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a b s t r a c t

The finite element method is used to simulate the navigation of an ice-area bulk carrier in broken ice
fields. The ice material is defined as elastic, and the simulations are accomplished at four model speeds
and three ice concentrations. The movements of ice floes in the simulation are consistent with those in
the model test, and the percentage deviation of the numerical ice resistance from the ice resistance in the
model test can be controlled to be less than 15 %. The key characteristics of ice loads, including the
average ice loads, extreme ice loads, and characteristic frequency, are analyzed thoroughly in a
comprehensive manner. Moreover, the effects of sailing speed and ice concentration on the ice loads are
analyzed. In particular, the stress distribution of ice floes is presented to help understand how model
speed and concentration affect the ice loads. The “ice pressure” phenomenon is observed at 90 % ice
concentration, and it is realistically reflected both in the timeeand frequencyedomain ice force curves.

© 2020 Society of Naval Architects of Korea. Production and hosting by Elsevier B.V. This is an open
access article under the CC BY-NC-ND license (http://creativecommons.org/licenses/by-nc-nd/4.0/).

1. Introduction

Ships sail in polar regions that can be roughly divided into
several environments: open-water zone, Marginal Ice Zone (MIZ),
and pack ice zone. The MIZ is a transition area between openwater
and low-concentration and -thickness broken ice fields. It is a
typical marginal ice area with ice floes of different shapes and sizes
distributed on the water surface (Zhang et al., 2015). With global
warming, the MIZ is steadily increasing, and this has increased the
importance of research on ship navigation in broken ice floes. The
main force the ships have to withstand as they pass through broken
ice fields is the force evolving when pushing apart the ice floes. The
resistance of ice floes against being pushed apart is generally
smaller than the ice sheet breaking resistance; however, it requires
special attention because ships encounter broken ice floes more
frequently than ice sheets. Broken ice can be produced by ice-
breakers and ship traffic (Kim et al., 2019).

In recent years, many scholars have used model tests and nu-
merical simulations to study the resistance performance of ships
navigating in the polar regions. A range of numerical methods has

been developed, including the Discrete Element Method (DEM),
peridynamic method (PD), and Finite Element Method (FEM). For a
breakable ice floe model, Liu et al. (2018) introduced the use of
peridynamics to simulate the shipeice interaction process based on
a breakable ice-rubble model. With an increase in speed, the fre-
quency of the ice loads and the maximum ice force increased
significantly. The frequency of ice loads showed an upward trend
and the maximum ice force increases with an increase in the ice
concentration.

In the most recent studies, Ji et al. (2013) used a single-size
discrete element model to determine the shipeice force in
broken ice fields and focused on the dynamic characteristics of the
interaction between the sea ice and hull. They considered sea ice
factors, such as the concentration, strength, and speed, and hull
factors, such as the shape, dimensions, structural parameters (e.g.,
stiffness), ship speed, and route. Some researchers applied the
Fluidestructure Interaction (FSI) algorithm based on FEM to
simulate water-ice-structure interaction. The commercial Finite
Element (FE) package LS-DYNA has proven to be feasible in this
field. Wang and Derradji-Aouat (2010) assessed the ship perfor-
mance in broken ice floes using total force comparison (average X-
force) based on LS-DYNA. Ice block floating simulation showed that
a proper buoyancy force was estimated, and ice behaviors were
appropriate. However, the simulated ice loads of thicker ice
(40 mm) were overestimated, while those of thinner ice (20 mm)
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were slightly overestimated. A possible reasons for this over-
estimation includes the rigid body modeling of ice, which cannot
consider ice deformation for energy absorption. Subsequently,
based on the same simulation method in LS-DYNA, Wang and
Derradji-Aouat (2011) studied the demerits of the rigid body
modeling of ice by simulating a downward breaking conical
structure, Kulluk, under broken ice conditions at three ice con-
centrations. As a result, ice pieces accumulated more easily than in
the field, and the simulated ice concentration was invalid. The au-
thors explained in their paper that this was because ice cannot be
deformed to relieve its pressure, owing to rigid modeling, resulting
in a higher possibility of accumulating ice pieces. Accordingly, it
was observed from the load curve over time that ice pressurewould
build up after the accumulation of ice pieces. This did not reflect the
actual situation, leading to overestimated ice loads. The shipeice
interaction loads for pack ice conditions at different concentra-
tions and ship speeds were numerically calculated using LS-DYNA
by Kim et al. (2013). The simulation results were validated by us-
ing the results from model testing with synthetic ice at a towing
tank, and with refrigerated ice at another ice tank. The average
resistance showed reasonable agreement with the experimental
one. The comparisons of the ice load curves with time under
various conditions of ice concentration and ship speed were shown
without adequate analysis. All of the above studies have pointed
out that a proper ice model (deformable body) is essential to in-
crease the reality and accuracy of simulations in future work.

In addition, Guo et al. (2016) used LS-DYNA to simulate the
process of ships sailing among ice floes. The experimental phe-
nomena, average resistance, and instantaneous load curve were
analyzed based on both the experiment and simulation, and the
reliability and practical usefulness of the numerical simulation was
confirmed from this comparison. The effects of the navigation
speed and ice concentration on instantaneous load were analyzed
qualitatively by comparing the time histories of ice loads under
different conditions. The results indicated that the numerical
method adopted in the study could be a reference for the prediction
of a linear trend of the average resistance relative to speed. Kim
et al. (2019) proposed an efficient numerical simulation method
based on FEM to calculate ice impacts on ship hulls in broken ice
fields for rapid computation. The simulation results showed that ice
impact forces increase with increasing ice concentration and ship
velocity by comparing the average ice load at concentrations of 60 %
and 80 %. Luo et al. (2016) carried out shipewaveeice coupling tests
in the MIZ in a conventional towing tank at Harbin Engineering
University. The ship resistance with and without waves were
calculated at various ship speeds and ice concentrations. The ship
resistance in ice floes without waves was approximately propor-
tional to the square of the ship's velocity at any ice concentration;
however, the ice floe resistance even tended to decrease at a higher
velocity due to the effect of surface waves caused by the ship. The
ship resistance without waves was only a small part of their
research; therefore, a thorough analysis of ice loads and shipeice
interactions without waves was not performed. More detailed ice
load results without waves from the tests of Luo et al. (2016) will be
used to verify the simulation in this paper.

In summary, some advances have been made in experimental
and numerical research on ships sailing in areas with broken ice
floes. The time history and the average of ice loads have been
generally investigated to characterize the ice loads in structure-ice-
water interactions, whereas the stress distribution of ice floes,
extreme ice loads, and the frequency of ice loads have not been
examined in detail. A similar lack of detailed information exists for
shipeiceewater interactions and the basic laws of ice resistance.
Moreover, unbreakable ice floes were generally modeled as rigid
bodies in previous numerical studies (Wang and Derradji-Aouat,

2010, 2011; Millan and Wang, 2011; Sun and Shen, 2012; Kim
et al., 2013), which is not realistic and could lead to over-
estimated ice loads (Wang and Derradji-Aouat, 2010, 2011).
Moreover, we are currently able to consider only the trend of the ice
loads under varying ship speeds and ice concentrations without
gaining a clear understanding of how these two factors affect ice
loads. In this paper, based on the commercial FE package LS-DYNA,
an elastic material is used to model ice floes to allow ice defor-
mation. The stress distribution of ice floes is investigated to un-
derstand the effect of ship speed and ice concentration on the key
features of ice loads (peak value, average value, and characteristic
frequency) in detail.

The remainder of this paper is organized as follows: Section 2
introduces the numerical method based on LS-DYNA, including
the arbitrary Lagrangian-Eulerian (ALE) method, penalty method,
and the model setup for ship-water-air-ice coupling. In Section 3,
the experimental research corresponding to the numerical simu-
lation is described briefly, which can be studied further from a
previous study (Luo et al., 2016). Then, the numerical setup is
introduced in detail. In Section 4, the method is verified qualita-
tively by comparing the ship-iceewater interaction phenomena in
simulation, model test, and the field. Moreover, the error analysis of
the average ice loads, i.e., ice resistance, is shown to verify the
simulation quantitatively. In Section 5, the non-stationarity of the
ice loads is discussed comprehensively, combinedwith various ship
speeds and ice concentrations from the following three perspec-
tives: (1) characteristics of stress distribution in ice floes; (2)
extreme ice loads and ice force components extracted from load
curves with time; (3) dominant frequency distribution. Finally, the
conclusions drawn from the research are summarized and future
work for related numerical studies is recommended.

2. Numerical method

In this section, we introduce the numerical method based on LS-
DYNA briefly and concisely. More details, including the derivation
of governing equations, principle of the ALE method, and the
penalty function method can be found in the LS-DYNA Theory
manual (LS-DYNA, 2006).

2.1. General governing equations

In materials, the continuity equation can be written as Eq. (1)

ð

V0

r0ðx; y; z; t0ÞdV0 ¼
ð

V

r
�
x
0
; y

0
; z

0
; t
�
dV (1)

Using Jacobian J,

ð

V0

ðr0 � rjJjÞdV0; r0 ¼ rjJj (2)

As the time rate of change of the total momentum of a system is
the same as the vector sum of all the external forces,

ð

S

tdSþ
ð

V

rbdV ¼ d
dt

ð

V

rvdV (3)

where r is the density, t is the surface traction, and b is the body
force per unit mass.

Using the Cauchy stress tensor ðsÞ, t ¼ sij$n, and the divergence
theorem,

C. Wang et al. / International Journal of Naval Architecture and Ocean Engineering 12 (2020) 414e427 415



ð

V

V$sijdV þ
ð

V

rbdV ¼ d
dt

ð

V

rvdV

r
dv
dt

¼ rx
·· ¼ V$sij þ rb ¼ sij;j þ rb (4)

Using the total energy (E), which is the sum of kinetic energy
and internal energy,

r
dE
dt

¼sij _εij þ rbv (5)

In LS-DYNA, the modified energy equation for the explicit solver
(Eq. (6)) is integrated in time and is used for the equation of state
evaluation and a global energy balance:

r
dE
dt

¼Vsij _εij � ðpþ qÞ _V (6)

where V is the relative volume, which is the determinant of the
Jacobian, p is the hydrostatic pressure, and q is the bulk viscosity.

As the FEM is used to solve the weak form of the momentum
equation (principle of virtual work), it can be written as,

dp¼
ð
vr€xidxidV þ

ð
vsijdxi; jdV �

ð�
vrbdxidV �

ð
stdxidS

�

(7)

For time integration, the central-difference method is adopted
in LS-DYNA, which is shown in Eq. (8):

€Ut ¼ 1
Dt2

ðUt�Dt �2Ut þUtþDtÞ

_Ut ¼ 1
2Dt

ð�Ut�Dt þUtþDtÞ (8)

where Dt is the time step size.

2.2. Penalty function method

The penalty function method is used for contact (between La-
grangians) and coupling (between Lagrangian and Eulerian) in the
simulation (Wang and Derradji-Aouat, 2010). The calculation
principle of the penalty function algorithm is relatively simple,
accurate with regard to conservation, and easy to program. More-
over, it avoids the hourglass effect, and the collision and release
conditions do not need to be set. Thus, the penalty functionmethod
is widely used in LS-DYNA. The contact force of the penalty function
is calculated as follows:

F ¼ kd (9)

where k is the stiffness factor and d is the penetration distance.
The stiffness k is determined as follows:

k¼ pf
KA2

V
(10)

where pf is the scale factor for the interface stiffness, K is the bulk
modulus, A is the face area, and V is the volume of the master
segment.

2.3. ALE method

ALE is used to assess the FSI problem based on the penalty

method. The principle of the ALE method is that a Lagrangian
structure (spatial domain) overlaps a Eulerian computational
domain (reference domain), and the word “arbitrary” means the
reference frame is moving at an arbitrary velocity. The ALE method
uses the operator split technique to perform a two-step computa-
tional cycle: First, a Lagrangian step is taken. Second, the state
variables of the deformed material configuration are mapped back
onto the reference meshdthis is called an advection step. The
conservation of mass, momentum, and energy together with ma-
terial constitutive equations are used to solve the state variables.

The basic ALE formulation is

vJ
vt

¼ J
vvi
vxi

(11)

where J is the Jacobian, which is the relative differential volume
between two domains.

The material time derivatives in ALE are given by

vbr

vt
¼ b

·
�w

vf
vx
; (12)

where br means that b is expressed as a function of the reference
domain.

Thus, the ALE equations for conservation of mass, momentum,
and energy are as follows:

vrr

vt
¼ � r

vui
vxi

�wi
vr

vxi

vuir

vt
¼ �

sij;j þ rbi
�� rwj

vui
vxj

ver

vt
¼ �

sijui;j þ rbiui
�� rwj

ve
vxj

(13)

3. Numerical setup

3.1. Ship model

The calculation object is an ice-area reinforced bulk carrier, and
the collisions between the ice floes and the model ship are
numerically simulated in LS-DYNA. The outline, scale, and geo-
metric parameters of the model ship are consistent with the liter-
ature (Luo et al., 2016), and Table 1 presents the principal
dimension parameters. The material of the model set in LS-DYNA is
a rigid material, *MAT_RIGID (020), and no deformation is
considered. The density of the hull material is 7800 kg/m3; elastic
modulus is 0.8 � 1010 Pa, and Poisson's ratio is 0.3 (In LS-DYNA, the

Table 1
Principal dimension parameters of the model ship.

Parameter Unit Model Ship

Scale ratio e 45
Overall length M 5.00 225
Breadth M 0.72 32.25
Depth M 0.45 20.10
Scantling draft M 0.32 14.45
Designed draft M 0.28 12.40
Designed speed m/s 1.150 7.716
Block coefficient Cb e 0.86
Mid-ship section coefficient Cm e 0.997
Water plane coefficient Cwp e 0.942
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material *MAT_RIGID is applied to an object to ignore the defor-
mation phenomenon and greatly reduce calculation time. Simul-
taneously, the Young's modulus and Poisson's ratio of the material
are allowed to be defined as real values to calculate the realistic
contact forces. This is an idiomatic method in simulations based on
LS-DYNA, such as Wang and Derradji-Aouat (2011) and Kim et al.
(2013). In the simulation, the freedom of the model is restricted.
Only one degree of freedom is allowed: the sailing direction. The
other five degrees of freedom (i.e., sway, heave, roll, pitch, and yaw)
are set to 0.

3.2. Ice model

In the simulation, the ice floes with the same distribution law of
sizes as the nonfrozen ice model made of paraffin by Luo et al.
(2016) are modeled. The ice floes with different sizes have the
thickness of 0.02 m (equivalent to a real scale of 0.9 m). The ma-
terial of the model ice is set as * MAT_ELASTIC; therefore, the
deformation of ice is allowed. The density of the model ice material
is 910 kg/m3; Young's modulus is 0.1 GPa, and Poisson's ratio is
0.33. The scale ratio is 45, and the scaling laws can be obtained by
referring to Timco and Frederking (1984). The ice floes in six
different sizes are divided into regular hexahedral elements with
Hypermesh, as shown in Fig. 1. In addition, the specific sizes and
distribution of ice floes in different sizes are the same as those in
the study by Luo et al. (2016), as shown in Fig. 2.

3.3. Shipeiceewater coupling model

Establishing a finite element coupling model in LS-DYNA re-
quires the establishment of a shipeice collision model, iceewater
coupling model, and air-water coupling model. Table 2 presents
the material parameters of the air and water models.

To achieve a certain ice floe concentration, the ice floes are ar-
ranged in a fixed MIZ according to the distribution law of the ice
model for different sizes. As shown in Fig. 3, the position distri-
bution of ice floes with different sizes is random at a certain range.
The dimensions of the air/water region were 15 m long � 3 m
wide � 1.2 m deep; the top 0.3 m was air. Based on the ice con-
centration map provided in the literature (Lemke, 2009) (Fig. 4),
three concentrations were considered: 60 %, 80 %, and 90 %.

The ship is regarded as a rigid body, and the ice is allowed to
deform but cannot not be broken. An automatic surface-to-surface
contact is used between the ship and ice and between ice and ice.
Certain velocity loads in the X direction are added to the ship for it
to perform a uniform linear motion in the X positive direction. The
displacements of the ship in the Y and Z directions are restrained.
Furthermore, the moving boundary of the ice floes are restrained
from leaving the fluid field. To ensure the practical behavior of
water and objects in the simulation process, gravitational acceler-
ation was applied to all elements of the mesh model to generate an

appropriate hydrostatic pressure gradient in water (Fig. 5), and
appropriate buoyancy of floating objects (ship and ice floes). We
used 8 CPU processors for each case. In addition, the run time is
about 10 days for each condition (one condition corresponds to one
case). Multiple cases are run simultaneously to reduce the total
calculation time.

4. Verification of the method

4.1. Experimental research

As shown in Fig. 6, a test (Luo et al., 2016) was conducted in the
towing tank at Harbin Engineering University. The tank had di-
mensions of 108 m � 7 m � 3.5 m, and the maximum speed of the
carriage was 6.5 m/s. The model ice floes were arranged within a
certain range in the tank to form a similar environment as the MIZ,
and the resistance performance of the ship model navigation was
evaluated. By adjusting the effective length of the simulated MIZ,
three ice floe concentrations were obtained: 60 %, 80 %, and 90 %.
Experiments were carried out at different speeds: 0.537, 0.844,
1.150, and 1.304 m/s.

Fig. 7 shows themodel of a reinforced bulk carrier, working in an
ice zone that was used in the test. This type of shipmainly navigates
sea routes covered with ice floes in spring and autumn. The
breakage of the model ice is not considered. Paraffin was used as
the material for the nonfrozen model ice because it is easy to form,
and its density and friction coefficients are similar to those of frozen
ice. Fig. 8 shows the ice model made from paraffin in different sizes.

4.2. Phenomena of shipeiceewater interaction

The post-processing software LS-PREPOST is applied to clearly
observe typical physical phenomena in the wake of a ship, such as
accumulation, slipping, overturning, and distribution of ice floes. As
shown in Fig. 9, the numerical simulation fully reflects the

Fig. 1. Mesh model of ice floes with six different sizes.

Fig. 2. Model ice size distribution.

Table 2
Material parameters of the air and water models.

Parameter Air Water

Material type *MAT_NULL *MAT_NULL
Element type SOLID164 SOLID164
State equation *EOS_LINEAR_POLYNOMIAL *EOS_GRUNEISEN
Density 1.25 kg/m3 1000 kg/m3

Viscosity coefficient 1.74e-5 0.9e-3
Pressure cutoff value �10 �10
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phenomena of a ship sailing in theMIZ, which is in good agreement
with the model test. When the ship is sailing in the MIZ, the bow
first comes in contact with some ice floes, which tend to move
forward under the action of thrust and buoyancy. At a low ship
speed or high ice floe concentration, these ice floes overlap and
accumulate under the bow because the kinetic energy from the
impact of the boweice collision is too small, or the gap between the
ice floes is insufficient to keep them away from the bow (Fig. 9(a)).
Moreover, the bow pushes some of the ice floes along the side of the
ship; this makes them slide behind the ship and results in the
slipping of the ice floes (Fig. 9(b)).

When an ice floe is subjected to the resistance of other ice floes
and the impact force from the boweice collision, these uneven
forces cause overturning to unload their effect (Fig. 9(c)). Based on
the accumulation, overturning, and slipping of ice floes in the

model test and numerical simulation, most of the ice floes that
accumulate and slip are small- and medium-sized. With uneven
forces, larger ice floes are more prone to overturn. This is because
the inertia and kinetic energy of smaller ice floes are relatively
smaller, and their state of motion is greatly influenced by the wave-
making of ship hulls. When a smaller ice floe collides with the hull,
the distance between the edge and center of mass is small, which
leads to a smaller momentum. Thus, it is less likely for smaller ice
floes to overturn. In summary, finite element numerical simulation
based on the fluidesolid coupling method is used to comprehen-
sively model a ship sailing among the ice floes in the MIZ. The
overall phenomena and detailed characteristics of the shipeice
interaction are in good agreement with the test results.

We noticed that there are some ice floes attached to the bow in
the simulation (Fig. 9(b) and (c)), and Fig.10 (a)e(d) show the reality
of this simulated phenomenon. When the ship sails in the water
covered with ice floes, ice floes tend to pile up at the bow. At this
moment, some ice floes close to the bow get attached to the bow.
This phenomenon is caused by the viscous effect of water (between
the bow and ice floes attached to the bow) and simultaneous
squeezing effect of the bow and outer ice floes on the ice floes close
to the bow.

4.3. Ice resistance

Ice resistance is defined as the time average of all longitudinal
forces due to ice acting on the ship (Hu and Zhou, 2015). It is an
important factor for measuring the resistance performance of ice-
going ships. Fig. 11(a) and (b) show the numerical simulation re-
sults for the ice resistance under different conditions. The ice
resistance of the hull increases with the model speed or ice
concentration.

To clarify the percentage deviation of the numerical ice resis-
tance from the experimental ice resistance, the curves of the ice
resistance against the speed at different concentrations in the
model test and numerical simulationwere compared to analyze the
error between them, as shown in Fig. 12. (Lee et al., 2013) used two

Fig. 3. Shipeiceewater coupling model.

Fig. 4. Ice concentration map with AMSR-E off Wilkes Land as of 8 October 2007.

Fig. 5. Hydrostatic pressure gradient in water.
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ships with different bow shapes to simulate the ship resistance in
an ice floe zone and the percentage deviation of the numerical ice
resistance from the tested one is 9 %e18 %. Fig. 11 shows that the
percentage deviation of the numerical ice resistance from the ice
resistance in the model test in this study is 1.09 %e34 %. Thus, in
terms of ice resistance, the numerical simulation method in our
study can be considered to have the same level of accuracy as the
model test with respect to uncertainty in the interaction of the hull
and randomly distributed ice.

Based on Fig. 12, the probability distribution of model speeds at
different concentrations with a corresponding value of percentage
deviations less than 15 % is analyzed. The midpoints of the interval
in the probability distribution histogram are 0.5, 1.0, and 1.5 m/s,
and the radius of the interval is 0.25 m/s, as shown in Fig. 13. The
reliability of the numerical simulation results is found to be
strongly related to the model speed. The probability of percentage
deviation being less than 15 % at various concentrations is maxi-
mized at a model speed of 0.75e1.25 m/s.

5. Nonstationarity of ice loads

5.1. Stress distribution of ice floes

To better understand the impact of ship navigation on ice floes
at different ice concentrations and model speeds, the numerical
simulation results for the highest and lowest concentrations and
speeds are selected for ice stress analysis, as shown in Figs. 14 and
15. The fringe levels represent the magnitude of stress (Von Mises
stress) and the unit is Pa. Under the four different stress distribu-
tions of ice floes depicted in Figs. 14 and 15, the stress in ice floes
near the bow is evidently higher than that at other locations, which
was verified by Chai et al. (2018), based on probabilistic methods.
There are different levels of stress equivalent regions with obvious
fringe level differences. The stress decreases with distance from the
hull surface until it is the same as that of the area unaffected by the
shipeice interaction to form a contour line as a boundary. The area
from this boundary to the waterline is defined as the effective area
of shipeice collision in this study. In the process of interaction, the
ice floes directly in contact with the bow surface absorb the mo-
mentum first generated during the shipeice collision (i.e., the
initial momentum). There are several extreme points of stress
appearing in these ice floes and an obvious area of stress gradient
around each extreme point. The specific positions of these extreme
points are related to the orientations and the positions of ice floes
along the waterline, which determine the size of the shipeice
contact area and the positions of shipeice collisions, respectively.
As shown in Fig. 14(b), a smaller shipeice contact area increases the

stress value at the contact point of an ice floe. This is why the
extreme stress point A appeared (ice-ship collision occurs at a
corner of an ice block). Besides, a shipeice collision point closer to
the stem increased the model speed component at the contact
point, which resulted in a greater initial momentum and ice stress.
This is why the extreme stress point B appeared as shown in
Fig. 15(b).

The initial momentum is transmitted to the external ice area
through direct contact between the ice floes and shipeiceewater
interaction. During the process of momentum transfer, some mo-
mentum is absorbed by ice floes to slip or overturn like the phe-
nomena described in Section 4.2, and it is absorbed by water under
the action of wave-making until the initial momentum is exhaus-
ted; this forms the effective area of shipeice interaction and the
boundary of stress equivalence. By comparing Fig. 14(a) with
Figs.14(b) and Fig.15(a) with Fig. 15(b), it can be seen that when the
concentration is maintained, collisions become more intense at
higher speeds. If the masses of the model ship and ice floes are
assumed to remain unchanged, a greater initial momentum and
higher values at extreme points of stress will be generated near the
bow at higher speeds. Moreover, a greater initial momentum
generally increases the stress of the ice floes in the effective area of
shipeice collision, which forms more extensive boundaries of
stress equivalence.

By comparing Fig. 14(a) with Fig. 15(a) and Fig. 14(b) with
Fig. 15(b), it can be seen that at the same model speed and an
increasing ice floe concentration, the initial momentum generated
by a collision is constant for a given ice floe because of the constant
collision velocity, ship, and ice mass; this results in stress extremes
with basically the same value. However, increasing the ice floe
concentration increases the size of the effective area of collision.
When the ice floes are arranged more densely, they contact each
other more closely. For a given initial momentum, more mo-
mentum can be transmitted through direct contact between the ice

Fig. 8. Ice model in different sizes made from paraffin.

Fig. 7. Ship model of an ice-area reinforced bulk carrier.

Fig. 6. Experimental setup for the test in the simulated MIZ.

C. Wang et al. / International Journal of Naval Architecture and Ocean Engineering 12 (2020) 414e427 419



floes; this reduces the momentum dissipation during wave-making
and slows down the rate of energy decline; therefore, a larger
effective area of shipeice collision is formed.

Fig. 15(b) shows that the strip area a with higher stress values
forms in front of the stem and extends along the moving direction
of the ship when the ice floe concentration and model speed are
both high. This is because, compared with the other extreme stress
points C and D, the ice blocks behind point B are arranged neatly
along the direction of the initial momentum, which maximizes the
size of the contact area between ice floes and slows down the

attenuation of the initial momentum. Therefore, the stress distri-
bution of ice, when a ship is sailing in the MIZ, is closely related to
the arrangement of the ice floes.

5.2. Extreme ice loads in time histories

When the model ship sails in broken ice floes, it is subjected to
the instantaneous ice force of oscillation from the time-varying ice
loads from shipeice collisions. Fig.16 shows the time histories of ice
loads in the LS-DYNA simulation under various conditions. The

Fig. 9. Comparison of phenomena in the numerical simulation and model test.
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forceetime curves from themodel test are also shown in the figures
for comparison. Considering the randomness of ice loads, the
trends of the forceetime curve of the numerical simulation and
model test are basically the same. As for the comparison of the load
value, the error of ice resistance is analyzed in Section 4.3. However,
it can be observed that the oscillating periods of instantaneous
resistance are generally smaller in the LS-DYNA numerical simu-
lation than those in the model test.

A possible reason can be explained as follows. We noticed that
waves generated around a ship as it sails have a nonneglected effect
on ship-ice collision. Ice floes are highly sensitive and susceptible to
waves and some ice floes moved away from the hull because of
collisions with each other (Fig. 8 in Luo et al., 2016). As a result, the
number of ice floes around the hull decreased and the interaction of
friction and collision between the hull and the ice floes was rela-
tively weakened. However, it is difficult to see any obvious waves in
the simulation (Fig. 9). This is because the LS-DYNA does not have a
full CFD solver such as in the NaivereStokes solver, thereby causing
hydrodynamic calculations to be estimated using the penalty
method. Further, this leads to a defect of this software to simulate a
hydrodynamic phenomenon and hydrodynamic loads on struc-
tures (Wang and Derradji-Aouat, 2010; Kim et al., 2013). Fluids are
modeled using dynamic viscosity and Equations of State (EOS) with
a null material model. The EOS is used to describe the relationship
between pressure, density, and internal energy; further, the EOS is
based on the first law of thermodynamics and described experi-
mentally. Water is set as a medium to obtain ship and ice appro-
priate buoyancy and help calculate the motion after detecting
contacts among structures. The flow characteristics of the water
itself are not fully considered; however, the flow of water in the
shipeiceewater interaction play a role in accelerating ice floes
away from the hull and delayed shipeice collisions in practice.
Thus, the ship-ice contacts are denser in the simulation, which
result in denser peak values and smaller oscillating periods. This

defect is also reflected in that the values of higher peaks in the
simulation are generally far larger than those in themodel test at 90
% concentration. The “ice pressure” phenomenon (Wright, 2000,
explained in the next paragraph) would become more intense to
make the ice force larger if there is weaker effect of water flow on
the outward displacement of ice.

Because ice-induced loads are associated with a high degree of
randomness and nonstationarity, it is critical to extract effective
parameters from time histories to study the characteristics of ice
loads on ship hulls. The extreme ice loads by cycle ice loading are an
important issue for ice class ships with respect to reliability-based
design and operation of ice-capable vessels. Most previous studies
about extreme ice loads were based on statistical methods and
devoted to build a probabilistic model of ice load peaks on the ship
hulls (Suyuthi et al., 2013, 2014; Chai et al., 2018). For a simpler and
easier method, Sun and Shen (2012) defined the significant force
(F1/3) as the mean of the highest one-third of the impact forces over
one wave period in a simulation of pancake ice load on a circular
cylinder in a wave and current field. The significant ice load F1/3
under five wave heights and two cylinder sizes, with and without a
superimposed current, were compared. A series of tests studying
the ice forces acting on a towed ship in level ice were carried out by
Liu et al. (2018). They showed the time history of the longitudinal
ice force with an envelope of the summation, obtained by finding
the peak values at highest and lowest points, to separate different
components of the ice force. Inspired by this method, a similar
envelope of the summation is plotted on time histories as shown in
Fig. 16. The difference to the previous study is that there was no ice-
breaking force when the ship sailed in broken ice fields, as the ice
floes were considered unbreakable.

According to Jones (1987), the total force in breakable ice con-
ditions can be divided into four components, as follows:

Fig. 10. Ice floes attached on the bow.
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Ft ¼ Fbr þ Fc þ Fb þ Fow (14)

where Ftb ¼ total force in breakable ice, Fbr ¼ force due to breaking
the ice, Fc ¼ force due to clearing the ice, Fb ¼ force due to buoyancy
of the ice, and Fow ¼ force due to openwater. The clearing force Fc is
due to the ice block rotation, ventilation, and acceleration after
shipeice collision, along with the process of pushing the ice blocks
away. The buoyancy force Fb can be determined by only considering
the effect of the sliding friction.

However, the total ice load in broken (unbreakable) ice fields
should not only include the left three components (Fc, Fb, and Fow)
after taking off the ice-breaking force Fbr from the total ice load in
the breakable ice fields. For ice-going ships, sailing in the broken ice
fields during the entire process and sailing in water covered with
broken ice after the ice-breaking process in the breakable ice fields
are two different situations in terms of ice loads. This is because
when the ship interacts with breakable ice, ice can be broken to
absorb the initial momentum of the shipeice collision (mentioned
before in Section 5.2), producing the ice-breaking force Fbr that acts
on the hull. None of the left three components in the equation (Fc,
Fb, and Fow) contain any force component related to the initial
momentum. Even if there are collisions between the ship hull and
the broken ice blocks after the ice-breaking process, the ice blocks
colliding with the hull are already accelerated in the sailing direc-
tion, so that the intensities of subsequent collisions are much lower
than those of the initial collisions. Therefore, when the ship sails in

an area with broken ice floes, a force is generated along with the
release of the initial momentum in a shipeice collision that differs
from the subsequent collision with the same ice floe.

Therefore, for clearer expression, we define Fco in Eq. (15) as the
colliding force acting on the ship by ice floes colliding with the hull
during each shipeice collision. The total ice load in an unbreakable
ice floe field is as follows:

Ftub ¼ Fco þ Fc þ Fb þ Fow (15)

where Ftub ¼ total force in unbreakable ice; Fco ¼ force due to initial
collision between ship and ice floes. The left parameters have the
same meanings as in Eq. (14).

The envelope plotted on the time histories of ice loads are
shown in Fig. 16. Both the upper and lower boundaries are pre-
sented in the forceetime curves of the simulation. When choosing
the peak point, the envelope curve should be as smooth as possible.
The colliding force Fco is transient and abrupt, while the clearing
force Fc, buoyancy force Fb, and open-water resistance Fow are
relatively stable and cannot be changed to a large extent rapidly.
Thus, the upper limit can be taken as the colliding force Fco, while
the lower limit can be taken as the sum of Fc, Fb, and Fow. The
forceetime curves in Fig. 16 also show that increasing either the
model speed or ice floe concentration makes shipeice collisions
more frequent; this results in smaller oscillating periods and more
peaks.

To analyze the relationship between the upper limit of ice loads

Fig. 12. Curves of the resistance average against the speed at different concentrations.

Fig. 11. Ice resistances under various conditions.
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(Fco) and velocity or concentration, the average value of the peaks in
the upper boundary was calculated, and the highest point was
extracted as the extreme ice load under each condition. As shown
in Fig. 17(a), when the number of ice floes is constant, a greater
model speed increases either the extreme ice load or average value

of Fco. The speed directly affects the colliding force between the
ship and each ice floe. The initial momentum of the shipeice
collision increases with the model speed, which directly increases
the colliding force. As shown in Fig. 17(b), the extreme ice load or
average value of Fco increases with ice concentration. The ice blocks
are arranged more closely at higher concentrations, so that the
superimposed contact forces caused by ship collisionwith multiple
ice floes are applied on the ship hull simultaneously, which results
in larger ice loads. The curves were steepened from 80 % concen-
tration to 90 % concentration. This is because the “ice pressure”
phenomenon occurred at 90 % concentration. This is reasonable
according to Wright (2000). Owing to the “ice pressure” effect, ice
floes easily accumulate, and ice pressure builds up. Consequently,
the concentration at the contact area is changed more than the
designed concentration (Wang and Derradji-Aouat, 2011). There-
fore, the number of ice floes is larger than that at 90 % concentra-
tion, resulting in excessive ice loads.

5.3. FFT of ice loads

When a ship navigates in an ice zone, characterizing ice loads
with regard to the average value or instantaneous value will not
suffice. The frequency of these loads is important. The characteristic
frequency of ice loads during a continuous crushing action between
a rigid structure and an ice sheet was first studied by Sodhi and
Morris (1986); since then, several studies have been conducted
on this subject. They defined the dominant frequency of the ice
force variations as the “characteristic frequency of ice failure.”
Based on their research, Liu et al. (2017) applied a peridynamic
model to simulate the interaction of level ice and a cylindrical

Fig. 15. Stress distribution of ice floes at 90% concentration.

Fig. 14. Stress distribution of ice floes at 60% concentration.

Fig. 13. Histogram of the speed probability distribution when the percentage deviation
is less than 15%.
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Fig. 16. Comparison of transient curves for resistance under various conditions.
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structure at different moving velocities. They used fast Fourier
transforms to transform the force records from a time to a fre-
quency domain, and they found that the characteristic ice failure
frequencies increased with the increase in the velocities of the
moving vertical structure. However, the ice load frequency during

ship sailing in water covered with ice floes has not been well
studied. Sun and Shen (2012) used DEM to simulate the impact of
pancake ice floes on cylindrical piles rigidly attached to the sea
floor. The most dominant frequency, i.e., the frequency that con-
tained the highest of the ice impact energy, appeared to always be

Fig. 17. Extreme and average value of ice load peaks under different conditions.

Fig. 18. FFTs of ice force data with different concentrations at different model speeds.
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twice that of the wave frequency.
The ice force data for different model speeds and ice floe con-

centrations are transformed into a frequency domain by the fast
Fourier transform, as shown in Fig. 18(a)e(d). The ship is subjected
to an ice load oscillated within a certain range. At 60 % and 80 %
concentration, the dominant frequency can be clearly observed
along with an extreme value of amplitude. With an increase in the
ice load concentration, the distinct extremum of the amplitude
gradually diverges into several peaks. This is possibly caused by the
“ice pressure” as well. At 90 % concentration, the effective con-
centration at the contact area increases randomly. Then, according
to Sun and Shen (2012), the most dominant frequency corresponds
the highest ice impact energy. If the velocity is constant, the ice
impact energy depends on the ice load concentration. Therefore,
there is a characteristic dominant frequency for a certain concen-
tration at the same navigational speed. As a result, the time-varying
concentration, at high concentrations (at least 90 %), will lead to
different characteristic frequencies during the entire sailing pro-
cess. These different characteristic frequencies correspond to the
diffuse peaks marked in Fig. 18. However, the values of the char-
acteristic frequencies are generally larger at higher model speeds.
In summary, when a ship sails in an area with broken ice fields,
higher ice floe concentrations (at least 90 %) will cause diffuse
peaks in the spectrum, rather than a typical extremum under a
dominant frequency, while higher sailing speed will generally in-
crease the values of the characteristic frequencies.

6. Conclusions and future work

Based on the commercial FE package LS-DYNA, in this study, the
motion phenomena of ice floes, ice floe stress, and certain other
meaningful characteristics of ice loads during ship sailing in areas
with broken ice floes are comprehensively analyzed. The ice model
is deformable and the model proposed by Wang and Derradji-
Aouat (2011) is improved in that the “ice pressure” phenomenon
occurred at an appropriate concentration (90 %) according to both
the time-domain and frequency-domain ice force curves. This ice
pressure phenomenon occurred at a slightly too low concentration
(80 %) due to rigid ice modeling in the original model. The specific
conclusions are as follows:

(1) The numerical simulation method based on the ALE and
penalty function in LS-DYNA agrees well with the model test
in terms of both shipeiceewater interaction phenomena and
ice resistance. The percentage deviation of the numerical ice
resistance from the experimental values was in the range of
2.2e34 %. The deviation was smallest (less than 15 %) at a
model speed of 0.75e1.25 m/s. With regard to uncertainty
and randomness of ice loads, the developed method is
feasible and has important reference value for designing
ships sailing in broken ice fields. Thus, it has high potential
applicability.

(2) In terms of shipeiceewater interaction phenomena, the ice
floes tend to overlap, accumulate, and overturn at the bow
and slip along the side of the ship. Most ice floes that accu-
mulate and slip are small and medium-sized, and larger ones
are more prone to overturning.

(3) The stress distributions of ice floes under four typical con-
ditions are analyzed to help understand how the model
speed and ice concentration affects the ice loads, respec-
tively. The initial momentum, the effective area of shipeice
collision, and the extreme stress point are interpreted to
further the analysis. When a ship sails in broken ice fields,
the ice floes directly contacting the bow surface absorb the
initial momentum to form several extreme stress points

during a shipeice collision. The initial momentum can be
transmitted to the external ice area through direct contact
between ice floes and the shipeiceewater interaction. As a
result, an effective area of the shipeice collision forms along
with themomentum dissipation. This means that at a greater
speed, a greater initial momentum is generated, and extreme
stress points with higher stress values appear in the ice floes.
Moreover, increasing the ice floe concentration increases the
size of the effective area of collision.

(4) The trend of time histories of ice loads in the LS-DYNA
simulation under various conditions is essentially the same
as that in the model test. The envelope of the summation in
time histories of ice loads is drawn to separate the ice force
components. The colliding force Fco is defined to describe the
force generated at the moment when the initial momentum
is released. As a result, the upper boundaries of the envelope
can be taken as the colliding force Fco, while the lower
boundaries can be taken as the sum of the clearing force Fc,
buoyancy force Fb, and open-water resistance Fow. Further-
more, the effect of model speed and concentration on Fco can
be determined. A greater model speed increases either the
extreme ice load or the average value of Fco. This rule of in-
fluence on ice loads also applies to the ice concentration
except for the steep slope of the curve at a high concentration
due to the “ice pressure.”

(6) The force data of ice loads are transformed by the fast Fourier
transform routine at different model speeds and ice floe
concentrations. In the frequency spectrum, the dominant
frequency corresponding to an extreme value of amplitude at
low concentration (60 %, 80 %) and the diffused peaks at 90 %
concentration can be clearly observed. The analysis
concluded that a higher ice floe concentration (at least 90 %)
would cause diffuse peaks in the spectrum of ice loads, rather
than a typical extremum under a dominant frequency under
the condition of low concentrations, while a higher sailing
speed generally increases the values of the characteristic
frequencies.

More practical methods for simulating fluidesolid interactions
will be investigated for ice-going ships in the future. Future studies
will also focus on improving the hydrodynamic calculation used in
this numerical simulation method and provide a more accurate
simulation of the three-phase shipeiceewater coupling. Further-
more, the deformable ice model is, as a preliminary attempt, simply
defined as an elastic material in this study. This model should be
optimized by considering the complex properties of ice at different
temperatures, taking into account its size and other conditions.

Declaration of competing interest

The authors declare that they have no known competing
financial interests or personal relationships that could have
appeared to influence the work reported in this paper.

Acknowledgment

This research was financially supported by the National Natural
Science Foundation of China (Grant Nos. 51809055, 51679052,
51639004), the Heilongjiang Postdoctoral Fund (Grant No. LBH-
Z18051), the High technology ship of MIIT (Grant No. 2017-614),
and the Defense Industrial Technology Development Program
(Grant No. JCKY2016604B001).

C. Wang et al. / International Journal of Naval Architecture and Ocean Engineering 12 (2020) 414e427426



References

Chai, W., Leira, B., Naess, A., 2018. Short-term extreme ice loads prediction and
fatigue damage evaluation for an icebreaker. Ships Offshore Struct. 13, 127e137.

Guo, C.Y., Li, X.Y., Wang, S., Zhao, D.G., 2016. A numerical simulation method for
resistance prediction of ship in Pack ice. J. Harbin Eng. Univ. 37 (2), 145e150,
156. (in Chinese).

Hu, J., Zhou, L., 2015. Experimental and numerical study on ice resistance for ice-
breaking vessels. Int. J. Nav. Architect. Ocean Eng. 7, 626e639.

Jones, S.J., 1987. Ice Tank Test Procedure at the Institute for Marine Dynamics.
Institute for Ocean Technology, National Research Council of Canada. Report No.
LM-AVR-20.

Ji, S., Li, Z., Li, C., Shang, J., 2013. Discrete element modeling of ice loads on ship hulls
in broken ice fields. Acta Oceanol. Sin. 32 (11), 50e58.

Kim, J., Kim, Y., Kim, H., Jeong, S., 2019. Numerical simulation of ice impacts on ship
hulls in broken ice fields. Ocean Eng. 180, 162e174.

Kim, M.C., Lee, S.K., Lee, W.J., Wang, J.Y., 2013. Numerical and experimental inves-
tigation of the resistance performance of an icebreaking cargo vessel in pack ice
conditions. Int. J. Nav. Architect. Ocean Eng. 5, 116e131.

Lee, S.G., Zhao, T., Kim, G.S., et al., 2013. Ice resistance test simulation of arctic cargo
vessel using FSI analysis technique. In: Proceedings of the 23rd International
Offshore and Polar Engineering Conference. International Society of Offshore
and Polar Engineers, Anchorage, Alaska.

Lemke, P., 2009. Reports on Polar and Marine Research Vol. 586, the Expedition of
the Research Vessel “Polarstern” to the Antarctic in 2006 (ANT-XXIII/7), with
Contributions of the Participants. Alfred-Wegener-Institute for Polar and Ma-
rine Research, Bremerhaven, Germany, p. 145.

Liu, M., Wang, Q., Lu, W., 2017. Peridynamic simulation of brittle-ice crushed by a
vertical structure. Int. J. Nav. Architect. Ocean Eng. 9, 209e218.

Liu, R.W., Xue, Y.Z., Lu, X.K., et al., 2018. Simulation of ship navigation in ice rubble
based on peridynamics. Ocean Eng. 148, 286e298.

LS-DYNA, 2006. Theoretical Manual. Livermore Software Technology Corporation,
USA.

Luo, W.Z., Guo, C.Y., Wu, T.C., et al., 2016. Experimental research on resistance and
motion attitude variation of shipewaveeice interaction in marginal ice zones.
Mar. Struct. 58, 399e415.

Millan, J., Wang, J., 2011. Ice force modeling for DP control systems. In: Dynamic
Positioning Conference 2011. Houston, Texas, USA.

Sodhi, D.S., Morris, C.E., 1986. Characteristic frequency of force variations in
continuous crushing of sheet ice against rigid cylindrical structures. Cold Reg.
Sci. Technol. 12 (1), 1e12.

Sun, S., Shen, H., 2012. Simulation of pancake ice load in a circular cylinder in a
wave and current field. Cold Reg. Sci. Technol. 78, 31e39.

Suyuthi, A., Leira, B.J., Riska, K., 2013. Statistics of local ice load peaks on ship hulls.
Struct. Saf. 40, 1e10.

Suyuthi, A., Leira, B.J., Riska, K., 2014. A generalized probabilistic model of ice load
peaks on ship hulls in broken-ice fields. Cold Reg. Sci. Technol. 97, 7e20.

Timco, G.W., Frederking, R.M.W., 1984. An investigation of the failure envelope of
granular/discontinuous-columnar sea ice. Cold Reg. Sci. Technol. 9, 17e27.

Wright, B., 2000. Full Scale Experience with Kulluk Stationkeeping Operation in
Pack Ice (With Reference to Grand Banks Developments). PERD/CHC Report,
pp. 25e44.

Wang, J.Y., Derradji-Aouat, A., 2010. Ship Performance in Broken Ice FloesePreli-
minary Numerical Simulations. Institute for Ocean Technology, National
Research Council, St. John’s, NL, Canada.

Wang, J.Y., Derradji-Aouat, A., 2011. Numerical assessment for stationary structure
(Kulluk) in moving broken ice. In: Proceedings of the 21st International Con-
ference, Port and Ocean Engineering under Arctic Conditions. POAC, Montr�eal,
Canada.

Zhang, J., Schweiger, A., Steele, M., et al., 2015. Sea ice floe size distribution in the
marginal ice zone: Theory and numerical experiments. J. Geophys. Res. Oceans
120 (5), 3484e3498.

C. Wang et al. / International Journal of Naval Architecture and Ocean Engineering 12 (2020) 414e427 427

http://refhub.elsevier.com/S2092-6782(20)30003-0/sref1
http://refhub.elsevier.com/S2092-6782(20)30003-0/sref1
http://refhub.elsevier.com/S2092-6782(20)30003-0/sref1
http://refhub.elsevier.com/S2092-6782(20)30003-0/sref2
http://refhub.elsevier.com/S2092-6782(20)30003-0/sref2
http://refhub.elsevier.com/S2092-6782(20)30003-0/sref2
http://refhub.elsevier.com/S2092-6782(20)30003-0/sref2
http://refhub.elsevier.com/S2092-6782(20)30003-0/sref3
http://refhub.elsevier.com/S2092-6782(20)30003-0/sref3
http://refhub.elsevier.com/S2092-6782(20)30003-0/sref3
http://refhub.elsevier.com/S2092-6782(20)30003-0/sref4
http://refhub.elsevier.com/S2092-6782(20)30003-0/sref4
http://refhub.elsevier.com/S2092-6782(20)30003-0/sref4
http://refhub.elsevier.com/S2092-6782(20)30003-0/sref5
http://refhub.elsevier.com/S2092-6782(20)30003-0/sref5
http://refhub.elsevier.com/S2092-6782(20)30003-0/sref5
http://refhub.elsevier.com/S2092-6782(20)30003-0/sref6
http://refhub.elsevier.com/S2092-6782(20)30003-0/sref6
http://refhub.elsevier.com/S2092-6782(20)30003-0/sref6
http://refhub.elsevier.com/S2092-6782(20)30003-0/sref7
http://refhub.elsevier.com/S2092-6782(20)30003-0/sref7
http://refhub.elsevier.com/S2092-6782(20)30003-0/sref7
http://refhub.elsevier.com/S2092-6782(20)30003-0/sref7
http://refhub.elsevier.com/S2092-6782(20)30003-0/sref9
http://refhub.elsevier.com/S2092-6782(20)30003-0/sref9
http://refhub.elsevier.com/S2092-6782(20)30003-0/sref9
http://refhub.elsevier.com/S2092-6782(20)30003-0/sref9
http://refhub.elsevier.com/S2092-6782(20)30003-0/sref10
http://refhub.elsevier.com/S2092-6782(20)30003-0/sref10
http://refhub.elsevier.com/S2092-6782(20)30003-0/sref10
http://refhub.elsevier.com/S2092-6782(20)30003-0/sref10
http://refhub.elsevier.com/S2092-6782(20)30003-0/sref11
http://refhub.elsevier.com/S2092-6782(20)30003-0/sref11
http://refhub.elsevier.com/S2092-6782(20)30003-0/sref11
http://refhub.elsevier.com/S2092-6782(20)30003-0/sref12
http://refhub.elsevier.com/S2092-6782(20)30003-0/sref12
http://refhub.elsevier.com/S2092-6782(20)30003-0/sref12
http://refhub.elsevier.com/S2092-6782(20)30003-0/sref13
http://refhub.elsevier.com/S2092-6782(20)30003-0/sref13
http://refhub.elsevier.com/S2092-6782(20)30003-0/sref14
http://refhub.elsevier.com/S2092-6782(20)30003-0/sref14
http://refhub.elsevier.com/S2092-6782(20)30003-0/sref14
http://refhub.elsevier.com/S2092-6782(20)30003-0/sref14
http://refhub.elsevier.com/S2092-6782(20)30003-0/sref14
http://refhub.elsevier.com/S2092-6782(20)30003-0/sref14
http://refhub.elsevier.com/S2092-6782(20)30003-0/sref16
http://refhub.elsevier.com/S2092-6782(20)30003-0/sref16
http://refhub.elsevier.com/S2092-6782(20)30003-0/sref17
http://refhub.elsevier.com/S2092-6782(20)30003-0/sref17
http://refhub.elsevier.com/S2092-6782(20)30003-0/sref17
http://refhub.elsevier.com/S2092-6782(20)30003-0/sref17
http://refhub.elsevier.com/S2092-6782(20)30003-0/sref18
http://refhub.elsevier.com/S2092-6782(20)30003-0/sref18
http://refhub.elsevier.com/S2092-6782(20)30003-0/sref18
http://refhub.elsevier.com/S2092-6782(20)30003-0/sref19
http://refhub.elsevier.com/S2092-6782(20)30003-0/sref19
http://refhub.elsevier.com/S2092-6782(20)30003-0/sref19
http://refhub.elsevier.com/S2092-6782(20)30003-0/sref20
http://refhub.elsevier.com/S2092-6782(20)30003-0/sref20
http://refhub.elsevier.com/S2092-6782(20)30003-0/sref20
http://refhub.elsevier.com/S2092-6782(20)30003-0/sref22
http://refhub.elsevier.com/S2092-6782(20)30003-0/sref22
http://refhub.elsevier.com/S2092-6782(20)30003-0/sref22
http://refhub.elsevier.com/S2092-6782(20)30003-0/sref23
http://refhub.elsevier.com/S2092-6782(20)30003-0/sref23
http://refhub.elsevier.com/S2092-6782(20)30003-0/sref23
http://refhub.elsevier.com/S2092-6782(20)30003-0/sref23
http://refhub.elsevier.com/S2092-6782(20)30003-0/sref24
http://refhub.elsevier.com/S2092-6782(20)30003-0/sref24
http://refhub.elsevier.com/S2092-6782(20)30003-0/sref24
http://refhub.elsevier.com/S2092-6782(20)30003-0/sref24
http://refhub.elsevier.com/S2092-6782(20)30003-0/sref25
http://refhub.elsevier.com/S2092-6782(20)30003-0/sref25
http://refhub.elsevier.com/S2092-6782(20)30003-0/sref25
http://refhub.elsevier.com/S2092-6782(20)30003-0/sref25
http://refhub.elsevier.com/S2092-6782(20)30003-0/sref25
http://refhub.elsevier.com/S2092-6782(20)30003-0/sref27
http://refhub.elsevier.com/S2092-6782(20)30003-0/sref27
http://refhub.elsevier.com/S2092-6782(20)30003-0/sref27
http://refhub.elsevier.com/S2092-6782(20)30003-0/sref27



