under excitation frequencies of 1 Hz, in which the ﬂuid
resonates with the excitation frequencies, accorded with the CFD
results (Fig. 3). Thus, Wu et al. suggested a linear theory formula
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Fig. 8. Fast Fourier transform of the sloshing elevation for a water level of 0.23 m
under an excitation frequency of 10 Hz.

Fig. 6. Sloshing elevation for an excitation frequency of 10 Hz.

that considers only the ﬁrst-mode natural frequency of the ﬂuid [5].
However, the role of the higher modes becomes increasingly
important with the increment of the excitation frequency, and the
higher natural frequencies are not negligible, as reported by Chen
et al. [14].
Previously published studies have reported that ﬂuid sloshing
behaves with a frequency that is very close to the ﬁrst mode of the
ﬂuid [20,21]. According to Chen et al., the maximum sloshing
amplitude could be realized using only the convective term [14].
The Fast Fourier transform of the sloshing elevation, which is presented in Fig. 6 (c), demonstrates that the ﬁrst mode of the ﬂuid is
the primary behavior of the ﬂuid sloshing; however, other modes of
ﬂuid natural frequencies and impulsive effects also affect the
sloshing motions under high-frequency excitation conditions
(Fig. 8). The linear theory could be modiﬁed to predict the sloshing
elevation even under high-frequency excitation based on these
ﬁndings.
Although the differences between the CFD and analytical results
decreased by 20%, 23%, and 43% in cases with water levels of 0.61 m,
0.42 m, and 0.23 m, respectively, the differences remain nonnegligible, even in cases in which the modiﬁed linear theory was
used. Fig. 9 presents the sloshing motions under sinewave excitation frequencies of 5 Hz and 10 Hz. Splashed water on the wall or
around the wall was predicted for both excitation frequencies, and
the splashed water might have resulted in the sloshing height that
was predicted via CFD analysis being much higher than that via the
modiﬁed linear theory. The delayed sloshing motion that was
predicted by the modiﬁed linear theory compared to the CFD results could also be due to neglected nonlinear parameters, such as
the viscoelasticity and surface tension, which are ﬂuid properties.

Fig. 7. Sloshing elevations of the model with a water level of 0.23 for excitation frequencies of 20 Hz and 30 Hz.
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Fig. 9. Sloshing motions for a water level of 0.23 m under sinewave excitations of (a) 5 Hz and (b) 10 Hz.

According to Goudarzi and Sabbagh-Yazdi, nonlinear effects in the
sloshing motions are observed in practice [8], while the linear
theory assumes that the nonlinear hydrodynamic effects are
negligible [8,13]. The differences between the CFD and analytical
results under high excitation frequencies (>5 Hz) may result from
nonlinear effects.
To investigate the differences between the CFD and analytical
results with the removal of the nonlinear features, the Fast Fourier
transform was applied to the sloshing elevation (Fig. 10). The results
of the Fast Fourier transform demonstrate the improved prediction
results of the modiﬁed linear theory. The differences in the
convective component amplitudes decreased from 98%, 98%, and
99% to 10%, 5%, and 2% in cases with water levels of 0.61 m, 0.42 m,
and 0.23 m, respectively. The differences in the impulsive component amplitudes also decreased from 86%, 54%, and 50% to 24%, 2%,
and 50%. Although the differences in the impulsive component
amplitude remained high in cases with water levels of 0.61 m and
0.23 m, the magnitudes were only 2 mm and 5 mm, respectively.
A linear solution for predicting the solution of a nonlinear
problem generates a larger error if nonlinear features play a
stronger role. Thus, the prediction by the original linear theory
differed substantially from the CFD results under high-frequency
excitation conditions. To reduce the error between the prediction
via linear solution and the physical phenomenon, we've identiﬁed a
suitable threshold value and modiﬁed the original linear theory.
Consequently, the modiﬁed linear theory predicts the sloshing
motions of the ﬁlled ﬂuid more accurately, even under highfrequency excitation conditions. The results of this study demonstrate that the prediction accuracy of the sloshing height was
substantially higher compared to the results of the original linear
theory under high-frequency excitation conditions. Therefore, we
believe that the process of establishing the modiﬁed linear theory is
reasonable because the modiﬁed linear theory accurately predicts
sloshing behaviors for both low- and high-frequency excitation
frequencies. However, this study could not provide a rationale for
selecting the threshold frequency of the applied excitation or the
equations for the impulsive effects under high-frequency excitation
conditions.
The modiﬁed linear theory that was developed in this study was
also established using the linear theory. Thus, the results that were

predicted by the modiﬁed linear theory were also affected by the
neglect of nonlinear features in the linear theory. Therefore, numerical analysis, such as CFD analysis, should be conducted when
investigating sloshing motions in detail. Only two-dimensional
sloshing motions under horizontal sinewave excitation conditions
have been predicted. Thus, the method should be extended to the
prediction of sloshing motions under three-dimensional irregular
excitation frequencies. Moreover, the proposed simple analytical
method (the modiﬁed linear theory) yielded less conservative
values in the estimation of the sloshing level in the high-frequency
range than the CFD analysis (Figs. 6 and 7). Therefore, it is necessary
to investigate the differences between the prediction results that
were obtained via the modiﬁed linear theory and via CFD prior to
using the modiﬁed linear theory in the seismic assessment of a
nuclear power plant.
5. Conclusion
In this study, we developed a simple analytical method, namely,
modiﬁed linear theory, for predicting the sloshing motions of a
rectangular pool under a wide range of excitation frequencies.
Although the developed method has several limitations, the results
of this study demonstrate that the modiﬁed linear theory could
predict sloshing motions under both low- and high-frequency
excitation conditions. Thus, the authors believe this method,
which is a simple analytical method, could be used to quickly estimate the maximum sloshing elevation of a rectangular pool and
to predict the water loss that is caused by sloshing-induced overﬂow. Since the general shape of all spent fuel pools is rectangular,
the modiﬁed linear theory can be used to predict the sloshing behaviors of the coolant of the spent fuel pool. Moreover, the proposed method could be used to predict the sloshing motions of
ﬂuids in various tanks, for example, liquid natural gas tanks, in
various industrial ﬁelds.
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