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AN APPROACH FOR VECTORIAL MOMENTS IN

EUCLIDEAN 3-SPACE

Muhammed T. Sariaydin∗ and Talat Körpinar

Abstract. In this paper, we investigate the vectorial moments of
Bäcklund transformations of a space curve in E3. Firstly, it is ob-
tained the vectorial moments which named αG dual curve, βG dual
curve, and γG dual curve of Bäcklund transformations. Then we
give the Euler elastic bending energies of these curves. Finally, we
provide some examples of αG dual, βG dual, andγG dual, and their
Euler elastic bending energies.

1. Introduction

In physics, the influence rotating object of a force around an axis is
called the moment. This influence depends on the severity of the force F
and the perpendicular distance to the rotation effect. If A is the initial
point, then the moment M is

M = r × F,
where r is a position vector which is starting from the point A, and
ending at any point on the line of influence, [13]. The moment is a
vector quantity because it has a certain magnitude and direction, [14].
The moment is also perpendicular to the plane containing the point
A and the force F according to the definition of vector product, [15].
Although the moment often uses in physics, it is geometrically used
kinematics and characterizations of curve and surface. For example,
Şenyurt at all gave vectorial moments of the parametric equations of
the ruled surfaces, [11], Tunçer studied vectorial moments as w-dual
curve constructed by the Frenet vectors of a regular curve in E3. He
also gave the Frenet apparatus of w-dual curves, [12].
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On the other hand, Bäcklund transformations can be integrable, in
the manner of a tangent line segment at the point given on a surface of
constant negative curvature. Thus, one can find a new surface with the
constant negative curvature which containing line segment’s the end-
point, [2]. Thus, Bäcklund transformations are often studied in differen-
tial geometry. For example, Palmer constructed a Bäcklund transforma-
tion between the two surfaces in [9]. Clelland gave Bäcklund transfor-
mations for nonlinear wave equations, [1]. Additionally, there are many
works related to curves [3, 4, 5, 6, 7].

Then in this paper, we study the vectorial moments of the bäcklund
transformations of a space curve in Euclidean 3-space. The rest of this
paper is organized as follows. In Section 2, we obtain the vectorial
moments which named αG dual curve , βG dual curve, and γG dual curve
of Bäcklund transformations. Then we give the Euler elastic bending
energies of these curves. Finally, we provide some examples of αG dual,
βG dual, andγG dual, and their Euler elastic bending energies.

2. Result And Discussion

In this chapter, we give some theorems that examine the vectorial
moments of the Bäcklund transforms. Then, in these theorems, we will
consider the Frenet vectors of the Bäcklund transformation as any force
vector. Let η : I → E3 is a regular curve in 3- dimensional space.
Assume that {α, β, γ} is the Frenet frame of the curve η. The adjoint
curve ω of given a curve η in Euclidean space can be written as follows:

ω =

s∫
s0

γ (s) ds.

On the other hand, assume that W which is G =W (η) is a transfor-
mation from ω to G in E3. Then, the Bäcklund transformations given
by

(1) G = ω + ψω( cos ξα+ sin ξβ),

where ψη = cos ξ(1−cos ζ)κε−1
2κε , [10].
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Theorem 2.1. The frenet vector field of the Bäcklund transforma-
tions given by eq. (1) is

αG =µ[
(
1+ψ′ω cos ξ−ψω sin ξκ

)
α+
(
ψω cos ξ+ψ′ω sin ξ

)
β+ψω sin ξτγ],

βG = ε1α+ ε2β + ε3γ,

γG =
(
µ
(
ψω cos ξ + ψ′ω sin ξ

)
ε3 − µψω sin ξτε2

)
α

+ (µψω sin ξτε1 − µ(1 + ψ′ω cos ξ − ψω sin ξκε3))β

+ (µ
(
1 + ψ′ω cos ξ − ψω sin ξκ

)
ε2 − µψω cos ξ + ψ′ω sin ξ)ε1)γ

where

µ = 1/

√
(1+ψ′ω cos ξ−ψω sin ξκ)2+(ψω cos ξ+ψ′ω sin ξ)2+(ψω sin ξτ)2,

φ1 =µ
((

1+ψ′ω cos ξ−ψω sin ξκ
)′ − (ψω cos ξ + ψ′ω sin ξ

))
+ µ′

(
1 + ψ′ω cos ξ − ψω sin ξκ

)
,

φ2 =µ
(
κ
(
1+ψ′ω cos ξ−ψω sin ξκ

)
+
(
ψω cos ξ+ψ′ω sin ξ

)′−ψω sin ξτ2
)

+ µ′
(
ψω cos ξ + ψ′ω sin ξ

)
,

φ3 =µ
(
τ
(
ψω cos ξ + ψ′ω sin ξ

)
+ (ψω sin ξτ)′

)
+ µ′ (ψω sin ξτ) .

ε1 =φ1/
√
φ21 + φ22 + φ23,

ε2 =φ2/
√
φ21 + φ22 + φ23,

ε3 =φ3/
√
φ21 + φ22 + φ23,

Theorem 2.2. Let G be at least regular C3-curve and {αG , βG , γG}
be the Frenet frame of the Bäcklund transformations. Then, the vecto-
rial moments Υ1 of a Bäcklund transformation G named position vector
and starting from the point A is

Υ1 =
(
µ (w2 + ψω sin ξ)

(
1 + ψ′ω cos ξ − ψω sin ξκ

)
− w3µψω sin ξτ

)
α

+
(
w3µ

(
1 + ψ′ω cos ξ − ψω sin ξκ

)
− (w1 + ψω cos ξ)µψω sin ξτ

)
β

+ (µ (w1 + ψω cos ξ)
(
ψω cos ξ + ψ′ω sin ξ

)
− µ(1 + ψ′ω cos ξ

− ψω sin ξκ) (w2 + ψω sin ξ))γ,

where we considered unit tangent vector αG of the Bäcklund transfor-
mation as force vector.

Corollary 2.3. The vectorial moments Υ1 (s∗) obtained in Theorem
3.2 due to [12] is called αG-dual curve of G (s)where s∗ is the arc-length
parameter of αG-dual curve.
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Theorem 2.4. Let G be at least regular C3-curve and {αG , βG , γG}
be the Frenet frame of the Bäcklund transformations. Then, the vecto-
rial moments Υ2 of a Bäcklund transformation G named position vector
and starting from the point A is

Υ2 = ((w2 + ψω sin ξ) ε3 − w3ε2)α+ (w3ε1 − (w1 + ψω cos ξ) ε3)β

+ ((w1 + ψω cos ξ) ε2 − (w2 + ψω sin ξ) ε1) γ,

where we considered unit principal normal vector βG of the Bäcklund
transformation as force vector.

Corollary 2.5. The vectorial moments Υ2 (s∗) obtained in Theorem
3.4 due to [12] is called βG-dual curve of G (s)where s∗ is the arc-length
parameter of βG-dual curve.

Theorem 2.6. Let G be at least regular C3-curve and {αG , βG , γG}
be the Frenet frame of the Bäcklund transformations. Then, the vecto-
rial moments Υ3 of a Bäcklund transformation G named position vector
and starting from the point A is

Υ3 = ((w2 + ψω sin ξ) (µ
(
1 + ψ′ω cos ξ − ψω sin ξκ

)
ε2 − µ(ψω cos ξ

+ψ′ω sin ξ)ε1)−w3(µψω sin ξτε1−µ(1+ψ′ω cos ξ−ψω sin ξκε3))α

+ (w3µ
((
ψω cos ξ + ψ′ω sin ξ

)
ε3 − µψω sin ξτε2

)
− (w1 + ψω cos ξ)

×
(
µ
(
1 + ψ′ω cos ξ − ψω sin ξκ

)
ε2 − µ(ψω cos ξ + ψ′ω sin ξ)ε1

)
)β

+ ((w1 + ψω cos ξ) (µψω sin ξτε1 − µ(1 + ψ′ω cos ξ − ψω sin ξκε3)

− (w2 + ψω sin ξ)µ
((
ψω cos ξ + ψ′ω sin ξ

)
ε3 − µψω sin ξτε2

)
)γ,

where we considered binormal vector γG of the Bäcklund transformation
as force vector.

Corollary 2.7. The vectorial moments Υ3 (s∗) obtained in Theorem
3.6 due to [12] is called γG-dual curve of G (s)where s∗ is the arc-length
parameter of γG-dual curve.

Example 2.8. Let

γ (s) =

(
−3

2
cos
(s

2

)
− 1

6
cos

(
3s

2

)
,

−3

2
sin
(s

2

)
− 1

6
sin

(
3s

2

)
,
√

3 cos
(s

2

))
be the slant helix in [9]. We can give the graphs of the curve γ and its
dual curves as follows
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(a) γ curve (b) αG dual curve

(c) βG dual curve (d) γG dual curve

Figure 1

Example 2.9. Let us consider the curve α in E3 by, [8],

α = α (t) =

(
cos

t√
2
, sin

t√
2
,
t√
2

)
.

Then, we can give the graphs of the curve α and its dual curves as follows
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(a) α curve (b) αG dual curve

(c) βG dual curve (d) γG dual curve

Figure 2

Theorem 2.10. Assume that

Υ1 =
(
µ (w2 + ψω sin ξ)

(
1 + ψ′ω cos ξ − ψω sin ξκ

)
− w3µψω sin ξτ

)
α

+
(
w3µ

(
1 + ψ′ω cos ξ − ψω sin ξκ

)
− (w1 + ψω cos ξ)µψω sin ξτ

)
β

+ (µ (w1 + ψω cos ξ)
(
ψω cos ξ + ψ′ω sin ξ

)
− µ(1 + ψ′ω cos ξ

− ψω sin ξκ) (w2 + ψω sin ξ))γ,

is the vectorial moments of a Bäcklund transformation G named position
vector and starting from a point A. Then, Euler elastic bending energy



Vectorial moments 193

of Υ1 is written by

HB1 =
1

2

s∫
0

√
(σ′1 − σ2κ)2 + (σ1κ+ σ′2 − σ3τ)2 + (σ2τ + σ′3 − στ)2ds,

where

σ1 = µ (w2 + ψω sin ξ)
(
1 + ψ′ω cos ξ − ψω sin ξκ

)
− w3µψω sin ξτ,

σ2 = w3µ
(
1 + ψ′ω cos ξ − ψω sin ξκ

)
− (w1 + ψω cos ξ)µψω sin ξτ,

σ3 = µ (w1 + ψω cos ξ)
(
ψω cos ξ + ψ′ω sin ξ

)
− µ(1 + ψ′ω cos ξψω

× sin ξκ) (w2 + ψω sin ξ) .

Theorem 2.11. Assume that

Υ2 = ((w2 + ψω sin ξ) ε3 − w3ε2)α+ (w3ε1 − (w1 + ψω cos ξ) ε3)β

+ ((w1 + ψω cos ξ) ε2 − (w2 + ψω sin ξ) ε1) γ,

is the vectorial moments of a Bäcklund transformation G named position
vector and starting from a point A. Then, Euler elastic bending energy
of Υ2 is written by

HB2 =
1

2

s∫
0

√√√√√√√√√
(
((w2 + ψω sin ξ) ε3 − w3ε2)′ − (w3ε1 − (w1 + ψω cos ξ) ε3)κ

)2
+((w2 + ψω sin ξ) ε3 − w3ε2κ+ (w3ε1 − (w1 + ψω cos ξ) ε3)′

−((w1 + ψω cos ξ)ε2 − (w2 + ψω sin ξ) ε1)τ)2

+(w3ε1 − (w1 + ψω cos ξ)ε3)τ
+ ((w1 + ψω cos ξ) ε2 − (w2 + ψω sin ξ) ε1)′

−((w1 + ψω × cos ξ)ε2 − (w2 + ψω sin ξ) ε1)τ)2

ds.

In the light of the above theorems, we can give the Euler elastic
bending energy graph of the curves γ and α as follows

Figure 3. Euler elastic bending energy of the curve γ
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Figure 4. Euler elastic bending energy of the curve α

References
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[11] S. Şenyurt, A. Çalışkan, A New Approach on Dual Spherical Curves and Surfaces,
16th International Geometry Symposium, Manisa-Turkey, (2018).
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