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CERTAIN RESULTS ON SUBMANIFOLDS OF

GENERALIZED SASAKIAN SPACE-FORMS

Sunil Kumar Yadav∗ and Sudhakar K Chaubey

Abstract. The object of the present paper is to study certain ge-
ometrical properties of the submanifolds of generalized Sasakian
space-forms. We deduce some results related to the invariant and
anti-invariant slant submanifolds of the generalized Sasakian space-
forms. Finally, we study the properties of the sectional curva-
ture, totally geodesic and umbilical submanifolds of the general-
ized Sasakian space-forms. To prove the existence of almost semi-
invariant and anti-invariant submanifolds, we provide the non-trivial
examples.

1. Introduction

The nature of a Riemannian manifold M̃ mostly depends on the cur-
vature tensor R∗ of the manifold. It is well known that the sectional
curvature of a manifold determines the curvature tensor completely. A
Riemannian manifold with a constant sectional curvature (c) is nomi-
nated as a real space form and its curvature tensor is defined as

R∗(X,Y )Z = c {g(Y,Z)X − g(X,Z)Y },

for all X, Y, Z ∈ χ(M̃), where χ(M̃) is the collection of all smooth vec-

tor fields of M̃ and g is the Riemannian metric. Models for these spaces
are the Euclidean spaces (c = 0), the spheres (c > 0) and the hyperbolic
spaces (c < 0). In an almost contact metric manifold, a Sasakian mani-
fold with constant φ-sectional curvature is called a Sasakian space-form
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if R∗ takes the form

R∗(X,Y )Z =
c+ 3

4
{g(Y,Z)X − g(X,Z)Y }+

c− 1

4
{g(X,φZ)φY

−g(Y, φZ)φX + 2g(X,φY )φZ}+
c− 1

4
{η(X)η(Z)Y

−η(Y )η(Z)X + g(X,Z)η(Y )ξ − g(Y,Z)η(X)ξ},

for all X, Y, Z ∈ χ(M̃). These spaces can also be modeled according as
c > −3, c = −3 or c < −3. In [1], Alegre, Blair and Carriazo introduced
and studied the notion of generalized Sasakian space-forms with non-
trivial examples. An almost contact metric manifold M̃ (φ, ξ, η, g) is
called a generalized Sasakian space-form [1] if there exist the smooth

functions f1, f2, f3 on M̃ such that

R∗(X,Y )Z = f1{g(Y,Z)X − g(X,Z)Y }+ f2{g(X,φZ)φY

−g(Y, φZ)φX + 2g(X,φY )φZ}+ f3{η(X)η(Z)Y

−η(Y )η(Z)X + g(X,Z)η(Y )ξ − g(Y, Z)η(X)ξ},(1)

for all vector fields X,Y, Z on M̃ . Throughout the paper, we denote
M̃2n+1(f1, f2, f3) as a generalized Sasakian space-form of dimension (2n+
1), n > 1. In [1], authors proved that the functions f1, f2, f3 are con-
stant, and f1 − 1 = f2 = f3 for a Sasakian manifold. In particular, if
f1 = c+3

4 , f2 = f3 = c−1
4 , then the generalized Sasakian space-forms

transform in to the notion of the Sasakian space-forms. It is noticed that
the generalized Sasakian space-forms are not merely the generalization
of Sasakian space-forms, although it also contains a large classes of the
almost contact metric manifolds. For example, it is known that [26] any
3-dimensional (α, β)-trans Sasakian manifolds with α, β depending on
ξ are generalized Sasakian space-forms. Such type of manifolds have
been studied by several authors, likes Alegre and Carriazo ([2], [3], [4])
Belkhelfa et al. [7], Carriazo [13], Al-Ghefari et al. [5], Gherib et al. [19],
Kim [21] and many others. It is noted that a (2n+1)-dimensional (n > 1)

generalized Sasakian space-form M̃2n+1 (f1, f2, f3) is conformally flat if
and only if f2 = 0 [21].

As a consequence, the geometry of submanifold has became a subject
of growing interest for its significance applications in applied mathe-
matics and theoretical physics. For instance, the notion of invariant
submanifold is used to discuss properties of non-linear autonomous sys-
tem [20]. For totally geodesic submanifolds, the geodesic of the ambient
manifold remains geodesic in the submanifolds. Thus the totally geo-
desic submanifolds are also very much important in physical sciences.
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The study of geometry of invariant submanifold was initiated by Bejancu
et al. ([8],[9]). In general, the geometry of an invariant submanifold in-
herits almost all properties of the ambient manifold. These types of
submanifolds have been studied by many geometers to different extent
such as ([22]-[24], [27], [28], [29], [33]-[35]) and by others. Bejancu [6]
initiated the studied of CR-submanifolds of almost Hermitian manifolds
generalizing invariant and anti-invariant submanifolds.

The extension of this concept to submanifolds of almost contact
metric manifolds was studied by Bejancu et al. [12], known as semi-
invariant submanifolds. After that the study of almost semi-invariant
submanifolds of framed metric manifolds as a generalization of both CR-
submanifolds and semi-invariant submanifolds was initiated Tripathi et
al. [31] and followed by Tripathi and Mihai [30].

2. Preliminaries

In this section, we recall some basic formulas and definitions, which
will be useful to prove the results of next sections. An almost contact
metric manifold holds

φ2(X) = −X + η(X)ξ, φξ = 0,

η(ξ) = 1, g(X, ξ) = η(X), η(φX) = 0,

g(φX, φY ) = g(X,Y )− η(X)η(Y ),

g(φX, Y ) = −g(X,φY ),

(∇̃Xη)(Y ) = g(∇̃Xξ, Y ),

for all X,Y ∈ χ(M̃) [11]. A generalized Sasakian space-form

M̃2n+1(f1, f2, f3) satisfies the following relations

(∇̃Xφ)(Y ) = (f1 − f3){g(X,Y )ξ − η(Y )X},
∇̃Xξ = −(f1 − f3)φX,

Q̃∗X = (2nf1 + 3f2 − f3)X − (3f2 + (2n− 1)f3)η(X)ξ,

S̃∗(X,Y ) = (2nf1 + 3f2 − f3)g(X,Y )− {3f2 + (2n− 1)f3}η(X)η(Y ),

r̃∗ = 2n(2n+ 1)f1 + 6nf2 − 4nf3,

R̃∗(X,Y )ξ = (f1 − f3){η(Y )X − η(X)Y },
R̃∗(ξ,X)Y = (f1 − f3){g(X,Y )ξ − η(Y )X},

η(R̃∗(X,Y )Z) = (f1 − f3){g(Y,Z)η(X)− g(X,Z)η(Y )},
S̃∗ (X, ξ) = 2n (f1 − f3) η (X) ,

S̃∗ (ξ, ξ) = 2n (f1 − f3) .
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for all X,Y, Z on M̃2n+1 (f1, f2, f3), where ∇̃ denotes the Levi-Civita

connection on M̃ , S̃∗ is the Ricci tensor and r̃∗ is the scalar curvature
of M̃. In [21], Kim proved that if a manifold M̃2n+1 (f1, f2, f3) (n > 1)
is conformally flat and ξ is Killing, then it is locally symmetric if and
only if f1-f3 is constant. In [18] it is noticed that a conformally flat
generalized Sasakian-space-form is locally φ-symmetric if and only if f1
is constant. Also, in [14] and [15], authors studied the properties of
generalized Sasakian space-forms.

Example 2.1. In [1], it is shown that R ×f Cm is a generalized
Sasakian-space-form with

f1 =

(
f

′
)2

f2
, f2 = 0 and f3 = −

(
f

′
)2

f2
+
f

′′

f ′ ,

where f=f (t). If we choose f (t) = et, then it follows that f1 = constant.

Suppose that M be a submanifold of the generalized Sasakian space-
form M̃2n+1 (f1, f2, f3) .We call∇ and∇⊥ as the induced connections on
the tangent bundle TM and the normal bundle T⊥M of M, respectively.
Then the Gauss and Weingarten formulas are given by

∇XY = ∇XY + h (X,Y ) ,

∇XV = −AVX +∇⊥XV,
for allX,Y ∈ Γ (TM) , V ∈ Γ

(
T⊥M

)
, h andAV are second fundamental

form and shape operator (corresponding to the normal vector field V ),
respectively for the immersion of M into M and∇⊥ denotes the operator
of the normal connection. The second fundamental form h and the shape
operator AV in the direction of V is given by following relation

g (h (X,Y ) , N) = g (AVX,Y ) ,

for all X,Y ∈ Γ (TM) , V ∈ Γ
(
T⊥M

)
. If h = 0, then the submanifold

M is said to be totally geodesic. We just recall R̃ and R, the curvature
tensors of M̃ and M , respectively, and they are related by

R̃ (X,Y, Z,W ) = R (X,Y, Z,W )− g (h (X,W ) , h (Y,Z))

+g (h (X,Z) , h (Y,W )) ,

(R̃ (X,Y )Z)⊥ = (∇̃Xh) (Y, Z)− (∇̃Y h) (X,Z) ,

where (R̃ (X,Y )Z)⊥ is the normal component of R̃ (X,Y )Z and

(∇̃Xh) (Y,Z) = ∇⊥X (h (Y, Z))− h (∇XY,Z)− h (Y,∇XZ) .
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The mean curvature α is denoted by

α =

(
1

dimM

)
traceh.

A submanifold M of an almost contact metric manifold M̃2n+1 is said
to be totally umbilical if

h (X,Y ) = g (X,Y )α,

for any vector fields X,Y ∈ Γ(TM). Moreover, if h(X,Y ) = 0, for all
X,Y ∈ Γ(TM), then M is called a totally geodesic, and if α = 0 then

M is minimal in M̃ .
Let ρ1 and ρ2 are differentiable distributions on M, then M is said

to be
(i) a (ρ1 , ρ2)-mixed totally geodesic submanifold if h (X,Y ) = 0 for all
X ∈ ρ1 , Y ∈ ρ2 ,
(ii) a ρ1-totally geodesic submanifold if it is (ρ1, ρ1)-mixed totally geo-
desic,
(iii) ρ1-minimal if αρ1 = ( 1

dim ρ1
) trace ρ1 = 0.

We consider φX = TX + NX for any tangent vector field X, where
TX(resp, NX) is tangential (resp, normal) component of φX. Similarly

φV = TV +NV.

There are two well-known classes of submanifolds depend on the behav-
ior of almost contact metric structure φ. A submanifold M of an almost
contact metric manifold M̃ is said to be invariant if the structure vector
field ξ is tangent to M at every point of M and φX is tangential to
M for any vector field X tangent to M at every point of M, that is,
φ (TM) ⊂ TM at every point of M . Otherwise, M is said to be an
anti-invariant if for any X tangent to M and φX is normal to M , that
is, φ (TM) ⊂ T⊥M at every point of M, where T⊥M is the normal
bundle to M.
There is another class of submanifold of an almost Hermitian manifold,
called slant submanifold introduced by Chen [16]. After that Carriazo
et al. [17] defined and studied the properties of slant submanifolds of al-
most contact metric manifolds. For each non-zero vector field X tangent
to M , which is not proportional to ξ at point p ∈ M , we define θ (X),
the angle between φX and TM of M , and is said to be slant [16] if the
angle θ (X) is constant for all X ∈ TpM − {ξp}, ∀ p ∈ M , i.e., θ (X) is
independent of the choice of the vector field X and the point p ∈ M.
The angle θ (X) is called the slant angle. It is clear that, if θ = 0, then
M is an invariant and if θ = π

2 , then M is called an anti-invariant and if
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M is neither invariant nor anti-invariant then M is called a proper slant
submanifold (0 < θ (X) < π

2 ).

Definition 2.2. [31] A submanifold M of an almost contact metric

manifold M̃ , tangent to the structure vector field ξ, is said to be an al-
most semi-invariant submanifold if there exists k-functions λ1, λ2, ..., λk
defined on M with values in (0, 1), such that
(i) − λ21 (p) , ...,−λ2k (p) are distinct eigen values of T 2

D at p ∈M, with

TpM = D1
p ⊕D0

p ⊕Dλ1
p ⊕ ....⊕Dλk

p ⊕ Span{ξp},

where Dλ
p , λ ∈ {1, 0, λ1 (p) , ..., λk (p)} denotes the eigen space associated

to the eigen value −λ2,
(ii) The dimensions of D1

p, D
0
p, D

λ1
p , ..., D

λk
p are independent of p ∈M . If

each λi is constant, then M is called a skew semi-invariant submanifold.

As a consequence, it is easy to verify the following equalities:

D1
p = Ker (ND)p , D0

p = Ker (TD)p

and Dλi
p = Ker(T 2

D + λ2i (p))p,

i = 1, ..., k for all p ∈ M. We consider T -invariant mutually orthogonal
distributions

Dλ = ∪
x∈M

Dλ
x , λ ∈ {1, 0, λ1, ..., λk}

on M such that

TM = D1 ⊕D0 ⊕Dλ1 .....⊕Dλk ⊕ Span {ξ} .
In an almost semi-invariant submanifold M of M̃ , we notice that

T⊥M = D1 ⊕D0 ⊕Dλ1 ⊕ ....⊕Dλk ,

where

D1 = Ker(t), D0 = Ker(n), Dλ = NDλ, tDλ = Dλ

and Dλ = Ker
(
n2 + λ2I

)
with λ ∈

{
λ21, ..., λ

2
k

}
, the distributions Dλ, λ 6= 0, are anti-invariant

where Uλ
(

(resp. Uλ)
)

denotes the orthogonal projection from TM on

Dλ
(

(resp.Dλ)
)
. We have

g(TX, TY ) =
∑

λ2g(UλX,UλY ),

g(nV, nW ) =
∑

λ2g(ŨλV, ŨλW ).

Now we recall the propositions that will be useful in next sections.
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Proposition 2.3. [3] Every slant submanifold M of an almost con-
tact metric manifold with slant angle θ is skew semi-invariant submani-
fold with TM = Dλ ⊕ span{ξ} if λ = cos θ.

It is obvious that the invariant and anti-invariant submanifolds are
θ-slant submanifolds with θ = 0 and θ = π

2 , respectively. In a θ-slant
submanifold M tangent to ξ for any X,Y tangent to M we have

g(TX, TY ) = cos2 θ g(φX, φY ), g(NX,NY ) = sin2 θ g(φX, φY ).

It is clear that for any unit vector field U tangent to M , we get

‖TU‖2 = g (TU, TU) = cos2 θ(1− η (U)2).

Therefore we have the following result as

Corollary 2.4. Let M be an (n+ 1)-dimensional θ-slant sub-
manifold isometrically immersed in a (2n+ 1)-dimensional generalized

Sasakian space-form M̃2n+1 (f1, f2, f3) such that ξ ∈ TM is totally geo-
desic, then we have

(i) 4Ric (U)

≤ 3 (c+ 3) +
[{

3 cos2 θ − (n− 1) + 3 cos2 θ
}

(η (U))2
]

(φc− 1)

for each unit vector U ∈ Tp (M) ,

(ii) Ric (X) ≤ 1

4

[
(n− 1)2 (c+ 3) +

1

2

(
3 ‖TX‖2 − 2

)]
(c− 1)

for each unit vector U ∈ Tp (M) orthogonal to ξ.

Corollary 2.5. If an (n+ 1)-dimensional invariant or anti-invariant

submanifold M of M̃2n+1(f1, f2, f3) is totally geodesic, then

(i) 4Ric (U) ≤ n (n+ 3) + (5− n) (η (U))2 (c− 1) ,

(ii) 4Ric (U) ≤ n (n+ 3)− (n− 1) (η (U))2 (c− 1) ,

(iii) Ric (U) ≤ 1
4

[
(n− 1)2 (c+ 3) + 1

2

(
3
(

1− (η (U))2
)
− 2
)

(c− 1)
]
,

(iv) Ric (U) ≤ 1
4

[
(n− 1)2 (c+ 3)− (c− 1)

]
.

3. θ-slant submanifolds of M̃2n+1(f1, f2, f3)

In this section, we deduce some results related to the submanifolds (θ-
slant submanifolds) of generalized Sasakian space-forms. First we prove
following results.
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Theorem 3.1. Let M be a submanifold of a conformally flat gen-
eralized Sasakian space-form M̃2n+1(f1, f2, f3). If M is an invariant or
anti-invariant, then R(X,Y )Z acts as tangent and R(X,Y )V acts as
normal to M , for any X,Y, Z tangent to M and any V normal to M.

Proof. If M be an invariant submanifold of M̃2n+1(f1, f2, f3), then
from (1), we conclude that

R(X,Y )Z = f1{g(Y,Z)X − g(X,Z)Y }+ f2{g(X,φZ)φY

−g(Y, φZ)φX + 2g(X,φY )φZ}+ f3{η(X)η(Z)Y

−η(Y )η(Z)X + g(X,Z)η(Y )ξ − g(Y, Z)η(X)ξ},(2)

is tangent to M . For anti-invariant submanifold

g (X,φZ) = g (Y, φZ) = g (X,φY ) = 0.

Then the equation (2) gives

R(X,Y )Z = f1{g(Y,Z)X − g(X,Z)Y }+ f3{η(X)η(Z)Y

−η(Y )η(Z)X + g(X,Z)η(Y )ξ − g(Y, Z)η(X)ξ},
which is tangent. Even if X,Y are orthogonal to ξ, then for all Z,
R (X,Y )Z tangent to M.

Corollary 3.2. Let M be an invariant or anti-invariant submanifold
of a generalized Sasakian space-form. Then R (X,Y )Z and R (X,Y )V
to be tangent and normal to M if and only if f2 6= 0.

Corollary 3.3. The necessary condition for the existence of a proper
slant-submanifold of M̃ is f2 6= 0.

Theorem 3.4. Let M be a θ-slant submanifold of a generalized
Sasakian space-form M̃2n+1(f1, f2, f3), f2 6= 0 and TM is invariant un-
der the action of R(X,Y )X tangent to M , then M is either invariant
or anti-invariant.

Proof. For any X, Y tangent to M , then from (1) we have

R (X,Y )X = f1 {g (Y,X)X − g (X,X)Y } − 3f2g (Y, φX)φX

+f3

{
η (X)2 Y − η (Y ) η (X)X

+g (X,X) η (Y ) ξ − g (Y,X) η (X) ξ} ,
tangent to M . So f2 {g (Y, φX)φX} is tangent to M . As f2 6= 0, at
any point φX is either tangent to M or g (Y, φX) = 0, for all Y tangent
to M then φX is normal to M .
Moreover if

g (Y, φX) = 0⇒ g (φY, φX) = 0.
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Also for θ-slant submanifold M tangent to ξ either T = 0 or N = 0,
that implies M is either invariant or anti-invariant.

Corollary 3.5. The existence of invariant or anti-invariant subman-
ifold of a generalized Sasakian space-form M̃2n+1(f1, f2, f3), is that
(i) f2 6= 0 along the submanifold,
(ii) TM is invariant under the action of R(X,Y ), ∀ X, Y tangent to M .

Corollary 3.6. If M be a θ-slant almost semi-invariant submanifold
of a conformally flat generalized Sasakian space-form M̃2n+1(f1, f2, f3)
such that

D0 6= {0} 6= D1 ⊕Dλ1 ⊕ .....⊕Dλk .

Then TM is always invariant under the action of R (X,Y ).

4. Sectional Curvature

In this segment, we study Dλ-sectional curvature for the submanifolds
of a generalized Sasakian space-form. First, we clincher the attendant
results.
Let M be an almost semi-invariant submanifold of an almost contact
metric manifold M̃ . We define the Dλ-sectional curvature of X as

(3) α
λ

(X) = CM

(
X,

1

λ
TX

)
,

for a unit vectorX∈ Dλ, λ 6= 0. If
{
F1, F2,F3,...,Fn(λ)

}
and {G1, G2,G3,...,

Gn(µ)
}

be local orthonormal references of Dλ and Dµ, respectively.

Then we define the
(
Dλ, Dµ

)
-sectional curvature as follows

(4) W
λµ

(X) =

n(λ)∑
i=1

n(µ)∑
j=1

CM (Fi ∧Gj) .

Tripathi [32] and Ronsse [25] introduced the similar notion in complex
geometry. It is clear that the above notion does not depend on basis.
The sectional curvature of the plane section described by two orthogonal
unit vector fields X, Y is tangent to M . That is,

CM (XΛY ) = R (X,Y, Y,X)(5)

= f1 + 3f2 + (g (X,TY ))2 − f3
{
η2 (X) + η2 (Y )

}
−‖h (X,Y )‖2 + g (h (X,X) , h (Y, Y )) .
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In view of (3) and (4), we get

(6) αλ (X) = f1+3λ2f2−
1

λ2
‖h (X,TX)‖2−g (h (X,X) , h (TX, TX)) .

We consider T is Dλ-commutative, then

h(TX, TX) = h(X,T 2X) = h(X,−λ2X) = −λ2h(X,X) = 0.

Again, for totally umbilical submanifolds is minimal, then

h(X,TX) = g(X,X)α = 0.

As per above consequences, we have the following results

Theorem 4.1. If M be an almost semi-invariant submanifold of a
generalized Sasakian space-form M̃2n+1(f1, f2, f3) is Dλ-totally geodesic
then

αλ (X) = f1 + 3λ2f2.

Corollary 4.2. For Dµ-totally geodesic almost semi-invariant sub-
manifolds of conformally flat generalized Sasakian space-forms, αλ (X) =
f1.

Corollary 4.3. Let M be an almost semi-invariant submanifold of a
generalized Sasakian space-form M̃2n+1(f1, f2, f3). If T is Dλ commuta-
tive, λ 6= 0 for all unit X ∈ Dλ

αλ (X) = f1 + 3λ2f2 −
1

λ2
‖h (X,TX)‖2 + αg (h (X,X) , g (X,X)) ,

Moreover

αλ (X) ≤ f1 + 3λ2f2

and the equality holds if M is Dλ-totally geodesic.

In peculiar, as every Sasakian space form is a generalized Sasakian space
form. So are able to explain the following corollary which is related to
one given by Barros et al. [10] for a nearly Kähler generalized complex-

space-form M̃2n(c1, c2) given D̂ an integrable distribution and X ∈ D̂
then α (X) ≤ c1.

Consequently, we conclude the result as.

Corollary 4.4. Let M be an almost semi-invariant submanifold of a
Sasakian space-form M̃(c). Then the φ-sectional curvature α (X) of M
satisfies α (X) ≤ c, for any X is tangent to M .
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Theorem 4.5. Let M be an almost semi-invariant submanifold of
a generalized Sasakian space-form M̃2n+1(f1, f2, f3). Let {F1, ..., Fn(λ)}
and {G1, ..., Gn(µ)} be local orthonormal of Dλ and Dµ are

(
Dλ, Dµ

)
-

mixed totally umbilical, then
(i) Cλµ = n (λ)n (µ) f1 + g (αλ, αµ) , if µ 6= λ,

(ii) C00 = n (0)2 f1 + ‖α0‖2 , if λ = µ = 0,

(iii) Cλ = n (λ)2 f1 + 3nf2n (λ)λ2 + ‖αλ‖2 , if λ 6= 0.

Proof. From (5), we get

CM (XΛY ) = R (X,Y, Y,X)(7)

= f1 + 3f2 + g2 (X,TY )− f3
{
η2 (X) + η2 (Y )

}
−‖h (X,Y )‖2 + g (h (X,Y ) , h (X,Y )) .

We consider Dλ is T -invariant, Fi ∈ Dµ and TGi ∈ Dλ then

g (Fi, φGj) = g (Fi, TGj) = 0.

Using above results and (6), we obtain

Cλµ =

n(λ)∑
i=1

n(µ)∑
j=1

{
f1 − ‖h (Gj , Fi)‖2 + g (h (Fi, Fi) , h (Gj , Gj))

}

= n (λ)n (µ) f1 + g (αλ, αµ)−
n(λ)∑
i=1

n(µ)∑
j=1

‖h (Fi, Gj)‖2 .

This proved our result for
(
Dλ, Dµ

)
-mixed totally umbilical.

Example 4.6. Given a differentiable function k(u) = cu, for any
constant c, the manifold is given by

ψ (u, v, t)=γ
[
e k(u) cosu, e k(u) cosu sin v, e k(u) sin v, e k(u) cosu cos v, t

]
γ 6= 0 is an almost semi-invariant submanifold with

TM = Dλ ⊕ Span{ξ}, λ =
(2k

′
+ k)uv√(

2k/ + k
)2
u2v2 + γ

2

.

Example 4.7. Let a 5-dimensional Euclidean space R5 with the
Cartesian coordinate (u1,u2, v1, v2, t) and the almost contact structure

φ

(
∂

∂ui

)
=

∂

∂vi
, φ

(
∂

∂vj

)
=

∂

∂uj
, φ

(
∂

∂t

)
= 0, 1 ≤ i, j ≤ 2
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define almost contact metric structure on R5. Setting ∂
∂t = ξ and η = dt.

Now, we recall M be a submanifold of R5 given by the following equation

φ∗ (r1, r2, t) = (r1 sin θ + r2 cos θ, 0, r1 sin θ − r2 cos θ, 0, t) ,

then the tangent bundle TM of M is spanned by the following vector
fields

X1 = sin θ
∂

∂u1
+ cos θ

∂

∂v1
, X2 = sin θ

∂

∂u1
− cos θ

∂

∂v1
, X3 =

∂

∂t
.

We can easily find that

φX1 = − sin θ
∂

∂v1
+cos θ

∂

∂u1
, φX2 = − sin θ

∂

∂v1
−cos θ

∂

∂u1
, φX3 = 0.

As consequence of the above relations, M is a submanifold of R5 such
that ξ is tangent to M .

Example 4.8. Let a seven dimensional Euclidean space R7 with
the Cartesian coordinate (u1,u2, u3, v1, v2, v3, t) and the almost contact
structure

φ

(
∂

∂ui

)
= − ∂

∂vi
, φ

(
∂

∂vj

)
=

∂

∂uj
, φ

(
∂

∂t

)
= 0, 1 ≤ i, j ≤ 3.

Thus the structure (φ, ξ, η, g) is called an almost contact metric struc-
ture on R7. We consider an immersion ψ on R7 defined by

ψ (θ1, θ2, t) = (cos (θ1 + θ2) , sin (θ1 − θ2) , θ1 + θ2, θ1 − θ2,
sin (θ1 + θ2) , cos (θ1 − θ2) , t) ,

then the tangent space TM of the submanifold M is given by the fol-
lowing vector fields

Y1 = − cos (θ1 + θ2)
∂

∂u1
− sin (θ1 − θ2)

∂

∂u2
+

∂

∂u3

+ cos (θ1 + θ2)
∂

∂v1
+ sin (θ1 − θ2)

∂

∂v2
− ∂

∂v3
,

Y2 = − cos (θ1 + θ2)
∂

∂u1
+ sin (θ1 − θ2)

∂

∂u2
+

∂

∂u3

+ cos (θ1 − θ2)
∂

∂v1
− sin (θ1 + θ2)

∂

∂v2
− ∂

∂v3
,

Y3 =
∂

∂t
.
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We define

φY1 = cos (θ1 + θ2)
∂

∂v1
+ sin (θ1 − θ2)

∂

∂v2
− ∂

∂uv3

+ cos (θ1 − θ2)
∂

∂u1
+ sin (θ1 + θ2)

∂

∂u2
− ∂

∂u3
,

φY2 = cos (θ1 + θ2)
∂

∂v1
− sin (θ1 − θ2)

∂

∂v2
− ∂

∂v3

+ cos (θ1 − θ2)
∂

∂u1
− sin (θ1 + θ2)

∂

∂u2
− ∂

∂u3
,

φY3 = 0.

It is clear from the above equations that M is an anti-invariant subman-
ifold of R7.
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