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a b s t r a c t

In this part, an implicit time dependent solution is presented for the Boltzmann transport equation
discretized by the analytic coarse mesh finite difference method (ACMFD) over the spatial domain as well
as the simplified P3 (SP3) for the angular variable. In the first part of this work we proposed a SP3-ACMFD
approach to solve the static eigenvalue equations which provide the initial conditions for temp
dependent equations. Having solved the 3D multi-group SP3-ACMFD static equations, an implicit
approach is resorted to ensure stability of time steps. An exponential behavior is assumed in transverse
integrated equations to establish a relationship between flux moments and currents. Also, analytic
integration is benefited for the time-dependent solution of precursor concentration equations. Finally, a
multi-channel one-phase thermal hydraulic model is coupled to the proposed methodology. Transient
equations are then solved at each step using the GMRES technique. To show the sufficiency of proposed
transient SP3-ACMFD approximation for a full core analysis, a comparison is made using transport peers
as the reference. To further demonstrate superiority, results are compared with a 3D multi-group
transient diffusion solver developed as a byproduct of this work. Outcomes confirm that the idea can
be considered as an economic interim approach which is superior to the diffusion approximation, and
comparable with transport in results.
© 2019 Korean Nuclear Society, Published by Elsevier Korea LLC. This is an open access article under the

CC BY-NC-ND license (http://creativecommons.org/licenses/by-nc-nd/4.0/).
1. Introduction

Accurate time dependent simulation of a nuclear reactor is
crucial to ensure its safe operation during the design basis acci-
dents. While the analysis of reactor core transient is the most
important part of an accident analysis, the rigorous phase space
treatment in the time dependent transport equation becomes
prohibitive for a detailed simulation. The situation is worsened by
including the delayed neutrons which introduce several time scales
to the transport solution. A full transient analysis in 3D space for a
heterogeneous core is still a heavy task even with modern super-
computers. Therefore, any suggestion realizing such intensive time
evolutions with minimum cost but admissible accuracy is welcome
by reactor engineers. Inevitably, a set of approaches have been
developed during the past decades each with a noticeable
approximation in time or space.

The initial remedy was the point kinetics technique which
rzaee), A-zolfaghari@sbu.ac.ir
).

by Elsevier Korea LLC. This is an
entirely ignores the spatial dependence of the problem [1]. Despite
simplicity, acceptable results are anticipated for slow transients
with this scheme. To include the spatial changes, however, many
others proposed diffusion based approximations [2e4].

Quite recently, transient analysis using transport equation has
been focused by many researchers thanks to the explosive expan-
sion in computational resources. While a number of 3D time
dependent investigations are performed using the method of
characteristics [5,6] on full transport solution, aforementioned
advantages discussed in Ref. [7] made us pick the SP3 transport
approximation for our time dependent analysis of 3D rectangular
cores with homogenized fuel assemblies. Various practices prove
that the choice of N ¼ 3 in SPN poses an optimum benefit-to-cost
ratio, in accordance to findings of other research groups e.g.
Refs. [8,9]. Many efforts have assessed the SP3 as a satisfactory
resolution for many of practical purposes [9]. Among different
codes developed based on SP3, PARCS [9] and DYN3D [8] have
proved reliability for many practical applications. These codes,
however, use the Nodal Expansion Method (NEM) for spatial dis-
cretization, while more robust approaches can be adopted instead.

For the extension of our previous work [7], a time dependent
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methodology is proposed based on SP3 and analytic coarse mesh
finite difference (ACMFD) method. Among several possible options
for time solutions, implicit techniques are the most accurate thanks
to their strong bindings to previous time steps. This priviledge leads
to an acceptable prediction for the next time step which make
implicit techniques applicable to a wide range of transients [10].
Hence, an implicit approach would be a more reliable alternative if
computational resources are optimally controlled. It is predicted
that as the computational capacity is growing explosively, the
economic privilege of implicit formulations guarantees a stable
growth for near and far future.

The remainder of this paper is structured as follows. In section 2,
we briefly review the coupled SP3-ACMFD approach adopted for
reactor core analysis at the static state proposed in Part I [7]. The
method is then extended to time dependent solutions in section 3,
wherein the precursor equations are also included. Moreover, a
coupling procedure is proposed for the SP3-ACMFD methodology.
To evaluate the idea shared in this paper, a number of numerical
test cases are studied in section 4. We finally summarize the work
through a conclusion in section 5.
2. A brief review of SP3-ACMFD technique applied for static
solutions

The SP3 equations can be stated as [9].

V:f1g þ Srgf0g ¼ S0g ¼
XG
g0sg

Ssg0gf0g0 þ cg
keff

XG
g0¼1

nSfg0f0g0 ;

2
3
Vf2g þ

1
3
Vf0g þ Strgf1g ¼ 0;

3
5
V:f3g þ

2
5
V:f1g þ Stgf2g ¼ 0;

3
7
Vf2g þ Stgf3g ¼ 0;

(1)

where the parameters are in conventional standard definitions. The
starting point for nearly all nodal methods is an integration over a
sample node m of dimensions hu ðu ¼ x; y; zÞ to form the balance
equations. Also in all nodal techniques, connections to the adjacent
nodes are provided via coupling fluxes and currents over the node
surfaces. Specifically, the ACMFD establishes a relation between the
average nodal surface currents and the average nodal moments of
SP3 equations (Eq. (1)). To this end, the SP3 equations must be in-
tegrated over transverse directions to generate three one dimen-
sional equations stated in a condensed form as 

d2

du2
� A

!
j4ðuÞ〉 ¼ D�1jLðuÞ〉: (2)

where detail definition of the parameters are given in Ref. [7]. For
the next step, a quadratic term (with 3 coefficients) is assumed for
the transverse leakage term (LðuÞ) which is substituted into Eq. (2).
To get rid of extensive group and moment couplings in Eq. (2), we
used diagonalization procedure for A in which the coupled 2 � G
system of equations are decoupled. A conversion matrix (R) can be
resorted for this diagonalization through the following operations

R�1 ¼ ½jv1ijv2i:::jv2Gi�; jjðuÞ〉¼Rj4ðuÞ〉; j[ðuÞ〉¼RD�1jLðuÞ〉; (3)

where jvmi represents an eigenvector of A. Having decoupled
equations bounded in Eq. (2) through diagonalizing A, we achieve a
list of ordinary differential equations with simple exponential so-
lutions. Now, after a series of mathematical manipulations given in
Ref. [7], we get on a bridge connecting interface currents and mo-
ments of nodes m-1 and m as���Jmu

u;L

E
¼M1

��4mu

E
þM2

���4mu�1
E
þ jVTi; u ¼ x; y; z; L ¼ left; (4)

where Mi is a coefficient matrix depending on nodal group con-
stants and jVT i is a vector resulted from the terms of transverse
leakage approximation. Following the imposition of appropriate
external boundary conditions plus substituting Eq. (4) into the
nodal balance equations, a multigroup eigenvalue system of the
form Mj4〉 ¼ 1

keff
Fj4〉 is finally developed for the static state. The

system can then be solved via routine iteration schemes with
transverse leakage updating included.

3. Generalization to the time equations

3.1. Time dependent SP3 equations

The time-dependent SP3 equations are formed by adding the
time evolution terms to the equations [11].

1
yg

vf0g

vt
þ V:f1g þ Srgf0g ¼ s0g ¼

X
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þ cpg
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ð1� bÞ
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1
3
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5
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X
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nSfg0fog0 :

(5)

where the parameters have their standard definitions. Similar to
the static equations, againwe replace the oddmoments by the even
moments through some rearrangements. Ignoring the precursor
concentration terms at this stage, the reduced time dependent
system would be given as follows

� 1
ygStrg

v

vt

�
V:f1g

�þ 1
yg

vf0g

vt
� V:

�
2D1gVf2g þ D1gVf0g
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�3
5

1
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v
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v
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�V:

�
3
5
D3gVf2g þ

4
5
D1gVf2g þ

2
5
D1gVf0g

�
þ Stgf2g ¼ 0:

(6)

In contrast to the static work [7], the first and the thirdmoments
are not removed from Eq. (6) and their time derivatives are still
present. By rewriting the second equation of (5) as�

1
ygStrg

v

vt
þ 1
�
f1g ¼ � 1

3Strg
V
�
f0g þ 2f2g

�
; (7)

one can easily assume the following condition
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�
1

ygStrg

��
vf1g

vt

�
< <f1g : (8)

The first parenthesis on the left-hand side of inequality (8)
stands for the time required for the neutron to travel a mean free
path distance, i.e. a measure of neutron lifetime. The presented
inequality means that the fractional change of the flux over a period
of the prompt neutron lifetime is very small. By a similar argument
about the third equation of (5), the time dependence of the first and
third moments are ignored and Eq. (6) could be simplified further
as

�D1gV
2F0g þ

1
yg

vF0g

vt
� 2
yg

vf2g

vt
þ SrgF0g � 2Srgf2g ¼ s0tg ;
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� 2
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3
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4
3
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þ5
3
Stgf2g ¼ �2

3
s0tg

(9)

where the definitions introduced in Ref. [7] were employed here.
2
6666664
3.2. Time discretized SP3-ACMFD equations

The implicit discretization scheme is used for the system of
coupled moments as
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where n is the time step index. A volume integration over the node
yields
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Similar to the approach adopted for the static analysis, again we
have to substitute the current terms by some expressions for the
moments. In the ACMFD, these expressions are extracted from the
analytic solution of time dependent modal equations. To this end,
we introduce the time dependent, transversely integrated SP3
equations in the matrix form as
2
6666664
�D1
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du2
þ Sr þ v
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Assuming the exponential time evolution for the unknowns
during a time step as

vF0;gð r!; tÞ
vt

¼ up0;gð r!; tÞF0;gð r!; tÞ;

vf2;gð r!; tÞ
vt

¼ up2;gð r!; tÞf2;gð r!; tÞ;

vCdð r!; tÞ
vt

¼ udð r!; tÞCdð r!; tÞ;

(13)

converts Eq. (12) to
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y
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775�
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Eq. (14) therefore takes the form of Eq. (2) and thus can be
considered as a static system with a fixed source. Hence, the same
procedure discussed for the static part is anticipated to deliver the
currents in terms of nodal fluxes which accomplishes our mission.
However, some further points are still awaiting clarifications to
establish a procedure suitable for transient core analysis.

i. Exponential constants (u) in Eq. (13).

The exponential constants (u) must be updated using an itera-
tive loop as illustrated in Fig. 1. Setting u ¼ 0 for the loop initiation,
it is practically observed that only few iterations secures the
desirable convergence for the us. In fact, initiating with u ¼ 0 is
synonymous to start with a steady assumption.

ii. Concentration of precursors

An analytic time integration is carried out over the term of
precursors’ concentration supposing a linear fission term. The
result is

CðnÞ
d ¼ k1;dC

ðn�1Þ
d þ k2;d

bd
ld
Q ðnÞ þ k3;d

bd
ld
Q ðn�1Þ; Q ¼

XG
g0¼1

ng0Sfg0Fg0

(15)



Fig. 1. The working flowchart of transient SP3-ACMFD with TH feedbacks.

M.K. Mirzaee et al. / Nuclear Engineering and Technology 52 (2020) 230e237 233
with the following coefficient terms

k1;d ¼ e�ldDt ; k2;d ¼ 1� 1� e�ldDt

ldDt
; k3;d ¼ 1� e�ldDt

ldDt
� e�ldDt :

(16)

iii. Correction of the rod cusping effect

The simplest way to calculate the cross section of a node with
partial insertion of control rod, is the volume averaging of cross
sections of rodded and unrodded parts of the node. Since the flux is
not flat a cusp-like behavior is observed in the time evolution of the
flux as the control rod moves through the nodes. To alleviate the
unphysical cusping effect the simple correction method proposed
by Gehin [10] is pursued to modify cross sections. The cross section
of a partially rodded node can be averaged using flux and volume
weighted cross sections of rodded (r) and unrodded (ur) portions of
the node:

S ¼ VrfrSr þ VurfurSur

Vrfr þ Vurfur : (17)

Here, fr ( fur
g ) is the average of flux in partially roded node and

its upper (lower) neighbor.

iv. Thermal feedbacks

A multi-channel one-phase steady state and transient thermal
hydraulic (TH) solver is used to apply TH effects on the proposed
SP3-ACMFD methodology. Cross sections are modified according to
fuel and moderator temperatures as well as moderator density as

S ¼ Sref þ ðvS=vrÞref
�
r� rref

�
þ ðvS=vTMÞref

�
TM � TM;ref

�
þ
�
vS
.
v
ffiffiffiffiffiffi
TD

p �
ref

� ffiffiffiffiffiffi
TD

p
�

ffiffiffiffiffiffiffiffiffiffiffiffi
TD;ref

q �
;

(18)

where “ref” refers to the reference values given in the problem,
TD ¼ 0:3 TF;C þ 0:7 TF;S is the Doppler temperature and TF,C and TF,S
are the absolute temperatures of fuel center and fuel surface,
respectively.

The Doppler feedback is assumed to have an instant effect,
hence an updating loop is forecasted in the flow diagram of Fig. 1.
After every convergence in the Doppler feedback loop, a full TH
calculation is done for the time step.
4. Numerical results

Having verified the performance of the SIMANOD in static
problems [7], here three transient benchmark problems are studied
to assess the proposed time dependent SP3-ACMFD technique. The
first two examples have no thermal feedbacks while the last
example (which is more practical) is solved with and without
feedbacks. Results are compared with an ACMFD based diffusion
code, called DIFANOD, to observe the relative advantage of SP3 over
the diffusion peer.
4.1. Test case I: a rod ejection accident in a 7-group 2D LWR

The transient behavior of a seven-group MOX fueled reactor
called MOXK_7G is investigated under a rod ejection accident. The
problem was used for the verification of DeCART transient capa-
bility [12]. A layout of this 2D core is depicted in Fig. 2 and the
vacuum boundary condition is imposed on the external surfaces.
The seven-group cross sections plus transient parameters used for
the problem are the same as those presented in Ref. [12].

A transient is defined by the linear change of cross sections in a
rodded UOX assembly toward those of low enriched UOX assem-
blies during 0.1 s. The reference solution is obtained by VARIANT-K
considering 2 � 2 nodes in each assembly and using P5 approxi-
mation for the flux angular dependency. The whole transient lasts
0.12 s when for the first 0.06 s, each time step is 0.5 mswhile for the
second half of the period, time steps are takenmuch finer i.e. 0.1 ms
each. Similar node size and time steps are considered for the
SIMANOD and DIFANOD codes.

In Table 1 the worth of ejected control rod is investigated and in
Fig. 3 the relative core power with respect to the initial power is
demonstrated against the transient time. Also in Fig. 4, relative
power densities calculated for each assembly in different times are
verified against the reference VARIANT-K results. Finally, Table 2
lists the maximum and average errors in relative power distribu-
tions in some transient points according to the information given in
Fig. 4. The time dependent flux behavior estimated by SIMANOD is
further demonstrated in Fig. 5, however only for groups 1, 3, 5 and
7. Here, the full core is supposed to generate a power of 1 W in unit
axial length.

A careful investigation over the results demonstrated in
Figs. 3e5 as well as Tables 1 and 2 unfolds that:

i. In general, results of SIMANOD are in close agreement to the
reference values, proving the ability of SP3-ACMFD for core
transient analysis.



Fig. 2. Geometry of the MOXK_7G benchmark (Test Case I).

Table 1
Rod worth results for the MOXK_7G benchmark (Test Case I).

code keff Rod Worth ($)

Rod in Rod out

VARIANT-K (P5) 1.221665 1.229034 0.879
SIMANOD 1.221635 1.228977 0.875
DIFANOD 1.221426 1.228618 0.858

Fig. 4. Chronological power distribution of the MOXK_7G benchmark (Test Case I).
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ii. Error in the rod worth predicted by SIMANOD is about 0.57%
while DIFANOD shows a relatively high error of 3.64%.

iii. In aspect of relative power evolution, SIMANOD poses a very
good adherence to the reference curve up to the end of
transient revealing its transport nature, while the diffusion
based DIFANOD suffers of a frustrating divergence which
undermines its credibility. The jump in power predicted by
transport analyzers during the considered 0.1 s is about 15
times the initial, while the diffusion solver forecasts it about
13% less than its transport peers; a deficit in safety analysis.
One of course, must be quite careful that the curves shown in
Fig. 3 are in fact relative powers all starting from the unity
BUT different initial distribution.

iv. In addition to the time divergence of curves of relative core
power discussed in item iii, the deviation in power distri-
bution also deteriorates the final values of diffusion, wors-
ening the errors in the absolute assembly powers predicted
by the diffusion.
4.2. Test case II: a rod ejection accident in 2-group 3D mini-core

To display the ability of the code inmore realistic problems, a 3D
time-dependent benchmark is simulated. The core comprises a
repetitive structure which can be limited using reflective surfaces
on lateral boundaries [12]. The core is bare axially, and hence
subjected to the void boundary condition. Geometry of the problem
at t ¼ 0 s is presented in Fig. 6. The active core with the height of
Fig. 3. Relative power of the MOXK_7G benchmark during the rod ejection transient
(Test Case I).
365.76 cm is sandwiched by two axial reflectors each having a
thickness of 21.42 cm. The assembly pitch is also 21.42 cm. As
shown in Fig. 6, the control rod in the central UO2 assembly is
partially inserted. This control rod has no effect on the cross section
of top reflector.

For the transient scenario, we assume that the central control
rod ejects out during the first 0.1 s with a constant speed, but the
transient will continue till t ¼ 1.0 s. Cho et al. [12] have presented a
solution for this time dependent benchmark using VARIANT-K
which is powered by a SP5 engine. That solution is taken as the
reference here. They have divided the active core into 20 layers in
axial direction, and each reflector is also taken as one node in the
same direction. Laterally, 2 � 2 nodes per assembly were assumed,
and steps of 1 ms were invoked for time dependent analysis. We
use the same pace for simulating the problem using SIMANOD and
DIFANOD.

Changes in the core power during the transient is demonstrated
in Fig. 7. Assembly-wise power distributions in initial and final
states are compared with the reference values in Table 3.

As observed in Fig. 7, the trend forcasted by SIMANOD is
approximately fitted on VARIANT-K reference results. Errors in final
values of SIMANOD and DIFANOD at t¼ 1.0 s are about 0.4 and 8.6%,
respectively. Also as to Table 3, the FA errors by SIMANOD are in
range of �0.01 to 0.06% while DIFANOD errors lie between �0.29
and 0.44% considering the initial and final states. Again, a sub-
stantial improvement is achieved via the SP3-ACMFD approach
compared to the diffusion outcome indicating the low-cost trans-
port analysis as an economic tool for core engineering and design.
4.3. Test case III: a rod ejection accident in a PWR

To check the performance of SP3-ACMFD in cases having thermal
feedbacks, a special modification of transient 3D PWR benchmark
Table 2
Results of the εave and εmax in time dependent power distribution calculation (Test
Case I).

Time [s] SIMANOD DIFANOD

εave[%] εmax[%] εave[%] εmax[%]

0.00 0.12 0.34 0.83 2.19
0.04 0.09 0.23 0.88 2.05
0.08 0.11 0.29 0.97 1.86
0.12 0.13 0.34 1.10 2.26



Fig. 5. Chronological nodal flux distribution of the MOXK_7G benchmark (Test Case I).

Fig. 6. Geometry of the 3D mini-core problem (Test Case II).

Fig. 7. Power evolution of the 3D mini-core problem in rod ejection transient (Test
Case II).
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problem described in Ref. [13] is opted. The core consists of 157 fuel
assemblies plus 64 radial reflector blocks both having a width of
21.606 cm. Each fuel assembly is made of 264 fuel pins plus 25
guide tubes. Two layers of reflectors are also located at the top and
Table 3
Relative powers of FAs in initial and final states (Test Case II).

Time [s] FA VARIANT-K SIMANO

Relative Power Relative

0.0 UO2 0.9125 0.9130
UO2 (Fresh) 1.0279 1.0278
MOX 0.9939 0.9940

1.0 UO2 0.9743 0.9749
UO2 (Fresh) 1.0267 1.0266
MOX 0.9797 0.9797
bottom of the core. The problem has 2-group cross sections and 6-
group delayed neutrons. Core thermal output is 2,775 MW and
coolant inlet temperature, pressure and mass flow rate are 286 �C,
155 bar and 12,893 kg/s, respectively. Detailed geometry, material,
thermal hydraulic specifications and feedback coefficients can be
found in Ref. [13]. For the transient rod ejection scenario, the
control rod located in the core central fuel assembly is ejected in
0.1 s and the simulation lasts 1.0 s.

In order to optimize the problem for our purpose, a number of
simplifications are made in the original benchmark. First, no con-
trol rod driving mechanism is considered; no critical boric acid
concentration search is done and the system is made critical by
division of n by keff, and finally, no gamma heating is taken into
account.

For the solution, assembles are radially divided into 4 nodes of
equal size and 18 layers of nodes are assumed for axial direction as
taken by Finnemann and Galati [13]. In addition, 10 radial meshes
are assumed for thermal conduction of fuel pins. Fine steps of 1 ms
are resorted for a reliable time evolution. Four important safety
parameters i.e. core relative power, average fuel temperature,
outlet coolant temperature and maximum fuel center line tem-
perature are monitored during the transient. The outcomes of TH
coupled SP3-ACMFD methodology are compared to that of PARCS
2.6 which uses a NEM-SP3 method coupled with a one-phase multi
channel THmodel. Also, like other problems we have presented the
DIFANOD results for comparison.

For obtaining the initial condition for transient analysis, the
static problem is first solved. With no TH effects, the keff values by
PARCS, SIMANOD and DIFANOD are 0.92387, 0.92366 and 0.92242,
respectively, while the values would respectively descrese to
0.91722, 0.91695 and 0.91540 if TH is included. The relative power
of the core with and without TH effects are compared in Fig. 8 for a
period of 0.2 s. Results of the feedback included calculations for the
core relative power, outlet coolant temperature, average fuel tem-
perature and maximum of the fuel center line temperature are
displayed in Fig. 9. Maximum differences are further reflected in
Table 4. The parameters are mapped over the assemblies for a
detailed comparison in Fig. 10 wherein the average and maximum
differences of assemblies over the core are also reported.

As seen in Fig. 8, the power is absolutely increasing if no feed-
backs are taken into account. With no TH, DIFANOD predicts that
the power is multiplied by a factor of 70 in just 0.2 s and the factor is
~35 for PARCS and SIMANOD. Therefore, at least a 100% deviation is
observed by using the diffusion theory in the same period (0.2 s). In
contrast, the feedbacks eventually suppress the power at a factor of
<5 and bring it into control.

In all curves of Fig. 9 results of PARCS and SIMANOD are
approximately the same except for the maximum nodal fuel center
line temperature over the core which is also acceptable if viewed
from the right angle. This parameter is indeed the most internal
point of calculation which affects on all other parameters calcu-
lated. A maximum deviation of 20.5 �C which is mentioned in
D DIFANOD

Power Error [%] Relative Power Error [%]

0.05 0.9165 0.44
�0.01 1.0249 �0.29
0.01 0.9960 0.21
0.06 0.9765 0.23
�0.01 1.0239 �0.27
0.00 0.9819 0.22



Table 4
SIMANOD and DIFANOD maximum differences with PARCS (Test Case III).

Parameter Max. differences with PARCS
over t ¼ [0,1]

SIMANOD DIFANOD

Relative Core Power Level (%) 1.99 11.18
Average Fuel Temp. (�C) 0.04 0.26
Core Outlet Coolant Temp. (�C) 0.94 4.60
Max. of Nodal Fuel C. L. Temp. (�C) 20.5 50.1

Fig. 10. Initial and final assembly-wise results of the problem (Test Case III).

Fig. 9. Transient output results of PARCS, SIMANOD and DIFANOD (Test Case III).

Fig. 8. Relative power of the core with and without thermal hydraulic effects (Test
Case III).
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Table 4 between PARCS and SIMANOD for the fuel working at about
2,400 �C is infact relatively small. Finally, based on Fig. 10 the dif-
ferences of results estimated by the diffusion theory are roughly
three times greater than those of transport equation either in the
initial moment or the final moment.
5. Conclusion

A new code (SIMANOD) was developed for the static and tran-
sient analysis of reactors with rectangular geometry based on the
SP3-ACMFD. Based on the numerical experiments, it can be
concluded that the approach provides sufficient robustness for
handling regular multigroup transients. Also, the SP3 method re-
sults in satisfactory outcome in comparison with the transport
theory in a transient condition. The approach functions much
better than the diffusion equation for sharp transients. This how-
ever asks for more code optimization prior to any rigorous
comparison of runtimes.
A number of improvements are further suggested for future

developments as follow:

a. The idea can be extended to the adjoint problems as well as the
quasi-static transient solutions. This way, a sensitivity analysis
may then be carried out for important quantities and parame-
ters in mathematical structure of SP3-ACMFD.

b. A comparative analysis seems appealing to assess the perfor-
mance of different nodal approaches supported by the SPN
technique.

c. Recently, a number of analytical modifications and improve-
ments have been suggested in Refs. [14e16] which are quite
suitable to be assessed in practice.

d. At last, in a new work, Lin and Liu [17] have incorporated the
discontinuity factor for balancing the equations during the ho-
mogenization process. Therefore, an option for future exten-
sions is to benefit this idea for improving the accuracy in these
kinds of problems.

The developed code, SIMANOD, is now capable to serve as a
platform for the above mentioned suggestions.
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