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A p-DEFORMED q-INVERSE PAIR AND ASSOCIATED

POLYNOMIALS INCLUDING ASKEY SCHEME

Rajesh V. Savalia

Abstract. We construct a general bi-basic inverse series relation which

provides extension to several q-polynomials including the Askey-Wilson
polynomials and the q-Racah polynomials. We introduce a general class

of polynomials suggested by this general inverse pair which would unify
certain polynomials such as the q-extended Jacobi polynomials and q-

Konhauser polynomials. We then emphasize on applications of the gen-

eral inverse pair and obtain the generating function relations, summa-
tion formulas involving the associated polynomials and derive the p-

deformation of some of the q-analogues of Riordan’s classes of inverse

series relations. We also illustrate the companion matrix corresponding
to the general class of polynomials; this is followed by a chart showing

the reducibility of the extended p-deformed Askey-Wilson polynomials as

well as the extended p-deformed q-Racah polynomials.

1. Introduction

Recently, Dı́az and Teruel [5] introduced two parameter deformation of the
classical gamma function by means of the q, k-Pochhammer symbol which is
denoted and defined by [5, Def. 4, p. 121]

[t]n,k =

n−1∏
j=0

[t+ jk]q, t > 0, k > 0,(1)

where [a]q = 1−qa. Using this, the q, k-generalized gamma function was defined
in the form [5, Def. 6, p. 122]:

Γq,k(t) =

(
1− qk

) t
k−1
q,k

(1− q)
t
k−1

, t > 0, k > 0,

where (1 + x)tq,k =
(1+x)∞q,k

(1+xqkt)∞q,k
and (x+ y)nq,k =

∏n−1
j=0 (x+ yqjk).
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Alternatively [5, Lem-2, p. 122],

Γq,k(t) =

(
1− qk

)∞
q,k

(1− qt)∞q,k (1− q)
t
k−1

, t > 0, k > 0.(2)

As q → 1− from within the interval (0, 1), the defining expressions in (1) and (2)
yield the k-generalized Pochhammer symbol (t)n,k and the k-deformed classical
gamma function Γk(t) ([5, p. 119] and [4]).

Having motivated by the works of R. Diaz and C. Teruel [5], and R. Diaz and
E. Pariguan [4], we provide here the extension to certain classical q-polynomials
in the sense of k-deformation and derive their inverse series relation. Further,
we obtain the generating function relations of these polynomials; and using the
inverse series, we deduce certain summation formulas involving the correspond-
ing polynomials.

2. Notations, formulas and definitions

We replace in the present work, k by p, and write (qt; q)n,p instead of [t]n,k,
where t ∈ C. In the notations of (1) and (2), we have

(qt; q)n,p = (1− qt)(1− qt+p)(1− qt+2p) · · · (1− qt+(n−1)p),(3)

Γq,p(t) =
(qp; q)∞,p(1− q)1−t/p

(qt; q)∞,p
, <(t) > 0, p > 0,(4)

where

(qa; q)n,p =


1, if n = 0,
(1− a)(1− aqp) · · · (1− aqp(n−1)), if n ∈ Z>0,

[(1− aq−p)(1− aq−2p) · · · (1− aqnp)]−1, if n ∈ Z<0,
(a; q)∞,p/(aq

np; q)∞,p, if n ∈ C,

and

(qα; q)∞,p =

∞∏
n=0

(1− qα+np), |q| < 1.

We shall adopt the convention that for a parameter α ∈ C, qα will be denoted
as α.

In what follows, the following formulas will be used in the work. For 0 <
q < 1,

(a; q)n+m,p = (a; q)n,p(aq
np; q)m,p, m, n ∈ N,(5)

(aq−np; q)n,p = (−1)nanq−pn(n+1)/2

(
qp

a
; q

)
n,p

,(6)

(a; q)n−k,p =

(
−1

a

)k
qpk(k+1)/2−nkp (a; q)n,p

(qp−np/a; q)k,p
,(7)
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(a; q)−k,p =

(
−1

a

)k
qpk(k+1)/2 1

(qp/a; q)k,p
.(8)

When p = 1, these formulas get reduced to those listed in [6, Appendix I,
pp. 233–234]. For λ 6= 0, a general q-binomial coefficient is given as[

u

v

]
λ

=
(qλ; qλ)u

(qλ; qλ)v(qλ; qλ)u−v
.

There are two q-exponential functions [6, Eq. (1.3.16), p. 9]:

(9) Eq(x) =

∞∑
n=0

q(
n
2) xn

(q; q)n
, (x ∈ R, |q| < 1),

and [6, Eq. (1.3.15), p. 9]

(10) eq(x) =

∞∑
n=0

(0; q)n
(q; q)n

xn =
1

(x; q)∞
, (|x| < 1, |q| < 1).

These two functions are contained in [7, Eq. (3.1), p. 1011]

(11) εq(x) =

∞∑
n=0

xn

[n]q!
,

where the series converges for |x| < 1
|1−q| if |q| < 1 and converges for every

x ∈ C for |q| > 1 or q = 1. The notation

[n]q! =

n∏
j=1

(1− qj)
(1− q)j

for q 6= 1 and if q = 1, then [n]q! = n!.
In fact [7, Pr. 5.2, p. 1021], εq(x) = eq((1 − q)x) for |q| < 1 and ε1/q(x) =

Eq((1− q)x) for 0 < |q| < 1.
The q-binomial series for |z| < 1 and |q| < 1 is

∞∑
n=0

(a; q)n
(q; q)n

zn = 1φ0(a;−; q, z) =
(az; q)∞
(z; q)∞

,(12)

the summation formula [6, Eq. (II.5), p. 236]:

1φ1(a; c; q, c/a) =
(c/a; q)∞
(c; q)∞

,(13)

and the q-binomial theorem [6, Ex. 1.2(vi), p. 20]

n∑
k=0

(−1)kqk(k−1)/2
[
n

k

]
zk = (z; q)n.(14)

Next, Diaz and Pariguan [4] defined the following generalization of the gener-
alized hypergeometric series.
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Definition. For (a) = (a1, a2, . . . , ar) ∈ Cr, (k) = (k1, k2, . . . , kr) ∈ (R+)r,
(b) = (b1, b2, . . . , bs) ∈ Cs \ (kZ−)s and l = (l1, l2, . . . , ls) ∈ (R+)s,

rFs(a, k, b, l)(x) =

∞∑
n=0

(a1)n,k1(a2)n,k2 · · · (ar)n,kr
(b1)n,l1(b2)n,l2 · · · (bs)n,lsn!

xn.(15)

This infinite series converges for all x if r ≤ s, diverges if r > s + 1, and if
r = s+ 1, it converges for |x| < (l1l2 · · · ls)/(k1k2 · · · kr).

We define its q-analogue in the form of bi-basic series with k1 = k2 = · · · =
kr = l1 = l2 = · · · = ls = p ∈ R+ as follows.

Definition. If (a) stands for the array of r parameters a1, a2, . . . , ar ∈ Cr, (b)
stands for the array of s parameters b1, b2, . . . , bs ∈ Cs \ (Z−)s, p, α ∈ R+ and
|q| < 1, then

rφs((a); (b) ; qp)(x|q, qα)(16)

=

∞∑
n=0

(a1; q)n,p(a2; q)n,p · · · (ar; q)n,p
(b1; q)n,p(b2; q)n,p · · · (bs; q)n,p(qα; qα)n

(
(−1)nqα(n2)

)1+s−r
xn.

Note. The case:

lim
q→1−

rφs((a); (b) ; qp)
(

(1− q)1+s−rx
∣∣ q, qα) = rFs((a), p, (b), p)(x).

The series behaves similarly as the series (15). In fact, if

rφs((a); (b) ; p)(x|qα) =

∞∑
n=0

Anx
n,

then by d’Alembert’s ratio test,

lim
n→∞

∣∣∣∣An+1

An

∣∣∣∣ = lim
n→∞

∣∣∣∣ (1− a1qnp)(1− a2qnp) · · · (1− arqnp)qαn(s+1−r)

(1− b1qnp)(1− b2qnp) · · · (1− bsqnp)(1− qα(n+1))
x

∣∣∣∣.
From this, it follows that the series converges for all x if r ≤ s, and it diverges
when r > s+ 1 and x 6= 0. If r = s+ 1, then it converges for |x| < 1.

In the present work, we propose a general class of q, p-polynomials involving
the function (4) and the symbol (3), as follows.

Definition. For a ∈ C, m ∈ N, n ∈ N ∪ {0}, 0 < q < 1 and p > 0,

Ban,m,p(x|q; l) =

bn/mc∑
k=0

qkl(q−nl/m; ql/m)mk(qa+np; q) kl
p ,p

γkx
k,(17)

in which l = r−m, r ∈ C\{m}, and the floor function buc = floor u, represents
the greatest integer ≤ u.

This general class extends the q-extended Jacobi polynomials [2, Eq. (3.8)]
and hence the q-Brafman polynomials and the little q-Jacobi polynomials [8,
Eq. (3.12.1, p. 92)] (also [6, Ex. 1.32, p. 27]). As a limiting case, this general
class also extends the q-Konhauser polynomials [1, Eq. (3.1), p. 3] and hence
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the q-Laguerre polynomials [10]. The main objective of the work is to estab-
lish a general inverse series relations (GISR) which would invert the aforesaid
polynomials; and furthermore, this GISR would also extend and invert the well
known orthogonal polynomials in 4φ3-function forms namely, the Askey-Wilson
polynomials [8, Eq. (3.1.1), p. 63] (also [6, Ex. 2.11, p. 51]) and the q-Racah
polynomials [8, Eq. (3.2.1), p. 66] (also [6, Ex. 2.10, p. 51]). It is interesting
to note that the q-analogues of some of the Riordan’s classes of inverse series
relations [3] also assume extension by means of this GISR.

The GISR, as a main result, will be stated and proved in Section 3 using
Lemma 3.1. Section 4 incorporates several alternative forms of GISR by means
of which various particular polynomials will be deduced. In Section 5, we em-
phasis on applicability of both series of GISR; the one for obtaining generating
function relations (GFR) in Subsection 5.1 and the other, that is the inverse
series, for deducing the summation formulas in Subsection 5.2. Some of the
q-analogues of Riordan’s inverse pairs [3] admit deformation which are tabu-
lated in Section 6. In Section 7, the companion matrix [9] for the general class
(17) is illustrated. A chart showing the reducibility of the p-deformed Askey-
Wilson polynomials and the p-deformed q-Racah polynomials to a number of
polynomials is given in the last section that is, in Section 8. This also includes
the inter-connections amongst these particular polynomials.

3. Inverse series relations

While proving the main theorem, we shall require the following inverse pair.

Lemma 3.1. For 0 < q < 1, M ∈ N ∪ {0}, m ∈ N, α ∈ C, λ ∈ C \ {0} and
p > 0,

g(M) =
M∑
k=0

(−1)kqkλ(k−1)/2
[
M

k

]
qλ

(1− qα+kλ+mjλ−kp−mjp)
(qα+(M+mj)λ−kp−mjp; q)∞,p

f(k)(18)

⇔

f(M) =
M∑
k=0

(−1)kqkλ(k−2M+1)/2

[
M

k

]
qλ

(qα+kλ+mjλ+p−(M+mj)p; q)∞,p g(k).(19)

Proof. We first note that the diagonal elements of the coefficient matrix of the
first series are

(−1)iqiλ(i−1)/2(1− qα+iλ+mjλ−ip−mjp)/(qα+(i+mj)λ−ip−mjp; q)∞,p

and those of the second series are

(−1)iqiλ(1−i)/2(qα+iλ+mjλ+p−(i+mj)p; q)∞,p.

Since these elements are all non zero; it follows that these matrices have unique
inverse. Hence, it suffice to prove that one of these series implies the other. We
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prefer to show that (18) implies (19). For that we denote the right hand side
of (19) by Φ(M) and substitute for g(k) from (18) to get

Φ(M) =

M∑
k=0

(−1)kqkλ(k−2M+1)/2

[
M

k

]
qλ

(
qα+kλ+mjλ+p−(M+mj)p; q

)
∞,p

×
k∑
i=0

(−1)iqiλ(i−1)/2
[
k

i

]
qλ

(1− qα+iλ+mjλ−ip−mjp)
(qα+(k+mj)λ−ip−mjp; q)∞,p

f(i)

= f(M) +

M−1∑
i=0

[
M

i

]
qλ
qiλ(i−M)/2(1− qα+iλ+mjλ−ip−mjp)f(i)

M−i∑
k=0

(−1)k

× qkλ(k+2i−2M+1)/2

[
M − i
k

]
qλ

(qα+(k+i)λ+mjλ+p−(M+mj)p; q)∞,p
(qα+(k+i+mj)λ−ip−mjp; q)∞,p

.

Here, the ratio

(qα+(k+i)λ+mjλ+p−(M+mj)p; q)∞,p
(qα+(k+i+mj)λ−ip−mjp; q)∞,p

=

M−i−1∑
l=0

Al q
λkl

say, represents a polynomial of degree M − i− 1 in k, hence we further have

Φ(M) = f(M) +

M−1∑
i=0

[
M

i

]
qλ
qiλ(i−M)/2(1− qα+iλ+mjλ−ip−mjp)f(i)(20)

×
M−i−1∑
l=0

Al

M−i∑
k=0

(−1)kqkλ(k−1)/2
[
M − i
k

]
qλ
qλk(l+i−M+1).

The inner most series on the right hand side in (20) may be summed up by
means of the q-binomial theorem (14), then we have

Φ(M) = f(M) +

M−1∑
i=0

[
M

i

]
qλ
qiλ(i−M)/2(1− qα+iλ+mjλ−ip−mjp)f(i)

×
M−i−1∑
l=0

Al (qλ(l+i−M+1); qλ)M−i

= f(M).

This completes the proof. �

Interestingly, this lemma gives rise to the q-series orthogonality relation. In
fact, the substitution

[
0
M

]
qλ

for either f(M) or g(M) yields this property. In

particular, the following corollary is of our use.

Corollary 3.2. For 0 ≤ j ≤ n,m ∈ N, λ ∈ C\{0} and p > 0,[
0

M

]
qλ

=

M∑
k=0

(−1)kqkλ(k−1)/2
[
M

k

]
qλ

(1− qα+kλ+mjλ−kp−mjp)
(qα+mnλ−kp−mjp; q)∞,p

(21)
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× (qα+mjλ+p−kp−mjp; q)∞,p.

Proof. In (18), the substitution g(k) =
[
0
k

]
qλ

gives

f(k) = (qα+mjλ+p−kp−mjp; q)∞,p,

and with these f(k) and g(k), (19) yields the series orthogonality relation. �

We now establish the main GISR as:

Theorem 3.3. For 0 < q < 1, λ ∈ C \ {0}, α ∈ C, n ∈ N ∪ {0}, m ∈ N and
p > 0,

F (n) =

bn/mc∑
k=0

(−1)mkqmkλ(mk−2n+1)/2 (qα+mkλ+p−np; q)∞,p
(qλ; qλ)n−mk

G(k)(22)

⇔

G(n) =

mn∑
k=0

(−1)kqkλ(k−1)/2
(1− qα+kλ−kp)

(qλ; qλ)mn−k(qα+mnλ−kp; q)∞,p
F (k)(23)

and for n 6= mr, r ∈ N,
n∑
k=0

(−1)kqkλ(k−1)/2
(1− qα+kλ−kp)

(qλ; qλ)n−k(qα+nλ−kp; q)∞,p
F (k) = 0.(24)

Proof. We first show that (22)⇒(23). We denote the right hand side of (23)
by V (n) and then substitute for F (k) from (22) to get

V (n) =

mn∑
k=0

(−1)kqkλ(k−1)/2
(1− qα+kλ−kp)

(qλ; qλ)mn−k(qα+mnλ−kp; q)∞,p

×
bk/mc∑
j=0

(−1)mjqmjλ(mj−2k+1)/2 (qα+mjλ+p−kp; q)∞,p
(qλ; qλ)k−mj

G(j).

Here making use of the double series relation [14]:

mn∑
k=0

bk/mc∑
j=0

A(k, j) =

n∑
j=0

mn−mj∑
k=0

A(k +mj, j),

we further get

V (n) =

n∑
j=0

mn−mj∑
k=0

(−1)kq(k+mj)λ(k+mj−1)/2+mjλ(mj−2k−2mj+1)/2(25)

× (1− qα+kλ+mjλ−kp−mjp)(qα+mjλ+p−kp−mjp; q)∞,p
(qλ; qλ)mn−mj−k(qα+mnλ−kp−mjp; q)∞,p(qλ; qλ)k

G(j)

= G(n) +

n−1∑
j=0

G(j)

(qλ; qλ)mn−mj

mn−mj∑
k=0

(−1)kqkλ(k−1)/2
[
mn−mj

k

]
qλ
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× (1− qα+kλ+mjλ−kp−mjp) (qα+mjλ+p−kp−mjp; q)∞,p
(qα+mnλ−kp−mjp; q)∞,p

.

We now show that the inner series in this last expression vanishes. For that
we replace (qα+mjλ+p−kp−mjp; q)∞,p by f(k) and denote the inner series by
g(mn−mj), then we have

g(mn−mj) =

mn−mj∑
k=0

(−1)kqkλ(k−1)/2
[
mn−mj

k

]
qλ

(26)

× (1− qα+kλ+mjλ−kp−mjp)
(qα+mnλ−kp−mjp; q)∞,p

f(k).

The inverse companion of this series follows at once from Lemma 3.1 in the
form:

f(mn−mj) =

mn−mj∑
k=0

(−1)kqkλ(k−2mn+2mj+1)/2

[
mn−mj

k

]
qλ

(27)

× (qα+kλ+mjλ+p−mnp; q)∞,p g(k).

As suggested by Corollary 3.2, we set g(k) =
[
0
k

]
qλ

in series (27), we then get

f(k) = (qα+mjλ+p−kp−mjp; q)∞,p back, and with these f(k) and g(k), the series
orthogonality relation occurs from (26) as given below.[

0

mn−mj

]
qλ

=

mn−mj∑
k=0

(−1)kqkλ(k−1)/2
[
mn−mj

k

]
qλ

(1− qα+kλ+mjλ−kp−mjp)
(qα+mnλ−kp−mjp; q)∞,p

× (qα+mjλ+p−kp−mjp; q)∞,p.

Using this in (25), we get

V (n) = G(n) +

n−1∑
j=0

G(j)

(qλ; qλ)mn−mj

[
0

mn−mj

]
qλ

= G(n).

Thus, (22)⇒(23). We now show that (22)⇒(24). For that let R(n) denote the
right hand side of (24) that is,

R(n) =

n∑
k=0

(−1)k qkλ(k−1)/2
(1− qα+kλ−kp)

(qλ; qλ)n−k(qα+nλ−kp; q)∞,p
F (k).(28)

Proceeding as before, that is, substituting for F (k) from (22), we have

R(n) =

n∑
k=0

(−1)k qkλ(k−1)/2
(1− qα+kλ−kp)

(qλ; qλ)n−k(qα+nλ−kp; q)∞,p
(29)

×
bk/mc∑
j=0

(−1)mj qmjλ(mj−2k+1)/2 (qα+mjλ+p−kp; q)∞,p
(qλ; qλ)k−mj

G(j)
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=

bn/mc∑
j=0

G(j)

(qλ; qλ)n−mj

n−mj∑
k=0

(−1)kqkλ(k−1)/2
[
n−mj

k

]
qλ

× (1− qα+kλ+mjλ−kp−mjp)
(qα+nλ−kp−mjp; q)∞,p

(qα+mjλ+p−kp−mjp; q)∞,p.

We see that the inner series on the right hand side in this last expression differs
slightly from the one occurring in (25); that is, instead of mn−mj, it is n−mj
here. Accordingly, the series orthogonality relation occurs in the form:

n−mj∑
k=0

(−1)kqkλ(k−1)/2
[
n−mj

k

]
qλ

(1− qα+kλ+mjλ−kp−mjp)
(qα+nλ−kp−mjp; q)∞,p

(qα+mjλ+p−kp−mjp; q)∞,p

=

[
0

n−mj

]
qλ
.

This leads us to

R(n) =

bn/mc∑
j=0

G(j)

(qλ; qλ)n−mj

[
0

n−mj

]
qλ
.

If n 6= mr, r ∈ N, then the right hand member in (29) vanishes and thus
(22)⇒(24); which completes the proof of the first part. For the converse part,
assume that (23) and (24) both hold true. In view of (24),

R(n) = 0, n 6= mr, r ∈ N,(30)

and also,

R(mn) = G(n)(31)

by comparing (23) with (28). Now, from the inverse pair (26) and (27), taking
j = 0 and m = 1, we find that

R(n) =

n∑
k=0

(−1)k qkλ(k−1)/2
(1− qα+kλ−kp)

(qα+nλ−kp; q)∞,p(qλ; qλ)n−k
Fk

⇒ Fn =

n∑
k=0

(−1)k qkλ(k−2n+1)/2 (qα+kλ+p−np; q)∞,p
(qλ; qλ)n−k

R(k).

Hence, in view of the relations (30) and (31), we arrive at

R(mn) =

mn∑
k=0

(−1)k qkλ(k−1)/2
(1− qα+kλ−kp)

(qα+mnλ−kp; q)∞,p(qλ; qλ)mn−k
Fk

⇒ Fn =

bn/mc∑
k=0

(−1)mk qmkλ(mk−2n+1)/2 (qα+mkλ+p−np; q)∞,p
(qλ; qλ)n−mk

R(mk).

Thus, the series in (23) with R(n) = 0, n 6= mr for r ∈ N, implies the series in
(22). This proves the converse part and hence the theorem. �
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4. Particular cases

In this section, we obtain the alternative forms of Theorem 3.3 by assuming
that the condition (24) holds true. Hence for the sake of brevity, we shall
not mention the condition (24) in each of the following inverse pairs. These
alternative forms will be used to deduce the basic analogues of the general
class of q, p-polynomials (17) and its particular cases along with their inverse
series relations. Besides this, one of such alternative forms will also be used
to deduce the extended p-deformed Askey-Wilson polynomials and the extended
p-deformed q-Racah polynomials together with their inverse series.

We begin with Theorem 3.3 and apply the formula

(q−1; q−1)n = (−1)nq−n(n+1)/2(q; q)n,

in it to get

F (n) =

bn/mc∑
k=0

(−1)nqλ(2mk−n(n+1)/2) (qα+mkλ+p−np; q)∞,p
(q−λ; q−λ)n−mk

G(k)

⇔ G(n) =

mn∑
k=0

(−1)mnqλ(2kmn−mn(mn+1))/2 (1− qα+kλ−kp)
(qα+mnλ−kp; q)∞,p(q−λ; q−λ)mn−k

F (k).

Next, using the formula

(q−n; q)k(q; q)n−k = (−1)kqk(k−2n−1)/2(q; q)n

with q is replaced by q−λ and k by mk in this pair, it transforms to

F (n) =

bn/mc∑
k=0

(−1)n−mkq−λ(n(n+1)−mk(mk−1)+2mnk−2mk)/2 (qnλ; q−λ)mk
(q−λ; q−λ)n

× (qα+mkλ+p−np; q)∞,p G(k)

⇔ G(n) =

mn∑
k=0

(−1)mn−kq−λ(mn(mn+1)−k(k−1))/2 (qmnλ; q−λ)k(1− qα+kλ−kp)
(qα+mnλ−kp; q)∞,p(q−λ; q−λ)mn

F (k).

Here replacing F (n) by q−λn(n+1)/2F (n) and G(n) by

(q−λ(mn(mn+1)/2)/(qα+mnλ+p; q)∞,p) G(n),

we obtain after little simplification, the pair:

F (n) =

bn/mc∑
k=0

q−λmnk
(qnλ; q−λ)mk

(qα+mkλ+p; q)−n,p(q−λ; q−λ)n
G(k)

⇔ G(n) =
mn∑
k=0

q−kλ
(qmnλ; q−λ)k(1− qα+kλ−kp)(qα+mnλ+p; q)−k,p

(q−λ; q−λ)mn(1− qα+mnλ−kp)
F (k).

But since

q−λmnk

(qα+mkλ+p; q)−n,p
=

q−λmnk(qp−α−mkλ−p; q)n,p
(−1)nqpn(n+1)/2−(α+mkλ+p)n
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= (−1)nq−pn(n+1)/2+(α+p)n(q−α−mkλ; q)n,p

and

q−kλ(qα+mnλ+p; q)−k,p =
(−1)kq−kλqpk(k+1)/2−(α+mnλ+p)k

(qp−α−mnλ−p; q)k,p

=
(−1)kq−kλ−mnkλqpk(k+1)/2−(α+p)k

(q−α−mnλ; q)k,p
,

consequently, the above pair changes to

F (n) =

bn/mc∑
k=0

(−1)nq−pn(n+1)/2+(α+p)n (qnλ; q−λ)mk(q−α−mkλ; q)n,p
(q−λ; q−λ)n

G(k)

⇔ G(n) =

mn∑
k=0

(−1)kq−kλ−mnkλqpk(k+1)/2−(α+p)k (qmnλ; q−λ)k(1− qα+kλ−kp)
(q−λ; q−λ)mn(1− qα+mnλ−kp)

× F (k)

(q−α−mnλ; q)k,p
.

Further, replacing F (n) by (−1)nq−pn(n+1)/2+(α+p)nF (n)/(q−λ; q−λ)n, and
noticing that

q−kλ(1− qα+kλ−kp)
(1− qα+mnλ−kp)(q−α−mnλ; q)k,p

=
q−kλqα+kλ−kp(1− q−α−kλ+kp)

qα+mnλ−kp(1− q−α−mnλ+kp)(q−α−mnλ; q)k,p

=
(1− q−α−kλ+kp)

qmnλ(q−α−mnλ; q)k+1,p
,

the above pair assumes the form:

F (n) =

bn/mc∑
k=0

(qnλ; q−λ)mk(q−α−mkλ; q)n,p G(k)

⇔ G(n) =

mn∑
k=0

q−mnkλ(qmnλ; q−λ)k(1− q−α−kλ+kp)
qmnλ(q−λ; q−λ)mn(q−α−mnλ; q)k+1,p(q−λ; q−λ)k

F (k).

Finally, replacing

G(n) by G(n)/(qmnλ(q−α−mnλ; q)∞,p), F (n) by F (n)/(qa+np; q)∞,p

and substituting α = −a, mλ = −l, where l = r − m, in this last pair, we
obtain

F (n) =

bn/mc∑
k=0

qkl(q−nl/m; ql/m)mk(qa+np; q) kl
p ,p

G(k)(32)

⇔
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G(n) =

mn∑
k=0

qnkl(qnl; ql/m)k(1− qa+k(l/m)+kp)

(qa+kp; q) ln
p +1,p(q

l/m; ql/m)mn(ql/m; ql/m)k
F (k).(33)

We first deduce the inverse series of the polynomials (17). In fact, the choice
G(n) = γnx

n in (32) yields the polynomials (17); whereas the same substitution
in (33) yields its inverse series:

γnx
n =

mn∑
k=0

qnkl(q−mn(l/m); ql/m)k(1− qa+k(l/m)+kp)

(qa+kp; q) ln
p +1,p(q

l/m; ql/m)mn(ql/m; ql/m)k
Bak,m,p(x|q; l).(34)

Next, regarding l ∈ C, and putting a = e and

γn = (qα1 ; q)n,p · · · (qαc ; q)n,p/((qβ1 ; q)n,p · · · (qβd ; q)n,p(q
l/m; ql/m)n)

in (17) and (34) provides the basic analogue of the p-deformed extended Jacobi

polynomials F (e)
n,m,p,l[(α); (β) : x|q] and its inverse series:

F (e)
n,m,p,l[(α); (β) : x|q](35)

=

bn/mc∑
k=0

qkl
(q−n(l/m); ql/m)mk(qe+np; q) kl

p ,p
(qα1 ; q)k,p · · · (qαc ; q)k,p

(qβ1 ; q)k,p · · · (qβd ; q)k,p(ql/m; ql/m)k
xk

⇔
(qα1 ; q)n,p · · · (qαc ; q)n,p

(qβ1 ; q)n,p · · · (qβd ; q)n,p(ql/m; ql/m)n
xn(36)

=

mn∑
k=0

qnkl(q−mn(l/m); ql/m)k(1− qe+Lk+kp)
(ql/m; ql/m)mn(qe+kp; q) ln

p +1,p(q
l/m; ql/m)k

F (e)
k,m,p,l[(α); (β) : x|q],

where (α) indicates the array of c parameters α1, α2, . . . , αc and (β) indicates
the array of d parameters β1, β2, . . . , βd. Here the limit qe → 0 leads us to the
bi-basic p-deformed q-Brafman polynomials and its inverse series as follows.

Bmn,p[(α); (β) : xql|q]

=

bn/mc∑
k=0

qkl
(q−n(l/m); ql/m)mk(qα1 ; q)n,p · · · (qαc ; q)n,p

(qβ1 ; q)k,p · · · (qβd ; q)k,p(ql/m; ql/m)k
xk

⇔ (qα1 ; q)n,p · · · (qαc ; q)n,p
(qβ1 ; q)n,p · · · (qβd ; q)n,p(ql/m; ql/m)n

xn

=

mn∑
k=0

qnkl
(q−mn(l/m); ql/m)k

(ql/m; ql/m)mn(ql/m; ql/m)k
Bmk,p[(α); (β) : qlx|q].

the bi-basic p-deformed q-Brafman polynomials and its inverse series tends to
the p-deformed Brafman polynomial [13, Eq. (1.16), p. 228] and its inverse
series relation [13, p. 232] as q → 1 with l = m. The extended p-deformed little
q-Jacobi polynomials (cf. [6, p. 27] with m = l = p = 1) and its inverse series
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may be deduced from (17) and (34) by replacing a by a + b + p and taking
γn = 1/((aqp; q)n,p(q

l/m; ql/m)n) which are stated below.

pn,m,p,l(x; a, b; q)

=

bn/mc∑
k=0

qkl
(q−n(l/m); ql/m)mk(abqnp+p; q) kl

p ,p

(aqp; q)k,p(ql/m; ql/m)k
xk

⇔ xn

(aqp; q)n,p(ql/m; ql/m)n

=

mn∑
k=0

qnkl(q−mn(l/m); ql/m)k(1− abqk(l/m)+kp+p)

(abqkp+p; q) ln
p +1,p(q

l/m; ql/m)mn(ql/m; ql/m)k
pk,m,p,l(x; a, b; q).

Next, in (17) and (34), making the limit qa → 0, putting

γn = qln(α+1)−lmn+ln(ln−1)/2/(pα; q)nl,p(q
l; ql)mn,

and replacing l and x by lm and (xqn)l respectively, lead us to the inverse pair
of the extended p-deformed q-Konhauser polynomial (cf. [1] with p = 1 and
m = 1) and its inverse series:

Z(α)
n,m,p(x; l|q) =

(pα; q)nl,p
(ql; ql)n

bn/mc∑
k=0

qkl(α+n+1)+kl(kl−1)/2 (q−nl; ql)mk
(pα; q)kl,p(ql; ql)mk

xkl(37)

⇔

qln(α+1)−lmn+ln(ln−1)/2

(pα; q)nl,p(ql; ql)mn
xln =

mn∑
k=0

(−1)kqkl(kl−1)/2 Z
(α)
k,m,p(x; l|q)

(αqp; q)kl,p(ql; ql)mn−k
.(38)

The series in (37) and (38) provide basic analogues of the extended p-deformed
Konhauser polynomial [13, Eq. (1.17), p. 229] and its inverse series [13, Eq. (2.8),
p. 232]. The instance l = 1 is the pair of inverse series relations involving the
extended p-deformed q-Laguerre polynomials (cf. [10] with m = p = 1):

L(α)
n,m,p(x|q) =

(pα; q)n,p
(q; q)n

bn/mc∑
k=0

(q−n; q)mk q
k(α+n+1)+k(k−1)/2

(pα; q)k,p(q; q)mk
xk

⇔ qn(α+1)−mn+n(n−1)/2

(pα; q)n,p(q; q)mn
xn =

mn∑
k=0

(−1)kqk(k−1)/2

(pα; q)k,p(q; q)mn−k
L
(α)
k,m,p(x|q).

It is noteworthy that the inverse pair (32) and (33) provides the extension to
the Askey-Wilson polynomials and q-Racah polynomials to which we call the
extended p-deformed Askey-Wilson polynomials and the extended p-deformed
q-Racah polynomials; and denote them by

pn,l,m,p(cos θ; a, b, c, d | q) and Rn,m,p,l(q
−x + cdqx+1; a, b, c, d | q),
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respectively. These polynomials may be deduced from (32) and (33) as follows.
First replacing a by a+ b+ c+ d− p and then choosing

G(n) = (aeiθ; q)n,p(ae
−iθ; q)n,p/((ab; q)n,p(ac; q)n,p(ad; q)n,p(q

l/m; ql/m)n),

F (n) = pn,l,m,p(cos θ; a, b, c, d|q)an/((ab; q)n,p(ac; q)n,p(ad; q)n,p)

yield the pair:

pn,l,m,p(cos θ; a, b, c, d|q)an

(ab; q)n,p(ac; q)n,p(ad; q)n,p
(39)

=

bn/mc∑
k=0

qkl
(q−n(l/m); ql/m)mk

(ql/m; ql/m)k

×
(abcdqnp−p; q)kl/p,p (aeiθ; q)k,p (ae−iθ; q)k,p

(ab; q)k,p(ac; q)k,p(ad; q)k,p
⇔

(aeiθ; q)n,p(ae
−iθ; q)n,p

(ab; q)n,p(ac; q)n,p(ad; q)n,p(ql/m; ql/m)n
(40)

=

mn∑
k=0

qnkl
(q−mn(l/m); ql/m)k

(ql/m; ql/m)k

×
(1− abcdqkL+kp−p) ak p

k,l,m,p
(cos θ; a, b, c, d|q)

(abcdqkp−p; q) ln
p +1,p(ab; q)k,p(ac; q)k,p(ad; q)k,p(ql/m; ql/m)mn

.

Likewise, in the inverse pair (32) and (33) if a is replaced by a+ b+p and G(n)
is chosen as

(q−x; q)n,p(cdq
x+p; q)n,p/((aq

p; q)n,p(bdq
p; q)n,p(cq

p; q)n,p(q
l/m; ql/m)n),

then F (n) = Rn,m,p,l(q
−x + cdqx+1; a, b, c, d|q) yields the inverse pair:

Rn,m,p,l(q
−x + cdqx+1; a, b, c, d|q)(41)

=

bn/mc∑
k=0

qkl
(q−n(l/m); ql/m)mk

(ql/m; ql/m)k

(abqnp+p; q) kl
p ,p

(q−x; q)k,p(cdq
x+p; q)k,p

(aqp; q)k,p(bdqp; q)k,p(cqp; q)k,p

⇔
(q−x; q)n,p(cdq

x+p; q)n,p
(aqp; q)n,p(bdqp; q)n,p(cqp; q)n,p(ql/m; ql/m)n

(42)

=

mn∑
k=0

qnkl
(q−mn(l/m); ql/m)k

(ql/m; ql/m)k

(1− abqkL+kp+p)
(abqkp+p; q)ln/p+1,p(ql/m; ql/m)mn

×Rk,m,p,l(q−x + cdqx+1; a, b, c, d|q),
These p-deformed q-polynomials provide p-extension to a number of particular
q-polynomials (see [8, pp. 61–62] for complete reducibility chart and [8, Ch. 3]).
They include the q-Hahn, dual q-Hahn, continuous q-Hahn, continuous dual
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q-Hahn, Meixner-Pollaczek, Meixner, Krawtchouk and Charlier polynomials
together with their inverse series relations.

5. Application

We now apply the first series of Theorem 3.3 to derive the generating function
relations for the particular q-polynomials; and then apply the second series
that is, the inverse series to obtain the summation formulas involving these
q-polynomials.

5.1. Generating function relations

The generating function relations for the general class of q-polynomials
(17), the extended p-deformed Askey-Wilson polynomials and the extended
p-deformed q-Racah polynomials will be derived with the help of the alterna-
tive form (32) as follows.

∞∑
n=0

qln(n−1)/2m(a; q)n,p
F (n)

(ql/m; ql/m)n
tn

=

∞∑
n=0

bn/mc∑
k=0

qln(n−1)/2m
(q−ln/m; ql/m)mk

(ql/m; ql/m)n
(a; q)n+ kl

p ,p
qklpG(k) tn.

Now, in formula (7), replacing k by mk and taking p = 1, it changes to

(ql/m; ql/m)n−mk = (−1)mkqlk(mk+1)/2−lk−lnk (ql/m; ql/m)n
(q−ln/m; ql/m)mk

,

from which we have
∞∑
n=0

qln(n−1)/2m(a; q)n,p
F (n)

(ql/m; ql/m)n
tn

=

∞∑
n=0

bn/mc∑
k=0

(−1)mkqln(n−1)/2m+lk(mk−1)/2−lnk
(a; q)n+ kl

p ,p

(ql/m; ql/m)n−mk
qklG(k) tn.

Here the double sum may be replaced by means of the identity [14, Eq. (5),
p. 101] (also [11, Eq. (7), p. 57] for m = 2):

∞∑
n=0

bn/mc∑
k=0

A(k, n) =

∞∑
n=0

∞∑
k=0

A(k, n+mk),

to get
∞∑
n=0

qln(n−1)/2m(a; q)n,p
F (n)

(ql/m; ql/m)n
tn(43)

=

∞∑
n=0

∞∑
k=0

(−1)mkqln(n−1)/2m
(a; q)n+mk+ kl

p ,p

(ql/m; ql/m)n
G(k) tn+mk.
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From this, we deduce the GFR of the q-polynomials with the assumption that
|t| < 1.

(i) GFR of Ban,m,p(x|q; l).
In (43), the choice G(n) = γnx

n ⇒ F (n) = Ban,m,p(x|q; l) which yields a general
generating function relation:

∞∑
n=0

qln(n−1)/2m
(a; q)n,p

(ql/m; ql/m)n
Ban,m,p(x|q; l) tn(44)

=

∞∑
k=0

(−1)mk(a; q)mk+ kl
p ,p

1φ1
(
aqmkp+kl; 0; p

)
(t
∣∣q, ql/m) γk ((−t)mx)

k
,

in which we have used (5). This relation when further specialized appropriately,
provides us the GFR of the particular polynomials which are illustrated below.

(ii) GFR of F(e)
n,m,p,l[(α); (β) : x|q].

Next, choosing l ∈ C, a = e and

γn = (α1; q)n,p · · · (αc; q)n,p/((β1; q)n,p · · · (βd; q)n,p(ql/m; ql/m)n)

in (44), we immediately obtain the GFR

∞∑
n=0

q(l/m)n(n−1)/2F (e)
n,m,p,l[(α); (β) : x|q] (e; q)n,p

(ql/m; ql/m)n
tn

=

∞∑
k=0

1φ1
(
eqmkp+kl; 0; p

)
(t
∣∣q, ql/m)

(α1; q)k,p · · · (αc; q)k,p ((−t)mx)
k

(β1; q)k,p · · · (βd; q)k,p(ql/m; ql/m)n
.

The limiting case e ≡ qe → 0 of this yields
(iii) GFR of Bmn,p[(α); (β) : xql|q].

We find using (10), that

∞∑
n=0

qln(n−1)/2m Bmn,p[(α); (β) : xql|q] tn

(ql/m; ql/m)n

= εq−l/m(t) cφd((α); (β) ; p)
(
x(−t)mq−lx

∣∣q, ql/m) ,
wherein c = d+1 for convergence as well as the validity of the function notation.

(iv) GFR of pn,m,p,l(x; a, b; q).

In (44), we replace a by a+b+p and substitute γn = 1/((ap; q)n,p(q
l/m; ql/m)n)

to get

∞∑
n=0

qln(n−1)/2m
(abqp; q)n,p

(ql/m; ql/m)n
pn,m,p,l(x; a, b; q) tn

=

∞∑
k=0

(abqp; q)mk+ kl
p ,p

(ql/m; ql/m)k
1φ1

(
abqp+mkp+kl; 0; p

)
(t|q, ql/m).
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(v) GFR of Z(α)
n,m,p(x; l|q).

In (44), taking limit qa → 0, replacing l and x by lm and (xqn)l, l ∈ N, and
putting γn = qln(α+1)−lmn+ln(ln−1)/2/(pα; q)nl,p(q

l; ql)mn, we get

∞∑
n=0

qln(n−1)/2
Z

(α)
n,m,p(x; l|q)
(pα; q)nl,p

tn

=

∞∑
n=0

∞∑
k=0

(−1)mkqnl(n−1)/2−klm
qkl(α+n+1)−klm+kl(kl−1)/2

(pα; q)kl,p(ql; ql)mk(ql; ql)n
qmklxkl tn+mk.

Here we may put kl = s to get elegant form:

∞∑
n=0

qln(n−1)/2
Z

(α)
n,m,p(x; l|q)
(pα; q)nl,p

tn = εq−l(t)

∞∑
s=0

q(α+n+1)s+s(s−1)/2−ms

(pα; q)s,p(ql; ql)ms
xs(−t)ms/l.

(vi) GFR of L(α)
n,m,p(x|q).

It is the straightforward case l = 1 the GFR 5.
The GFR of the polynomials (39) and (41) follow from (43). Here also we

assume that |t| < 1. Now, if a is replaced by a+ b+ c+ d− p and if

G(n) = (aeiθ; q)n,p(ae
−iθ; q)n,p/((ab; q)n,p(ac; q)n,p(ad; q)n,p(q

l/m; ql/m)n),

then F (n) = pn,l,m,p(cos θ; a, b, c, d|q)an/((ab; q)n,p(ac; q)n,p(ad; q)n,p) leads us
to

∞∑
n=0

qln(n−1)/2m(abcdq−p; q)n,p
pn,l,m,p(cos θ; a, b, c, d|q)an

(ab; q)n,p(ac; q)n,p(ad; q)n,p(ql/m; ql/m)n
tn

=

∞∑
k=0

(abcdq−p; q)mk+ kl
p ,p

(aeiθ; q)k,p(ae
−iθ; q)k,p

(ab; q)k,p(ac; q)k,p(ad; q)k,p(ql/m; ql/m)k

×1 φ1
(
abcdqmkp+kl−p; 0; p

)
(t|q, ql/m)(−t)mk.

Likewise, replacing a by a+ b+ p and choosing

G(n) = (q−x; q)n,p(cdq
x+p; q)n,p/((aq

p; q)n,p(bdq
p; q)n,p(cq

p; q)n,p(q
l/m; ql/m)n)

in (43) implies F (n) = Rn,m,p,l(q
−x + cdqx+1; a, b, c, d|q). We then find the

following GFR.

∞∑
n=0

qln(n−1)/2m
(abqp; q)n,p

(ql/m; ql/m)n
Rn,m,p,l(q

−x + cdqx+1; a, b, c, d|q) tn

=

∞∑
k=0

(q−x; q)k,p(cdq
x+p; q)k,p(abq

p; q)mk+ kl
p ,p

(aqp; q)k,p(bdqp; q)k,p(cqp; q)k,p(ql/m; ql/m)k

×1 φ1
(
abqp+mkp+kl; 0; p

)
(t|q, ql/m) (−t)mk.
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5.2. Summation formulas

In this section, we illustrate the application of the inverse series of the GISR
and in particular the inverse series of the general class (17), to deduce cer-
tain summation formulas. The inverse series (23) of Theorem 3.3 provides the
sums involving the p-Askey-Wilson polynomials (39) and p-q-Racah polynomi-
als (41); whereas the inverse series (34) takes care of the sums involving the
other polynomials.

We begin with the inverse series (34) with the assumption that γn 6= 0,∀n =
0, 1, 2, . . ., then we have

(45)
1

γn

mn∑
k=0

qnkl(q−mn(l/m); ql/m)k(1− qa+k(l/m)+kp)

(qa+kp; q) ln
p +1,p(q

l/m; ql/m)mn(ql/m; ql/m)k
Bak,m,p(x|q; l) = xn.

In this, multiplying both sides by (a; q)n/(q; q)n and taking summation from
n = 0 to ∞ and then using (12) with |x| < 1, we get

∞∑
n=0

(a; q)n
(q; q)nγn

mn∑
k=0

qnkl(q−mn(l/m); ql/m)k(1− qa+k(l/m)+kp)

(qa+kp; q) ln
p +1,p(q

l/m; ql/m)mn(ql/m; ql/m)k
Bak,m,p(x|q; l)

=
(ax; q)∞
(x; q)∞

.

If x = 0, then Bak,m,p(0|q; l) = γ0 simplifies this sum to the form:

∞∑
n=0

(a; q)nγ0
(q; q)nγn

mn∑
k=0

qnkl(q−mn(l/m); ql/m)k(1− qa+k(l/m)+kp)

(qa+kp; q) ln
p +1,p(q

l/m; ql/m)mn(ql/m; ql/m)k
= 1.

Next, multiplying both sides by 1/[n]q! = 1/(q; q)n and taking summation from
n = 0 to ∞, in (45) provides

∞∑
n=0

qn(n−1)/2

γn(q; q)n

mn∑
k=0

qnkl(q−mn(l/m); ql/m)k(1− qa+k(l/m)+kp)

(qa+kp; q) ln
p +1,p(q

l/m; ql/m)mn(ql/m; ql/m)k
Bak,m,p(x|q; l) = εq(x),

using (11). Taking summation n = 0 to ∞ and assuming |x| < 1 in (45) yields

∞∑
n=0

1

γn

mn∑
k=0

qnkl(q−mn(l/m); ql/m)k(1− qa+k(l/m)+kp)

(qa+kp; q) ln
p +1,p(q

l/m; ql/m)mn(ql/m; ql/m)k
Bak,m,p(x|q; l) =

1

1− x
.

By assigning different values to x from (−1, 1), a number of particular summa-
tion formulas can be derived. For example, x = 1/2 in this formula gives the
following one.

∞∑
n=0

1

γn

mn∑
k=0

qnkl(q−mn(l/m); ql/m)k(1− qa+k(l/m)+kp)

(qa+kp; q) ln
p +1,p(q

l/m; ql/m)mn(ql/m; ql/m)k
Bak,m,p

(
1

2

∣∣∣q; l) = 2.

The sum of 1φ1[∗] in (13) enables us to obtain one more summation formula by

multiplying (−1)nq(
n
2)(a;q)n

(c;q)n(q;q)n
to both sides of (45), replacing x by c/a and then
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summing-up from n = 0 to ∞. We then obtain

∞∑
n=0

(−1)nq(
n
2)(a; q)n

γn(c; q)n(q; q)n

mn∑
k=0

qnkl(q−mn(l/m); ql/m)k(1− qa+k(l/m)+kp)

(qa+kp; q) ln
p +1,p(q

l/m; ql/m)mn(ql/m; ql/m)k
Bak,m,p

( c
a

∣∣∣q; l)
=

(c/a; q)∞
(c; q)∞

.

The reducibility to all these summation formulas to the particular polynomials
may be obtained by making the substitutions as specified in Section 4.

Illustration. Taking a = e and

γn = (qα1 ; q)n,p · · · (qαc ; q)n,p/((qβ1 ; q)n,p · · · (qβd ; q)n,p(q
l/m; ql/m)n,p)

in (45) yields the summation formula involving the p-deformed extended q-
Jacobi polynomials as follows.

(β1; q)n,p · · · (βd; q)n,p(ql/m; ql/m)n,p
(α1; q)n,p · · · (αc; q)n,p

mn∑
k=0

qkln
(q−mn(l/m); ql/m)k

(ql/m; ql/m)mn

× (1− qe+Lk+kp)
(qe+kp; q) ln

p +1,p(q
l/m; ql/m)k

F (e)
k,m,p,l[(α); (β) : x|q] = xn.

We now obtain summation formulas involving the extended p-deformed Askey-
Wilson polynomials and p-deformed extended q-Racah polynomials. While
illustrating the sums, we require the deformed versions of the q-Gauss sum
[6, Eq. (1.5.1), p. 10] and corresponding q-Vandermonde’s sum [6, Eq. (1.5.2),
p. 11] :

2φ1

(
a, b; c; q,

c

ab

)
=

(c/a; q)∞ (c/b; q)∞
(c; q)∞ (c/ab; q)∞

and

2φ1

(
q−n, b; c; q,

cqn

b

)
=

(c/b; q)n
(c; q)n

,

respectively. For that we notice the relation (a; q)n,p = (a; qp)n, p > 0, thereby
transform these sums to the forms:

(46) 2φ1

(
a, b; c; qp,

c

ab

)
=

(c/a; q)∞,p (c/b; q)∞,p
(c; q)∞,p (c/ab; q)∞,p

and

2φ1

(
q−np, b; c; qp,

cqnp

b

)
=

(c/b; q)n,p
(c; q)n,p

.(47)

We rewrite the inverse series (40) by introducing (qp; q)n,p to get

(ac; q)n,p(ad; q)n,p(q
l/m; ql/m)n

(qp; q)n,p

mn∑
k=0

qnkl(q−ln; ql/m)k(1− abcdqkL+kp−p)
(abcdqkp−p; q) ln

p +1,p(ab; q)k,p(ac; q)k,p
(48)
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× akpk,l,m,p(cos θ; a, b, c, d|q)
(ad; q)k,p(ql/m; ql/m)mn(ql/m; ql/m)k

=
(aeiθ; q)n,p(ae

−iθ; q)n,p
(ab; q)n,p(qp; q)n,p

.

We intend to use (46), and for that we multiply both side of (48) by

qn(b−a−2 cos θ)

and then take sum from n = 0 to ∞, then after little simplification, we find
∞∑
n=0

(ac; q)n,p(ad; q)n,p(q
l/m; ql/m)n

(qp; q)n,p

mn∑
k=0

qnkl(q−ln; ql/m)k(1− abcdqkL+kp−p)
(abcdqkp−p; q) ln

p +1,p(ab; q)k,p(ac; q)k,p

× akpk,l,m,p(cos θ; a, b, c, d|q)
(ad; q)k,p(ql/m; ql/m)mn(ql/m; ql/m)k

qn(b−a−2 cos θ)

=

(
be−iθ; q

)
∞,p

(
beiθ; q

)
∞,p

(ab; q)∞,p (qb−a−2 cos θ; q)∞,p
.

In (48), we transfer (ae−iθ; q)n,p to the other side to get

(ac; q)n,p(ad; q)n,p(q
l/m; ql/m)n

(ae−iθ; q)n,p(qp; q)n,p

mn∑
k=0

qnkl(q−ln; ql/m)k(1− abcdqkL+kp−p)
(abcdqkp−p; q) ln

p +1,p(ab; q)k,p(ac; q)k,p

× akpk,l,m,p(cos θ; a, b, c, d|q)
(ad; q)k,p(ql/m; ql/m)mn(ql/m; ql/m)k

=
(aeiθ; q)n,p

(ab; q)n,p(qp; q)n,p
.

In this, multiplying both sides by (q−jp; q)n,p(q
jpbe−iθ)n and then taking the

sum from n = 0 to j, then using (47) on the right hand side, we obtain

j∑
n=0

(ac; q)n,p(ad; q)n,p(q
l/m; ql/m)n

(ae−iθ; q)n,p(qp; q)n,p

mn∑
k=0

qnkl(q−ln; ql/m)k(1− abcdqkL+kp−p)
(abcdqkp−p; q) ln

p +1,p(ab; q)k,p(ac; q)k,p

× akpk,l,m,p(cos θ; a, b, c, d|q)
(ad; q)k,p(ql/m; ql/m)mn(ql/m; ql/m)k

(q−jp; q)n,p(q
jpbe−iθ)n =

(
be−iθ; q

)
j,p

(ab; q)j,p
.

We proceed in a similar manner to derive summation formulas from the inverse
series (42). We rewrite it by introducing the factor (qp; q)n,p and transfer the

factors (cdqx+p; q)n,p, (bdq
p; q)n,p, (cq

p; q)n,p and (ql/m; ql/m)n to the other side
to get

(bdqp; q)n,p(cq
p; q)n,p(q

l/m; ql/m)n
(cdqx+p; q)n,p(qp; q)n,p

mn∑
k=0

qnkl(q−ln; ql/m)k(1− abqkL+kp+p)
(abqkp+p; q) ln

p +1,p(q
l/m; ql/m)mn

× Rk,m,p,l(q
−x + cdqx+1; a, b, c, d|q)
(ql/m; ql/m)k

=
(q−x; q)n,p

(aqp; q)n,p(qp; q)n,p
.

Now multiplying both sides by (q−jp; q)n,p(axq
jp+p)n and then taking the sum-

mation from n = o to j, we obtain

j∑
n=0

(bdqp; q)n,p(cq
p; q)n,p(q

l/m; ql/m)n
(cdqx+p; q)n,p(qp; q)n,p

mn∑
k=0

qnkl(q−mn(l/m); ql/m)k(1− abqkL+kp+p)
(abqkp+p; q) ln

p +1,p(q
l/m; ql/m)mn
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× (q−jp; q)n,p(axq
jp+p)n

(ql/m; ql/m)k
Rk,m,p,l(q

−x + cdqx+1; a, b, c, d|q) =
(aqx+p; q)j,p
(aqp; q)j,p

.

6. Extension of Riordan’s q-inverse pairs

Apart from yielding the extended p-deformed q-polynomials, Theorem 3.3
and its alternative forms also provide an effective tool for carrying out the ex-
tension of certain inverse series relations belonging to q-Riordan’s classification
[3, Tables 2, 5, 7, pp. 17–20] in the sense of p-deformation (also see [12] for
ordinary forms). For instance, replacing G(n) and F (n) by

q−λmn(mn+1)/2(qp; q)α/p+λmn−mn,pG(n)/(qp; q)∞,p and q−λn(n+1)/2(−1)nF (n)

in (32) and (33), yield the
∗ Inverse pair - 1

F (n) =

bn/mc∑
k=0

q−λ(mk(mk−1))/2)
(qp; q)α+λmk−mkp

p ,p

(qp; q)α+mkλ−np
p ,p(q

−λ; q−λ)n−mk
G(k)

⇔ G(n) =

mn∑
k=0

(−1)mn+kq−λk(k−2mn+1)/2
(1− qα+kλ−kp)(qp; q)α+mnλ−kp−p

p ,p

(qp; q)α+λmn−mnp
p ,p(q

−λ; q−λ)mn−k
F (k).

Next, replacing α by α+ p, F (n) by F (n)/(1− qα+λn−np+p) and G(n) by
G(n)/(1− qα+λmn−mnp+p) in inverse pair - 1, yields
∗ Inverse pair - 2

F (n) =

bn/mc∑
k=0

q−λmk(mk−1)/2)
(1− qα+λn−np+p)(qp; q)α+λmk−mkp

p ,p

(qp; q)α+mkλ−np+p
p ,p(q

−λ; q−λ)n−mk
G(k)

⇔ G(n) =

mn∑
k=0

(−1)mn+kq−λk(k−2mn+1)/2
(qp; q)α+mnλ−kp

p ,p

(qp; q)α+λmn−mnp
p ,p(q

−λ; q−λ)mn−k
F (k).

Here inverting the base q, and then replacing G(n) by

G(n)/(q−α−λmn+mn−1; q−1)∞,p,

this pair transforms to the
∗ Inverse pair - 3

F (n) =

bn/mc∑
k=0

qλmk(mk−1)/2)
(qp; q)−α+np−λmk−p

p ,p

(qp; q)−α−mkλ+mkp−p
p ,p(q

λ; qλ)n−mk
G(k)

⇔ G(n) =

mn∑
k=0

(−1)mn+kqλk(k−2mn+1)/2
(1− q−α−λk+kp)(qp; q)−α−λmn+mnp−p

p ,p

(qp; q)−α−λmn+kp
p ,p(q

λ; qλ)mn−k
F (k).
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Finally, replacing F (n) by F (n)/(1− q−α−λnp+np) in this last pair, we get
∗ Inverse pair - 4

F (n) =

bn/mc∑
k=0

qλmk(mk−1))/2
(1− q−α−λn+np)(qp; q)−α+np−λmk−p

p ,p

(qp; q)−α−mkλ+mkp
p ,p(q

λ; qλ)n−mk
G(k)

⇔ G(n) =

mn∑
k=0

(−1)mn+kqλk(k−2mn+1)/2
(qp; q)−α−mnλ+mnp

p ,p

(qp; q)−α−λmn+kp
p ,p(q

λ; qλ)mn−k
F (k).

Inverse pairs - 1 to 4 lead us to the p-deformed versions of certain inverse pairs
of q-Riordan classes as shown in the following table.

Table 1. p-deformed extension of certain q-Riordan inverse pairs

F (n) =

bn/mc∑
k=0

qβmk(mk−1)/2An,kG(k);

G(n) =

mn∑
k=0

(−1)mn+kqβk(k−2mn+1)/2Bn,kF (k)

Inverse β α λ An,k Bn,k p-deformed

pair - extension of q-class

(inverse pair no.)

as in Table 2, 5 and 7 [3]

1 −l α l
(qp;q)α+lmk−mkp

p
,p

(qp;q)α+lmk−np
p

,p

(1−qα+lk−kp)
(qp;q)α+lmn−mnp

p
,p

q-Gold

× 1

(q−l;q−l)n−mk
×

(qp;q)α+lmn−kp−p
p

,p

(q−l;q−l)mn−k
Class(1) Table 2

2 −l α l (1−qα+ln−np+p)
(qp;q)α+lmk−np+p

p
,p

(qp;q)α+lmn−kp
p

,p

(qp;q)α+lmn−mnp
p

,p

q-Gold

×
(qp;q)α+lmk−mkp

p
,p

(q−l;q−l)n−mk
× 1

(q−l;q−l)mn−k
Class(2) Table 2

3 p− 2 −α− p p− 2
(qp;q)α+np+2mk−mkp

p
,p

(qp;q)α+2mk
p

,p

(1−qα+2k+p)
(qp;q)α+2mn−mnp+kp+p

p
,p

q-Simpler Legendre

× 1

(q(p−2);q(p−2))n−mk
×

(qp;q)α+2mn
p

,p

(q(p−2);q(p−2))mn−k
Class(1) Table 5

4 p− 2 −α p− 2 (1−qα+2n)
(qp;q)α+2mk

p
,p

(qp;q)α+2mn
p

,p

(qp;q)α+2mn−mnp+kp
p

,p

q-Simpler Legendre

×
(qp;q)α+np−mkp+2mk−p

p
,p

(q(p−2);q(p−2))n−mk
× 1

(q(p−2);q(p−2))mn−k
Class(2) Table 5

4 p− c −α p− c (1−qα+cn)
(qp;q)α+cmk

p
,p

(qp;q)α+cmn
p

,p

(qp;q)α+cmn−mnp+kp
p

,p

q-Legendre-Chebyshev

×
(qp;q)α+np+cmk−mkp−p

p
,p

(q(p−c);q(p−c))n−mk
× 1

(q(p−c);q(p−c))mn−k
Class(1) Table 7

1 −p− c α p+ c
(qp;q)α+cmk

p
,p

(qp;q)α+cmk+mkp−np
p

,p

(1−qα+ck)
(qp;q)α+cmn

p
,p

q-Legendre -Chebyshev

× 1

(q−(c+p);q−(c+p))n−mk
×

(qp;q)α+cmn+mnp−kp−p
p

,p

(q−(c+p);q−(c+p))mn−k
Class(3) Table 7

3 p− c −α− p p− c
(qp;q)α+np+cmk−mkp

p
,p

(qp;q)α+cmk
p

,p

(1−qα+ck+p)
(qp;q)α+cmn−mnp+kp+p

p
,p

q-Legendre-Chebyshev
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Table 1. – Continue
Inverse β α λ An,k Bn,k p-deformed

pair - extension of q-class

(inverse pair no.)

as in Table 2, 5 and 7[3]

× 1

(q(p−c);q(p−c))n−mk
×

(qp;q)α+cmn
p

,p

(q(p−c);q(p−c))mn−k
Class(5) Table 7

2 −p− c α p+ c (1−qα+cn+p)
(qp;q)α+cmk+mkp−np+p

p
,p

(qp;q)α+cmn+mnp−kp
p

,p

(qp;q)α+cmn
p

,p

q-Legendre-Chebyshev

×
(qp;q)α+cmk

p
,p

(q(c+p);q(c+p))n−mk
× 1

(q(c+p);q(c+p))mn−k
Class(7) Table 7

7. Companion matrix

The companion matrix of a polynomial is defined as follows [9, p. 39].

Definition. If a polynomial f(x) = δ
0

+ δ
1
x + δ

2
x2 + · · · + δ

j−1
xj−1 + xj ∈

K[X],K is a field, then to f there is associated the j×j matrix C(f(x)), called
the companion matrix of f(x), is denoted and defined by

C(f(x)) =


0 1 0 . . . 0
0 0 1 . . . 0
...

...
...

...
0 0 0 . . . 1
−δ0 −δ1 −δ2 . . . −δj−1

 .

Note. The eigenvalues of the companion matrix C(f(x)) are precisely the zeros
of f(x), counting the multiplicity. The characteristic polynomial of C(f(x)) is
therefore, f(x).

We have the following [9, Prop. 1.5.14, p. 39].

Proposition. If f(x) ∈ K[X] is non constant and A = C(f(x)) is the com-
panion matrix of f(x), then f(A) = O, where O is a zero matrix.

Taking bn/mc = N in (17) and converting it to the monic form B̃an,m,p(x|q; l),
we get

B̃an,m,p(x|q; l) =

N∑
k=0

δk x
k,

where

δk =
qkl(q−n(l/m); ql/m)mk(qa+np; q) kl

p ,p
γ
k

qlN (q−(l/m)n; q(l/m))n(qa+np; q)Nl
p ,p

γ
N

.

Thus, B̃an,m,p(x|q; l) is of the form as stated in Definition 7. The eigenvalues of

this matrix will be then precisely the zeros of the polynomial B̃an,m,p(x|q; l).
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q-Hahn polynomials 

The extended p-deformed Continuous    
q-Jacobi polynomials 
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q-Rogers/Ultraspherical polynomials 
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Big q-Jacobi polynomials 

The extended p-deformed                  
q-Hahn polynomials 

The extended p-deformed Dual                 
q-Hahn polynomials 

The extended p-deformed                  
q-Krawtchouk polynomials 

The extended p-deformed Dual                  
q-Krawtchouk polynomials 

The extended p-deformed Quantum                  
q-Krawtchouk polynomials 

The extended p-deformed Al-Salam-
Chihara polynomials 

The extended p-deformed q-Meixner-
Pollaczek polynomials 
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Laguerre polynomials 
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q-Jacobi polynomials 

The extended p-deformed                 
q-Meixner polynomials 

The extended p-deformed Affine                  
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The extended p-deformed Continuous 
q-Laguerre polynomials 
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q-Hermite polynomials 

The extended p-deformed Little q-
Laguerre/Wall polynomials 
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Carlitz I polynomials 

The extended p-deformed q-Laguerre 
polynomials 

The extended p-deformed Alternative 
q-Charlier polynomials 

The extended p-deformed q-Charlier 
polynomials 

The extended p-deformed Al-Salam-
Carlitz II polynomials 

The extended p-deformed Stieltjes-
Wigret polynomials 

The extended p-deformed Discrete  
q-Hermite II polynomials 

The extended p-deformed Discrete  
q-Hermite I polynomials 

8. p-deformed polynomials’ reducibility chart

Scheme of p-deformed extended basic hypergeometric orthogonal polynomi-
als
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