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A REMARK ON CONVERGENCE THEORY FOR ITERATIVE

PROCESSES OF PROINOV CONTRACTION

Ravindra K. Bisht

Abstract. In this paper, we extend the study of general convergence

theorems for the Picard iteration of Proinov contraction from the class
of continuous mappings to the class of discontinuous mappings. As a by

product we provide a new affirmative answer to the open problem posed
in [20].

1. Introduction

Let Φ1 [19] denote the class of all functions ϕ : R+ → R+ satisfying; for
any ε > 0 there exists δ > ε such that ε < t < δ implies ϕ(t) ≤ ε. Let T
be a self-mapping on a metric space (X, d). A fixed point of T is said to be
contractive [10] if all of the Picard iterates of T converge to this fixed point.
A mapping T is called asymptotically regular [6] if limn→∞ d(Tn−1x, Tnx) = 0
for each x ∈ X and n ∈ N.

In 2006, Proinov [19] proved the following fixed point theorem which sub-
sumes a vast class of fixed point theorems in the existing literature (see, [2, 5,
8, 9, 11–13,17,18,21]).

Theorem 1.1. Let (X, d) be a complete metric space. Let T be a continuous
and asymptotically regular self-mapping on X such that

(i) there exists ϕ ∈ Φ1 such that d(Tx, Ty) ≤ ϕ(D(x, y)) for all x, y ∈ X,
where D(x, y) = d(x, y) + γ[d(x, Tx) + d(y, Ty)], where γ ≥ 0;

(ii) d(Tx, Ty) < D(x, y) for all x, y ∈ X with x 6= y.

Then T has a contractive fixed point. Moreover, if D(x, y) = d(x, y)+d(x, Tx)+
d(y, Ty) and ϕ is continuous and satisfies ϕ(t) < t for all t > 0, then the
continuity of T can be dropped.

It may be observed that except γ = 1, the above theorem demands continuity
of the mapping T . The equivalent version of Theorem 1.1 is the following.
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Theorem 1.2 ([19]). Let (X, d) be a complete metric space. Let T be a con-
tinuous and asymptotically regular self-mapping on X such that

(i) for any ε > 0 there exists δ > ε such that ε < D(x, y) < δ implies
d(Tx, Ty) ≤ ε;

(ii) d(Tx, Ty) < D(x, y) for all x, y ∈ X with x 6= y.

Then T has a contractive fixed point.

Definition 1.1 ([17]). A self-mapping T of a metric space (X, d) is called k-
continuous, k = 1, 2, 3, . . . , if T kxn → Tz, whenever {xn} is a sequence in X
such that T k−1xn → z.

Remark 1. It is important to note that for a self-mapping T of a metric space
(X, d), the notion of 1-continuity coincides with continuity. However,

1-continuity ⇒ 2-continuity ⇒ 3-continuity ⇒ · · · ,
but not conversely. The following example illustrates this very fact.

Example 1.2 ([17]). Let X = [0, 2] and d be the usual metric on X. Define
T : X → X by

T (x) = 1 if x ∈ [0, 1], T (x) = 0 if x ∈ (1, 2].

Then Txn → t ⇒ T 2xn → t, since Txn → t implies t = 0 or t = 1 and
T 2xn → 1 = T1 for all n. Hence T is 2-continuous. However, T is not 1-
continuous at x = 1.

The question whether there exists a contractive definition which possesses
a fixed point but does not force the map to be continuous at the fixed point
was ingeminated by Rhoades in [20] as an existing open problem. The question
of the existence of contractive mappings which are discontinuous at their fixed
points was settled in the affirmative by Pant [15]. Several other distinct answers
of the open problem are addressed in [2–4, 14, 16, 17]. In this paper we show
that contractive definition given by Proinov [19] need not be continuous at the
fixed point. We not only relax the continuity requirement in the results proved
by Proinov but also provide more answers to the open question posed in [20].

Within the paper we will use the following notations: N denotes the set of
natural numbers, d(X) and d(T (X)) the diameter of X and the diameter of
the range of T , respectively.

2. Main results

Our first main result is the following.

Theorem 2.1. Let (X, d) be a complete metric space. Let T be an asymptoti-
cally regular self-mapping on X such that

(i) there exists ϕ ∈ Φ1 such that d(Tx, Ty) ≤ ϕ(D(x, y)) for all x, y ∈ X;
(ii) d(Tx, Ty) < D(x, y) for all x, y ∈ X with x 6= y.

Suppose T is k-continuous for some k ∈ N. Then T has a contractive fixed
point z, and Tnx→ z for each x ∈ X.
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Proof. Let x0 be any point in X. Define a sequence {xn} in X given by the
rule xn+1 = Tnx0 = Txn for all n ∈ N

⋃
{0}. We shall show that {xn} is a

Cauchy sequence. Fix an ε > 0. Since ϕ ∈ Φ1 there exists δ > ε such that
t ∈ R+,

(2.1) ε < t < δ =⇒ ϕ(t) ≤ ε.
Without loss of generality, we may assume that δ < 2ε. Since T is asymp-

totically regular, i.e., cn = d(xn, xn+1) = d(Tn−1x0, T
nx0) → 0, there exists

k ∈ N such that for n ≥ k (take k = 1),

(2.2) d(xn, xn+1) <
δ − ε

1 + 2γ
.

Following Proinov [19] we shall use induction to show that, for any n,m ∈ N
and m ≥ n ≥ k,

(2.3) d(xn, xm) <
δ + 2γε

1 + 2γ
.

Inequality (2.3) holds for n = m. Assuming (2.3) is true for some m we shall
prove it for m+ 1. By the triangle inequality, we have

(2.4)
d(xn, xm+1) ≤ d(xn, xn+1) + d(xn+1, xm+1)

= d(xn, xn+1) + d(Txn, Txm).

Observe that it suffices to show that

(2.5) d(Txn, Txm) ≤ ε.
To show it we shall prove the following two cases:

Case 1. D(xn, xm) ≤ ε. By (i) and (ii) it follows that d(Txn, Txm) ≤
D(xn, xm) ≤ ε and so (2.5) holds.

Case 2. Let D(xn, xm) > ε. Then by (i) we get

(2.6) d(Txn, Txm) ≤ ϕ(D(xn, xm)).

Using definition of D(x, y) we get

D(xn, xm) = d(xn, xm) + γ[d(xn, Txn) + d(xm, Txm)]

= d(xn, xm) + γ[d(xn, xn+1) + d(xm, xm+1)]

= d(xn, xm) + γ[cn + cm].

Hence, from (2.2) and (2.3), we get

D(xn, xm) <
δ + 2γε

1 + 2γ
+ 2γ

δ − ε
1 + 2γ

= δ.

Therefore, δ < D(xn, xm) < ε. Hence, from (2.1) we have ϕ(D(xn, xm)) ≤ ε.
Then (2.6) implies (2.5).

Now, from (2.2), (2.4) and (2.5), we get

d(xn, xm+1) ≤ cn + ε <
δ − ε

1 + 2γ
+ ε =

δ + 2γε

1 + 2γ
.
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Thus (2.3) is proved, which completes the induction. Therefore {xn} is a
Cauchy sequence. Since X is complete, there exists a point z ∈ X such that
xn → z as n→∞. Also Txn → z. Also for each k ≥ 1 we have T kxn → z.

Suppose that T is k-continuous. Since T k−1xn → z, k-continuity of T implies
that limn→∞ T kxn = Tz. This yields z = Tz, that is, z is a fixed point of T .
Uniqueness of the fixed point follows from (ii). �

Equivalent version of Theorem 2.1 is the following result.

Theorem 2.2. Let (X, d) be a complete metric space. Let T be an asymptoti-
cally regular self-mapping on X such that

(i) for any ε > 0 there exists δ > ε such that ε < D(x, y) < δ implies
d(Tx, Ty) ≤ ε;

(ii) d(Tx, Ty) < D(x, y) for all x, y ∈ X with x 6= y.

Suppose T is k-continuous for some k ∈ N. Then T has a contractive fixed
point z, and Tnx→ z for each x ∈ X.

The following corollaries are easy consequences of Theorem 2.1.

Corollary 2.3. Let (X, d) be a complete metric space. Let T be an asymptot-
ically regular self-mapping on X such that

(i) there exists ϕ ∈ Φ1 such that d(Tx, Ty) ≤ ϕ(m(x, y)) for all x, y ∈ X,
where

m(x, y) = max{d(x, y), d(x, Tx), d(y, Ty),
1

2
[d(x, Ty) + d(y, Tx)]};

(ii) d(Tx, Ty) < m(x, y) for all x, y ∈ X with x 6= y.

Suppose T is k-continuous for some k ∈ N. Then T has a contractive fixed
point z, and Tnx→ z for each x ∈ X.

Corollary 2.4. Let (X, d) be a complete metric space. Let T be an asymptot-
ically regular self-mapping on X such that

(i) for any ε > 0 there exists δ > ε such that ε < m(x, y) < δ implies
d(Tx, Ty) ≤ ε;

(ii) d(Tx, Ty) < m(x, y) for all x, y ∈ X with x 6= y.

Suppose T is k-continuous for some k ∈ N. Then T has a contractive fixed
point z, and Tnx→ z for each x ∈ X.

The following example illustrates the above theorems:

Example 2.1 ([15]). Let X = [0, 2] and d be the usual metric on X. Define
T : X → X by

T (x) =

{
1, if 0 ≤ x ≤ 1;
0, if 1 < x ≤ 2.

Then T satisfies all the conditions of Theorems 2.1 and 2.2 and has a unique
fixed point x = 1 at which T is discontinuous. The mapping T satisfies the
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contractive condition (i) with

ϕ (t) =

{
(1 + t)/2, if t > 1;
t/2, if t ≤ 1.

It can also be easily seen that limx→1D(x, 1) 6= 0. The mapping T also
satisfies condition (i) of Theorem 2.2 with

δ (ε) =

{
1, if ε ≥ 1;
1− ε, if ε < 1.

In the above example, it can be easily verified that d(T (X)) = 1 and ϕ
is continuous only in the open interval (0, 1). In view of this very fact we
can consider ϕ(t) to be continuous for each t > 0 only in the open interval
(0, d(T (X))) instead of in whole of R+ (as assumed in Theorem 1.1 above).

Theorem 2.5. Let (X, d) be a complete metric space. Let T be an asymptoti-
cally regular self-mapping on X such that

(i) there exists ϕ ∈ Φ1 such that d(Tx, Ty) ≤ ϕ(d(x, y) + d(x, Tx) +
d(y, Ty)) for all x, y ∈ X;

(ii) d(Tx, Ty) < d(x, y) + d(x, Tx) + d(y, Ty) for all x, y ∈ X with x 6= y.

If ϕ is continuous for each t in the open interval (0, d(T (X))) and satisfies
ϕ(t) < t for all t > 0, then T has a contractive fixed point.

Remark 2. The above theorems generalize and improve the results due to Ab-
tahi [1], Proinov [19], Boyd and Wang [5], Bisht and Pant [3], Ciric [7], Jachym-
ski [8], Kuczma et al. [9], Maiti and Pal [11], Matkowski [12], Meir and Keeler
[13], and Pant and Pant [17].

Remark 3. Theorem 2.1 provides a new answer to the once open question (see
Rhoades [20], p. 242) on the existence of contractive mappings which admit
discontinuity at the fixed point.

Acknowledgment. The author is thankful to the learned referee for sug-
gesting some improvements and thereby removing certain obscurities in the
presentation.

References

[1] M. Abtahi, Fixed point theorems for Meir-Keeler type contractions in metric spaces,

Fixed Point Theory 17 (2016), no. 2, 225–236.
[2] R. K. Bisht, A remark on the result of Radu Miculescu and Alexandru Mihail, J. Fixed

Point Theory Appl. 19 (2017), no. 4, 2437–2439. https://doi.org/10.1007/s11784-

017-0433-1

[3] R. K. Bisht and R. P. Pant, A remark on discontinuity at fixed point, J. Math. Anal.

Appl. 445 (2017), no. 2, 1239–1242. https://doi.org/10.1016/j.jmaa.2016.02.053

[4] R. K. Bisht and V. Rakočević, Generalized Meir-Keeler type contractions and disconti-
nuity at fixed point, Fixed Point Theory 19 (2018), no. 1, 57–64. https://doi.org/10.
24193/fpt-ro.2018.1.06

[5] D. W. Boyd and J. S. W. Wong, On nonlinear contractions, Proc. Amer. Math. Soc. 20
(1969), 458–464. https://doi.org/10.2307/2035677

https://doi.org/10.1007/s11784-017-0433-1
https://doi.org/10.1007/s11784-017-0433-1
https://doi.org/10.1016/j.jmaa.2016.02.053
https://doi.org/10.24193/fpt-ro.2018.1.06
https://doi.org/10.24193/fpt-ro.2018.1.06
https://doi.org/10.2307/2035677


1162 R. K. BISHT

[6] F. E. Browder and W. V. Petryshyn, The solution by iteration of nonlinear functional

equations in Banach spaces, Bull. Amer. Math. Soc. 72 (1966), 571–575. https://doi.

org/10.1090/S0002-9904-1966-11544-6

[7] Lj. B. Ćirić, A generalization of Banach’s contraction principle, Proc. Amer. Math. Soc.

45 (1974), 267–273. https://doi.org/10.2307/2040075

[8] J. Jachymski, Equivalent conditions and the Meir-Keeler type theorems, J. Math. Anal.
Appl. 194 (1995), no. 1, 293–303. https://doi.org/10.1006/jmaa.1995.1299

[9] M. Kuczma, B. Choczewski, and R. Ger, Iterative functional equations, Encyclopedia of

Mathematics and its Applications, 32, Cambridge University Press, Cambridge, 1990.
https://doi.org/10.1017/CBO9781139086639

[10] T. C. Lim, On characterizations of Meir-Keeler contractive maps, Nonlinear Anal. 46

(2001), no. 1, Ser. A: Theory Methods, 113–120. https://doi.org/10.1016/S0362-

546X(99)00448-4

[11] M. Maiti and T. K. Pal, Generalizations of two fixed-point theorems, Bull. Calcutta
Math. Soc. 70 (1978), no. 2, 57–61.

[12] J. Matkowski, Integrable solutions of functional equations, Dissertationes Math. 127

(1975), 68 pp.
[13] A. Meir and E. Keeler, A theorem on contraction mappings, J. Math. Anal. Appl. 28

(1969), 326–329. https://doi.org/10.1016/0022-247X(69)90031-6
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