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a b s t r a c t

An Arctic Spar is characterized by its conical shape near the waterline. In this case, the nonlinear effects
from its irregular hull shape would be significant if there is either a large amplitude floater motion or
steep wave conditions. Therefore, in this paper, the nonlinear effects of an Arctic Spar are numerically
investigated by introducing a weakly nonlinear time-domain model that considers the time dependent
hydrostatic restoring stiffness and Froude-Krylov forces. Through numerical simulations under multiple
regular and irregular wave conditions, the nonlinear behavior of the Arctic Spar is clearly observed, but it
is not shown in the linear analysis. In particular, it is found that the nonlinear Froude-Krylov force plays
an important role when the wave frequency is close to the heave natural frequency. In addition, the
nonlinear hydrostatic restoring stiffness causes the structure's unstable motion at a half of heave natural
period.

© 2020 Society of Naval Architects of Korea. Production and hosting by Elsevier B.V. This is an open
access article under the CC BY-NC-ND license (http://creativecommons.org/licenses/by-nc-nd/4.0/).

1. Introduction

In 2008, the United States Geological Survey (USGS) estimated
thatmore than 10% of undiscovered oil and 30% of undiscovered gas
in the world are contained in Artic regions. Therefore, new types of
offshore platforms (Chernetsov and Karlinsky, 2006; Murray et al.,
2009; Bruun et al., 2009, 2011; Sablok et al., 2011; Jochmann and
Evers, 2014) that can operate in severe arctic conditions have
been researched. One of the new types of floating platforms is an
Arctic Spar, which has advantages of both a Spar and a conical hull
shape. A hull shape of an Arctic Spar is characterized by its conical
shape around the mean water level so the ice impact can be
reduced by failing ice in bending. In the open water season and ice
season, the draft can be adjusted by ballasting to optimize the Spar
stability.

In a conventional Spar, the water plane area along the hull is a
constant and the linear analysis is applicable to evaluate the global
performance of a conventional Spar. However, due to the irregular
hull shape at the waterline, an Arctic Spar's motion would non-
linearly respond to the wave action, interacting with instantaneous

wave elevation. This nonlinearity, which is caused by a sloping hull
shape, has been researched by many researchers. Cao et al. (2010)
presented a nonlinear numerical method for arbitrary hull
shapes. They accessed the three types of offshore platforms (a cy-
lindrical buoy, a conical arctic buoy, and FPSO) in regular waves as
examples, and a significant nonlinear effect was observed. Guerinel
et al. (2011) developed a numerical algorithm to take nonlinear
hydrostatic and Froude-Krylov forces into account and investigated
a freely floating cone-shaped structure. They found that in both
regular and irregular wave tests, the total wave forces and corre-
spondingmotions clearly showed nonlinearity. They also compared
the results to the one obtained by the linear analysis and found that
there were considerable differences. Dalane et al. (2012) presented
an exact analytic expression for the metacentric height in the open
water condition without waves and calculated the coupled hydro-
static pitch restoring moments for shallow draught conical floaters.
The nonlinearity effect on a floater's motion was investigated by
free-decay tests and compared to linear and Haslum's hydrostatic
modelling (Haslum, 2000). Kumar and Nallayarasu (2016, 2017)
performed both numerical and experimental tests for various hull
shape Spars including a buoy-form Spar, and examined Mathieu-
type instability. However, to the best of the current authors'
knowledge, the nonlinear hydrodynamic effects on the moored
Arctic Spar, which has a deep draft and a conical section at the
waterline, has not been discussed in previous literature.

* Corresponding author.
E-mail address: hjang3@lsu.edu (H. Jang).
Peer review under responsibility of Society of Naval Architects of Korea.

Contents lists available at ScienceDirect

International Journal of Naval Architecture and Ocean Engineering

journal homepage: http: / /www.journals .e lsevier .com/
internat ional- journal-of-naval-architecture-and-ocean-engineer ing/

https://doi.org/10.1016/j.ijnaoe.2020.01.002
2092-6782/© 2020 Society of Naval Architects of Korea. Production and hosting by Elsevier B.V. This is an open access article under the CC BY-NC-ND license (http://creative
commons.org/licenses/by-nc-nd/4.0/).

International Journal of Naval Architecture and Ocean Engineering 12 (2020) 297e313

http://creativecommons.org/licenses/by-nc-nd/4.0/
mailto:hjang3@lsu.edu
http://crossmark.crossref.org/dialog/?doi=10.1016/j.ijnaoe.2020.01.002&domain=pdf
www.sciencedirect.com/science/journal/20926782
http://www.journals.elsevier.com/international-journal-of-naval-architecture-and-ocean-engineering/
http://www.journals.elsevier.com/international-journal-of-naval-architecture-and-ocean-engineering/
https://doi.org/10.1016/j.ijnaoe.2020.01.002
http://creativecommons.org/licenses/by-nc-nd/4.0/
http://creativecommons.org/licenses/by-nc-nd/4.0/
https://doi.org/10.1016/j.ijnaoe.2020.01.002
https://doi.org/10.1016/j.ijnaoe.2020.01.002


In this paper, the nonlinear effects of the hull geometry of an
Arctic Spar is investigated by introducing a weakly nonlinear time-
domain model that considers the time dependent hydrostatic
restoring forces and Froude-Krylov forces in regular and random
waves. The nonlinear FK forces are evaluated at each time step at
the instantaneous body position up to the instantaneous free sur-
face elevation. To model the body nonlinearities, the time-varying
submerged part of the structure corresponding to the 6-DOF plat-
form motions is re-generated in every time step, considering the
interaction of the instantaneous body position with the instanta-
neous wave elevation and kinematics. Based on the newly gener-
ated platform model, time-dependent hydrostatic coefficients and

Froude-Krylov forces are calculated. Numerical results based on
this development are compared to the linear analysis simulation,
and the significance of nonlinear effects on the overall body dy-
namics is discussed. The aims of this paper are the comparison/
validation of the nonlinear numerical model against the conven-
tional linear model, identification of the role of nonlinear effects
regarding the variation of hydrostatic restoring forces and floater
motions, and better understanding of the influences of time-
varying nonlinear force components on structural behaviors. In
the accompanying paper (Jang and Kim, 2019), authors formulated
heave-to-pitch and heave-to-heave Mathieu instability equations
using a mathematical approach for an arctic spar with rapidly-
varying water-plane area and the discussions were focused on
the unstable motions caused by the Mathieu instability
phenomenon.

2. Nonlinear hydrostatic and Froude-Krylov force model

2.1. Nonlinear hydrostatic model

In the current study, by taking an advantage of a time domain
simulation, the instantaneous structure's position interacting with
the instantaneous wave elevation is calculated. Based on this in-
formation, the part of the structure underneath the instantaneous
wave elevation is gridded with 4-point panel vertices. The corre-
sponding time-dependent hydrostatic coefficients can be defined,
as shown below, by adopting the method used in the paper by
Guerinel et al. (2011) and extending it to a 6-DOF floater's motions.

where Sw;iðtÞ is the area of the wetted surface panel, N is the total
number of wetted surface panels, xj;i and nj;i are the centroid and
normal vectors, x0j

is the origin of a body coordinate, xbj is the
center of buoyancy, xgj is the center of mass, m is the mass of a
structure, g is the gravitational acceleration, cðtÞis the submerged
volume, r is the density of water, i denotes the ith panel, and j
denotes the x-, y-, and z-dimensions.

2.2. Nonlinear Froude-Krylov force model

Based on the potential theory, thewave force can be divided into
the diffraction force induced by disturbed incident waves and the
Froude-Krylov force induced by undisturbed incident waves. In this
paper, the nonlinear Froude-Krylov force is considered by directly
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integrating the pressure by undisturbed incident waves over the
instantaneous submerged volume. The diffraction force remains as
a linear force during the whole simulation. The nonlinear Froude-
Krylov force and moment can be calculated as shown in the
following equations.

Fwave ¼ Flinear diff þ Fnonlinear FK

Fnonlinear FK ¼ �
XN

i¼1

pinj;iSw;iðtÞ j ¼ 1;2;3

Mnonlinear FKðtÞ ¼ �
XN

i¼1

piðr � nÞj�3;iSw;iðtÞ j ¼ 4;5;6

where

pi ¼

8>><
>>:

r
v40
vt

for x3;i � 0

pi
�
x3;i ¼ 0

�
for x3;i >0

(2)

where Fwave is the total wave force, Flinear diff is the linear diffraction
force, Fnonlinear FK is the nonlinear Froude-Krylov force at instant
body position and up to instant incident-wave elevation, pi is the
pressure by incident waves, ris the position vector from body origin
to the centroid of the ith panel, and 40 is the velocity potential for
the incident waves. Above the mean water level, dynamic pressure
is evaluated by using the vertical stretching method where the
pressure above the mean water level is equal to the pressure at the
waterline.

2.3. Governing equation of floating body

Based on the linear theory, the equation of a dynamic motion in
a time domain can be formulated as

½MþMaddð∞Þ�€xðtÞþ
h
Chydro þKmooring

i
xðtÞ¼ FwaveðtÞ

þ Fnonlinear dragðtÞ þ FconvolutionðtÞ
(3)

where M is the mass matrix of the system, Madd is the added mass
matrix at the infinite frequency, Chydro is the hydrostatic stiffness
matrix, Kmooring is the mooring stiffness matrix, Fwave is the wave
excitation, Fdrag is the nonlinear viscous drag force, Fconvolution is the
radiation-damping force, and x is the 6-DOF displacement of the
system.

The hydrodynamic coefficient is converted from the frequency
domain to the time domain by the KramerseKronig relationship.
The radiation damping force can be expressed by the convolution
integral form, and the added mass at infinite frequency can be
calculated as follows:

Fconvolutionðt; _xÞ ¼ �
ðt

�∞

Rðt � tÞ _xðtÞdt

RðtÞ ¼ 2
p

ð∞

0

bð6Þcosð6tÞd6

Maddð∞Þ ¼ Maddð6Þ �
ð∞

0

RðtÞcosð6tÞdt

(4)

where Fconvolution is the radiation damping force, _x is the 6-DOF
velocities of the floating body, RðtÞ is the retardation function,

bð6Þ is the linear radiation damping matrix at frequency 6, and
Maddð∞Þ is the added mass at an infinite frequency.

The nonlinear viscous drag forces are evaluated by Morison's
equation in Eq. (5).

Fnonlinear drag ¼
1
2
CdrAðu� _xÞju� _xj (5)

where Cd is the drag coefficient, A is the projected area, uand _x are
the instantaneous velocities of incident wave particle and body
normal to the projected area at the instantaneous body position.
The nonlinear forces and moments induced by the viscous drag are
calculated by integrating the forces on the discrete elements by
using 6-point Gaussian quadrature integration.

Then, the equation of motion can be re-written as:

½M þMaddð∞Þ�€xðtÞ þ
h
ChydroðtÞ þ Kmooring

i
xðtÞ

¼ Flinear diff ðtÞ þ Fnonlinear FKðtÞ þ Fnonlinear dragðtÞ
þ FconvolutionðtÞ

(6)

The Adams-Moulton method, the implicit numerical integration
scheme, has been used for reliable convergence of solutions. For
this particular study, time step of 0.01 s is used for entire simula-
tions, resulting in all converged solutions. This development has
been achieved by extending the in-house program, CHARM3D (Kim
(2006)), which is capable of analyzing a fully coupled hull-riser-
mooring dynamic system. This program has been extensively
verified by second author's research group over the past two de-
cades (Kim et al., 2001, 2005; Yang and Kim, 2011; Kang and Kim,
2014). The authors have successfully extended the program to
analyze the effects of nonlinear hydrostatic and Froude-Krylov
forces on Arctic conical platforms in the time domain.

3. Arctic spar model

The Arctic Spar model is adopted fromMurray et al. (2009). It is
a floating Spar with a conical shape near the waterline. In their
work, the total mass includes the moonpool mass for simplicity.
However, in the current study, since the entire exact structure
should be modeled for the calculation of the nonlinear hydrostatic
coefficient and Froud-Krylov force, the system parameters of the
Arctic Spar is modified accordingly so the moonpool mass can be
excluded. Because of the open bottom, the total heave mass
including the added mass in the new model is smaller than the
original Spar model, whereas the total surge and pitch mass are the
same. The Helmholtz frequency for the moonpool resonance is
about 1.17 rad/s, which is out of the typical peak frequency in a
random sea state. Therefore, the influence of the moonpool on the
hydrodynamic of the structure is ignored. The structural properties
are tabulated in Table 1. The dimension of the Spar is the same as
the original platform, as depicted in Fig. 1.

The viscous drag along the hull is modeled byMorisonmembers
and heave plates. The Arctic Spar is vertically divided into three
Morison members for the horizontal drag force. The vertical drag
forces on the bottom and sloped surfaces are modeled as Morison
plates. For simplicity, the drag coefficients for Morison members
and plates are chosen as 1.0 and 5.0, respectively. The studies by He
(2004) and Liapis et al. (2015) reveals that the coefficients of heave
plates typically range from 5 to 10 at low KC numbers. We select 5.0
for conservative simulations. The inertia coefficient is set to zero
because its contribution is already accounted for in the added mass
in Eq. (6).

Mooring lines are modeled with a 6 � 6 stiffness matrix. Static-
offset tests (see Fig. 2) performed by Murray et al. (2009) are
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utilized to calculate the components in the mooring stiffness ma-
trix. In the surge, the horizontal mooring force linearly increases up
to 15 m displacement. After that, the force exponentially increases
with increasing displacement, following the approximated
equation;

y¼272:47 expð0:1472xÞ (7)

One can obtain the mooring stiffness by differentiating Eq. (7).
Therefore, the mooring stiffness in the surge and sway is a constant
of 1.3 MN/m up to 15 m off-set. If the surge or swaymotion exceeds
15 m, the time-varying mooring stiffness is considered, following
Eq. (7). The mooring moment for the roll and pitch is 490 MN/rad
given by Murray et al. (2009). Since this paper aims to investigate
the nonlinear effect of hull geometry, the location of the fairlead is

shifted to the center of gravity so the harmonic motion can be
obtained in the free decay tests. The heave and yaw mooring
stiffness is ignored in this study.

4. Numerical analysis and discussion

In this study, the numerical test in the time domain is achieved
by extending the existing program, CHARM3D, which was devel-
oped by the second authors’ research group. The program is capable
of simulating the fluid-structure interaction, considering the
nonlinear mooring and viscous effects. The hydrodynamic co-
efficients (added mass, radiation damping, and diffraction wave
force) are obtained by the 3D diffraction/radiation panel method
and input into this program. The current development of nonlinear

Table 1
Arctic Spar properties (M: mass; A; added mass; I: inertia; IA: added inertia; ryy; radius of gyration in pitch; KB: center of buoyancy; KG: center of mass).

Unit Original Platform Platform without Moon pool mass

Heave (M) kg 3.87 Eþ08 2.61 Eþ08
Heave (M þ A) kg 4.37 Eþ08 3.06 Eþ07
Pitch (I) kg*m2 1.95 Eþ12 1.45 Eþ12
Pitch (I þ IA) kg*m2 2.77 Eþ12
ryy M 70.93 74.64
KB M 90.53 85.72
KG M 82.97 74.11
Water Plane Area m2 1.13 Eþ03 1.13 Eþ03
Displacement N 3.80 Eþ09 2.56 Eþ09
Origin of Body Coordinate e (0, 0, �119.58) (0, 0, 0)

Fig. 1. Arctic Spar geometries for study.
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hydrostatic and Froude-Krylov forces are updated in every time
step.

Three different analyses are considered in the time domain
simulations. The first analysis is the linear analysis in which all
dynamic components (mass, damping, stiffness, and force) are
derived based on the linear theory. The second analysis includes the
nonlinear hydrostatic and Froude-Krylov forces so the nonlinear
effects of the hull shape can be considered. The third type where
the Arctic Spar's cross-section around the water plan area is con-
stant is considered for the verification of nonlinear effects of the
Arctic Spar geometry in irregular wave tests. The configuration of

analysis types is summarized in Table 2.

4.1. Validation of numerical method

4.1.1. Nonlinear Froude-Krylov force model
Nonlinear FK forces in the current study are evaluated after the

structural geometry is re-meshed in every time step. On the other
hand, the conventional method uses linear FK force with respect to
the stationary mean body position. For validation of this method,
the preliminary simulation is carried out with the simple and fixed
structurewhich is box-shapedwith the dimension of 10m� 10m x
10 m in the length, width, and draft, respectively. For the nonlinear
model, the instantaneous wet body surface extended up to the
instantaneous free-surface elevation was considered.

Using the linear wave theory, one can calculate the analytical
linear FK force by integrating the incident-wave-induced pressure
(Eq. (8)) over the submerged surfaces.

pðx; y; z; tÞ¼ rga
coshðkðzþ hÞÞ

coshðkhÞ cosðkx�utÞ (8)

where a ¼ H=2 is the wave amplitude, k is the wave number, and h
is the water depth. In the exemplary simulation, the wave ampli-
tude, a, is 1.5 m, and the wave frequency, u ¼ 2p=T , is 0.6383 rad/s.

The snapshots of the box-shaped structure interacting with
instantaneous wave elevation are depicted in Fig. 3 during the half
period with 1/12 period intervals. In the current nonlinear FK nu-
merical model, the pressure at the centroid of meshes over the wet
surfaces below the instantaneous wave elevation is integrated in
accordancewith Eq. (2). Fig. 3 shows that wave trough locates at the
center of the structure when q is equal to p.

Fig. 4 shows the time series of nonlinear numerical FK force,
linear and nonlinear analytical methods. In this particular case of
the simple and fixed box-shaped structure, the numerical and
analytical nonlinear FK forces are well matched, which proves the
validity of the current re-meshing scheme and nonlinear FK model.
Since the free-surface fluctuation occurs at the vertical surface, only
surge force is appreciably influenced by nonlinear FK model in this

Fig. 2. Surge restoring force by mooring lines (Murray et al. (2009)).

Table 2
Numerical analysis cases.

NA1 NA2 NA3

Restoring force Linear Nonlinear Nonlinear
Froude-Krylov force Linear Nonlinear Nonlinear

Fig. 3. Box-shaped structure interacting with instantaneous wave elevation (q ¼ kx� ut, H ¼ 3 m, T ¼ 10 s, black-solid line: wave elevation).
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case.

4.1.2. Nonlinear coupled restoring stiffness
Nonlinear coupled restoring stiffness of the current Arctic Spar

model under the open water condition is investigated by static
analysis. In Fig. 5, the nonlinear heave restoring stiffness signifi-
cantly changes with the heave displacement due to the large
change in the water plan area while the linear restoring stiffness
remains constant. The influence of a pitch motion on the heave
restoring stiffness is not significant. Fig. 6 shows a nonlinear rela-
tionship of the pitch restoring moment against the heave and pitch
motions. The more coupling effect by the heave motion in pitch
restoring stiffness is more clearly observed than that by the pitch
motion in the heave restoring stiffness. Since the upper part of an
Arctic Spar has more volume than the lower part, the change in the
pitch restoring moment becomes much larger when the platform
moves downward. In the heave and pitch restoring stiffness, the
stiffness hardens as the platformmoves down and softens with the
positive platform's heave displacement. These results are in good
agreement with those presented in previous papers. (Mulk and

Falzarano, 1994; Cao et al., 2010; Dalane et al., 2012). To validate
the numerical algorithm, the heave restoring stiffness is compared
to the exact solution by varying the heave motion. For simplicity,
the pitch angle is set to 0 radian. As a result, the two types of
restoring stiffness are well matched, as shown in Fig. 7. The hy-
drostatic restoring force is compared to the one by linear analysis,
and it is observed that the differences increase with the heave
motion. In the time-domain simulation, this two types of stiffness
are expected to be very nonlinear due to the instantaneous wave
elevation effects.

4.2. Hydrodynamic coefficients

The added mass, radiation damping, and diffraction forces are
calculated based on the first-order velocity potential theory using
the WAMIT program. The convergence test is conducted to deter-
mine the optimized number of panels for the simulation. The wave
heading of 0� and 28 wave frequencies ranging from 0.01 rad/s to
5 rad/s are considered. The added mass for 6-DOF is presented in
Fig. 8. Note that the rotational inertia is calculated with respect to

Fig. 4. Froude-Krylov force using different calculation methods in surge and heave (H ¼ 3 m, T ¼ 10 s).

Fig. 5. Heave restoring stiffness (Open water, No wave).
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Fig. 6. Pitch restoring stiffness (Open water, No wave).

Fig. 7. Heave restoring stiffness, force and volume (00 pitch angle, Open water, No wave)).

Fig. 8. Added mass in frequency domain.
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the origin of the body coordinate (0, 0, 0).

4.3. Free decay tests

Numerical free decay tests are performed to identify the natural
frequency and damping ratio of the entire system. The structure
was initially translated using 15 m, 7 m, and 0.87 radian in the
surge, heave, and pitch free decay tests, respectively. Fig. 9e11
show the time-series of the free decay test results. The sequential
decaying period is tabulated in Table 3. The damping ratio given in
Table 4 is obtained by the logarithmic decrement method. By
conducting the free decay tests without Morison's elements, the
radiation damping ratio is calculated and the viscous damping ratio
is also computed by subtracting the radiation damping ratio from
the total damping ratio.

In the surge, the motions in the two cases are exactly matched
with the same natural frequency because the stiffness and total
mass are identical in the surge direction. In the heave, as the time
progresses, the motion of NA1 decays over the same decaying
period, while the decaying period of NA2 changes over time due to
the nonlinearity effects of the platform's geometry on the heave
restoring force. At the first oscillation, the decaying period is 40 s
and it gradually decreases to 32 s. By showing the convergence of
the decaying period to the same decaying period of NA1, it is found
that as the displacement decreases and the number of oscillations
increases, the nonlinearity becomes nonsignificant. In the pitch
direction, NA1 and NA2 show a similar trend and natural period.

The same phenomenon is also observed in the pitch by showing a
slight difference which is attributed to the change of center of
buoyancy and nonlinear restoring moment. Compared to the heave
motions, the effect of nonlinearity caused by the hydrostatic pitch
moment is not relatively significant in the pitch direction. This
result is consistent with the paper by Dalane et al. (2012) stating

Fig. 9. Surge free decay tests (initial offset ¼ 15 m).

Fig. 10. Heave free decay tests (initial offset ¼ 7 m).

Fig. 11. Pitch free decay tests (initial offset ¼ 0.1 radian).

Table 3
Decaying periods by free decay tests.

# of Oscillation 1 2 3 4 5 6

Surge NA1 148.5 150.0 147.0 151.5 146.5 151.5
NA2 148.5 150.0 147.0 151.5 146.5 151.5

Heave NA1 32.3 32.2 32.2 32.1 32.1 32.1
NA2 38.9 34.1 33.2 32.8 32.6 32.5

Pitch NA1 58.5 58.2 58.7 58.4 58.5 58.6
NA2 56.5 56.6 57.3 57.4 57.6 57.8

Table 4
Damping ratio.

Total damping
(%)

Viscous
damping (%)

Non-viscous-drag
damping (%)

NA1 NA2 NA1 NA2 NA1 NA2

Surge 3.05 3.05 2.64 2.64 0.41 0.41
Heave 6.23 6.71 6.15 6.53 0.08 0.18
Pitch 1.84 1.89 1.47 1.77 0.37 0.12
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that this nonlinear effect of hydrostatic restoring moment on the
pitch motion is more important for shallow draft-type platforms
than for deep draft-type platforms such as an Arctic Spar.

4.4. Regular wave tests

A series of regular wave tests (see Table 5) is conducted under
multiple wave conditions. The wave height ranges from 1e3 m and
the period is from 10e70 s, where the heave and pitch natural
frequency are included. To maintain steady state motions, the
conservative simulation duration is determined as 10,000 s. During
the ramping time of 1500 s, the regular wave force graudally in-
creases to prevent the large trasient response of a platform.

4.4.1. Wave height ¼ 1, 3 m, wave period ¼ 32 s
The nonlinear effect becomes significant when the wave fre-

quency is close to the heave natural frequency. Two different wave
heights of 1 m and 3 m with a 32 s period, which is the heave
natural period, are applied for the regular wave tests. In NA1, it

shows the resonance response by having a large amplitude of heave
motion and a 90-degree phase difference to the wave force. The
total wave force in NA1 is harmonic, and the same frequency as the
wave frequency is in the phase with wave elevation. However, the
heave motion of NA2 is much smaller than that of NA1. The total
heave wave forces in NA2 show irregular time-series and have
mostly positive values over time. As the wave height increases, the
difference between NA1 and NA2 becomes larger and the total
heave force of NA2 changes nonlinearly. Fig. 12 and Fig. 13 depict
the heavemotions' and total wave forces’ time-series for both cases.

The reason that the total force of NA2 has irregular time-series
can be explained by the effect of the nonlinear Froude-Krylov
force interacting with the heave motion. The nonlinear Froude-
Krylov force in the heave is mostly induced by the pressure on
the cone near the waterline, since the dynamic pressure decays
exponentially with increasing depth. In addition, the part of the
cone-shaped hull above the mean water level influences the vari-
ation of the Froude-Krylov force more than the part below the
mean water level because the pressure above the mean water level
is computed using the vertical stretching method.

The black dotted line in Fig. 14 represents the nonlinear Froude-
Krylov force applied in NA2. At the wave crest, the nonlinear
Froude-Krylov force has a similar value of linear Froude-Krylov
force. On the other hand, at the wave trough, the submergence of
the cone-shaped surfaces decreases and is relatively less affected by
the Froude-Krylov force than the case at the wave crest. Therefore,
the nonlinear Froude-Krylov force has a large amplitude at the
wave crest and vice versa at the wave trough. As a result, the

Table 5
Regular wave test condition.

Item Unit Value

Wave Height, H (m) 1e3
Wave Period, T (sec) 14e70
Simulation duration (sec) 10,000
Ramping time (sec) 1500

Fig. 12. Time series of heave motion and total wave forces (H ¼ 1 m, T ¼ 32 s).

Fig. 13. Time series of heave motion and total wave forces (H ¼ 3 m, T ¼ 32 s).
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summation of the linear diffraction force and nonlinear Froude-
Krylov force gives an irregular wave force signal, as shown in
Fig. 14. This irregular wave force has two excitation frequencies: the
wave frequency and twice the wave frequency (see Fig. 15). These
double frequencies in NA2 result in the suppression of the reso-
nance response in the heave.

4.4.2. Wave height ¼ 1, 3 m, wave period ¼ 14 s
The next simulation is conducted with the wave height of 1 m

and 3 m and the period of 14 s. The motions in NA1 and NA2 have
the same period and phase, but with a different amplitude. They are

180� out of the phase to the wave frequency, which implies that the
forcing frequency is much greater than the natural frequency so the
structure has no resonance-type behavior. The difference between
NA1 and NA2 is attributed to the different forces applied on the
structure. In NA1, a linear force around themean position is applied,
which has the mean value equal to zero. However, for NA2, the
instantaneous position is considered so the Froude-Krylov force can
be calculated for the submerged body at that instant. Because the
interaction of the wave elevation affects the wave forces with
respect to the instant body position, the average of the applied
wave force is not zero in NA2 as shown in Fig. 16 and Fig. 17.

Fig. 14. Time series of total wave heave forces (H ¼ 3 m, T ¼ 32s, LD: Linear Diffraction Force, LFK: Linear Froude-Krylov force, NFK: Nonlinear Froude-Krylov force).

Fig. 15. PSD of heave motion and total wave heave forces (H ¼ 3 m, T ¼ 32 s).

Fig. 16. Time series of the heave motion and total wave forces (H ¼ 1 m, T ¼ 14 s).
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Since the motion has a 180-degree phase difference from the
wave elevation, the maximum relative distance from the body to
thewave elevation occurs at thewave crest. As discussed above, the
upper part of the cone shape has a larger impact on the nonlinear
Froude Krylov force than the lower part, which results in a larger
amplitude of the force at the wave crest than at the wave trough
(see Fig.18). In addition, the hydrostatic restoring stiffness becomes
hardened when the body moves downward as discussed in 4.1.
Consequently, because of a large upward nonlinear Froude Krylov
force as well as a large upward restoring force, the mean heave
position in NA2 is not equal to zero, but it is a positive value. As the
wave height increases, the nonlinear effects become larger,
showing an asymmetric force amplitude and an increased positive
offset in the heave direction.

4.4.3. Wave height ¼ 1 m, wave period ¼ 16 s
We also investigate the wave period of 16 s which is slightly

different than the previous case. Although the period difference is
small, significant differences in behaviors are observed. During the
early phase of the simulation time, the trends of the heave forces
and heave motions in NA1 and NA2 are similar to those in the
previous case. However, as the simulation time passes, the motion
in NA2 is amplifiedwith resonance behavior, and themotion period
becomes twice that of the wave periods.

Fig. 19 and Fig. 20 show the heave and pitch motion/force time-
series in the early and later stages, and Fig. 21 shows the heave
motion in the entire simulation, respectively. During the simulation
time from 2000 s to 2105 s, in both NA1 and NA2 cases, the motions

are small and the phase has a 180-degree difference in the force
period, which is similar to the case of the wave period of 14 s.
However, in the later stage, the force signal in NA2 becomes
nonlinear, and multiple peak frequencies occur in the spectrum, as
shown in Fig. 22. One of the peaks coincides with the heave natural
frequency, and causes a large resonance motion even with a small
wave height. This phenomenon can be explained by Mathieu
instability. Mathieu instability is caused by the intrinsic structural
characteristic where the stiffness of the system is composed of a
sinusoidal function and constant. This phenomenon can be
observed when the parameters in the dynamic equation satisfy the
instability conditions. Haslum and Falitinsen (1999) stated that an
unstable heave platform motion may arise when the waterplane
area abruptly changes and the heave restoring force becomes time-
dependent. As shown in Figs. 5 and 7, heave restoring stiffness is a
time varying parameter depending on the body position. The heave
equation of motion with this parameter can be represented by the
Mathieu equation. Therefore, the unstable large motion in the
heave occurs at 16 s, which is half of the heave natural period of
32 s. The details of Mathieu instability for an Arctic Spar is dis-
cussed in an accompanying paper by the authors (Jang and Kim,
2019). The pitch motion and moments remain the same regard-
less of the time windows.

4.5. Influence of wave height

By varying the wave frequency and height, the heave and pitch
amplitude per unit wave height are measured in a time domain

Fig. 17. Time series of heave motion and total wave forces (H ¼ 3 m, T ¼ 14 s).

Fig. 18. Time series of total wave heave forces (H ¼ 3 m, T ¼ 14 s, LD: Linear Diffraction Force, LFK: Linear Froude-Krylov force, NFK: Nonlinear Froude-Krylov force).
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Fig. 19. Time series of heave and pitch motion/total wave forces (H ¼ 1 m, T ¼ 16 s, 2000e2150 s).

Fig. 20. Time series of heave and pitch motion/total wave forces (H ¼ 1 m, T ¼ 16 s, 5000e5150 s).
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Fig. 21. Time series of heave motions (H ¼ 1 m, T ¼ 16 s).

Fig. 22. PSD of motion and total wave heave forces in heave and pitch directions (H ¼ 1 m, T ¼ 16 s).

Fig. 23. Heave frequency-response curve.
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simulation and the results are shown in Fig. 23 and Fig. 24. Due to
nonlinear viscous damping, the amplitude in both the heave and
pitch decreases with an increase in the wave height. In NA1, the
peaks at the heave and pitch natural frequency are observed in both
Figs. 23 and 24. In the case of NA2, the resonance-type peak is not
observed near the heave natural frequency in Fig. 23, while the
resonance peak is clearly recognized in Fig. 24. In Fig. 23, the small
peak at the frequency of 0.190 rad/s shifts left to 0.179 rad/s with an
increase of wave height. However, in Fig. 24, the peak at the fre-
quency of 0.108 rad/s shifts right to 0.110 rad/s with an increase of
wave height. Again, these results show the consistency with the
conclusion in 4.1 and 4.3. Due to the nonlinear hydrodynamic force,
with increasing wave heights, the stiffness is hardened and soft-
ened in heave and pitch directions, respectively. The change of the
stiffness also corresponds to the shift of peak frequencies. The
Mathieu type instability is observed at a frequency that is a half of
heave and pitch natural period. The findings also reveal that
Mathieu type instability is more likely to arise with an increase in

wave height.

4.6. Nonlinear effect on random sea

In general, during the open-water season, in order to minimize
the nonlinear effect caused by the sloped surface, the draft of an
Arctic Spar changes so the neck is located around the mean water
level. When the water is covered by ice, the draft changes accord-
ingly so the cone-shaped surface can break the ice cover. To verify
and investigate the effects of nonlinear hydrostatic and the Froude-
Krylov force on the sloped structure, the global performance
analysis of an Arctic Spar in a randomwave is conducted, assuming
the same system but different analysis types. For comparison, an
additional model (NA3) is introduced, which is exactly the same
model as NA2 other than a geometry change that has a constant
water plane area around themeanwater level. Nonlinear analysis is
performed for NA3 to examine the nonlinear hydrodynamic effects.
The environmental condition adopted from Murray and Yang
(2009) is tabulated in Table 6. 100 wave components following
the JONSWAP spectrum (see Fig. 25) are used tomodel the irregular
random wave. The current speed exponentially decays over the
water depth, following the 1/7th power law. Because of the limited
resources, the wind load on the platform is excluded in this
simulation.

Throughout the simulations in the random sea conditions, the
nonlinear phenomenon from the irregular hull shape around the
waterline is clearly observed. Fig. 26e28 show the time-series and

Fig. 24. Pitch frequency-response curve.

Table 6
Random sea environmental conditions.

1-year 10-year 100-year

Wave Hs (m) 9.5 11 13
Tp (sec) 14 15 16.5
Gamma 2.2 2.2 2.2

Current (m/s) 1.3 1.6 1.8

Fig. 25. Theoretical and simulated JONSWAP wave spectrum.
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PSD of the surge, heave, and pitch motions under the 100-year
return period condition. The surge motions in the three cases
have similar trends for the time-series and statistics. In the PSD
plot, the coupling effects from the heave and pitch motions are
observed, as shown in Fig. 26. However, there are considerable
differences in the heave motion. The maximum heave value of NA1
is 4.24m, whereas it is 14.48m for NA2. It is noted that the 100-year
significant wave frequency is very close to 16 s where the Mathieu
instability could occur for the current Arctic Spar model. Thus, the
heave motion in NA2 is significantly larger than the results using

linear analysis (NA1), which cannot capture the Mathieu instability.
By comparing the NA2 results to NA3, it clearly shows that the large
heave motion in NA2 is attributed to the geometry, the cone-
shaped surface. The NA2 peak in the heave PSD slightly shifts
from the heave natural frequency of 0.2 rad/s. This result is
consistent with the previous discussion showing that as the heave
motion increases, the heave natural frequency decreases due to the
effects of nonlinear hydrostatics and damping. In pitch, NA2 and
NA3 have a larger peak at pitch natural frequency than NA1 due to
the nonlinear hydrostatic coefficient (i.e. time-varying stiffness),

Fig. 26. Surge motion time-series and spectrum with 100-year return period.

Fig. 27. Heave motion time-series and spectrum with a 100-year return period.

Fig. 28. Pitch motion time-series and spectrum with a 100-year return period.
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resulting in the Mathieu type instability. The statistical results for
1-year, 10-year and 100-year return periods are tabulated in Table 7.

5. Conclusion

Numerical tests on an Arctic Spar under regular and irregular
wave conditions are conducted by applying a weakly nonlinear
time-domain model considering nonlinear hydrostatics and
Froude-Krylov forces. The 6-DOF platform motions are simulated
with the time-dependent restoring stiffness considering the inter-
action with a wave including radiation damping, viscous damping,
linear diffraction force, nonlinear Froude-Krylov force, and an
instantaneous wave elevation effect. Free decay tests in the surge,
heave, and pitch directions are conducted to identify the system
characteristics, followed by regular wave tests. The motion ampli-
tude per unit wave height is evaluated based on the linear and
nonlinear analyses. The global performance of an Arctic Spar is
investigated in random waves with 1-year, 10-year, and 100-year
return periods. The simulation results are compared to the linear
analysis in terms of the magnitude and phases of platform motions
and applied force. The following conclusions can be drawn from the
numerical simulations:

� The numerical algorithm is validated by comparing the heave
restoring stiffness and volume to the exact values. The differ-
ence in the restoring stiffness between the linear analysis and
nonlinear analysis increases with increasing displacements. The
heave coupling effect on the pitch restoring moment is more
significant than the pitch coupling effect on the heave restoring
force. It is also observed that the stiffness becomes either
hardened or softened depending on the heave displacement.

� Due to the change in the water plane area, the heave motion in
the free decay tests shows different decaying periods over the
sequential time. At the beginning, the decaying period deviates
from the natural period obtained by the linear analysis. As the
number of oscillations increases, the decaying period eventually
converges to the heave natural period, while the nonlinearity
becomes insignificant. A similar trend is also observed in the
pitch free-decay test.

� In the regular wave tests, a difference in total wave force be-
tween NA1 and NA2 is observed, caused by the nonlinear
Froude-Krylov forces. The heave total force at the wave period of
32 s has two frequency components: a frequency equal to the
wave frequency, and twice that of the wave frequency. This two-
frequency excitation is attributed to the conical hull shape
interacting with the instantaneous wave elevation. This effect
prevents the heave resonance response of an Arctic Spar by
decreasing the motion amplitude. At the wave periods of 14 s
and 16 s, the platform's motions in NA2 show a considerable
difference even though the difference in the wave periods is
small. Due to the change in restoring stiffness and nonlinear
Froude-Krylov forces over time, Mathieu instability occurs in

NA2 at a wave period of 16s, but the linear analysis cannot
capture this phenomenon.

� According to a comparison of the motion amplitude per unit
wave height, the heave motion in NA2 is smaller than that in
NA1, in general. The influence of the wave height on the
amplitude is also investigated. Due to the nonlinear viscous
damping effect, the amplitude decreases with increasing wave
height. The shift of the peak values is observed in NA2 due to
nonlinear hydrostatic effects resulting in either stiffness hard-
ening and softening. It is also found that the range of Mathieu
instability increases with increasing wave height.

� The heave motion of NA2 under the 100-year return period
random sea is significantly larger than that of NA1 because of
Mathieu instability. The sloped surface causes the heave
restoring stiffness to vary in time, resulting in an unstable body
response at a certain wave frequency. In particular, for the cur-
rent Arctic Spar model, this frequency is very close to the 100-
year storm wave frequency. In practice, when the water is ice-
free, it is recommended to change the draft so the water plan
area around the water level remains constant.
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