
Original Article

Flow-induced instability and nonlinear dynamics of a tube array
considering the effect of a clearance gap

Jiang Lai*, Lei Sun, Pengzhou Li
Nuclear Power Institute of China, Chengdu, 610041, China

a r t i c l e i n f o

Article history:
Received 29 September 2018
Received in revised form
3 April 2019
Accepted 4 April 2019
Available online 8 April 2019

Keywords:
Fluidelastic instability
Tube array
Two-phase flow
Void fraction
Nonlinear dynamics

a b s t r a c t

Fluidelastic instability and nonlinear dynamics of tube bundles is a key issue in a steam generator.
Especially, once the post-instability motion of the tube becomes larger than the clearance gap to other
tubes, effective contact or impact between the tubes under consideration and the other tube inevitable.
There is seldom theoretical analysis to the nonlinear dynamic characteristics of a tube array in two-phase
flow. In this paper, experimental and numerical studies were utilized to obtain the critical velocity of the
flow-induced instability of a rotated triangular tube array. The calculation results agreed well with the
experimental data. To explore the post-instability dynamics of the tube array system, a Runge-Kutta
scheme was used to solve the nonlinear governing equations of tube motion. The numerical results
indicated that, when the flow pitch velocity is larger than the critical velocity, the tube array system is
undergoing a limit cycle motion, and the dynamic characteristics of the tube array are almost similar for
different void fractions.
© 2019 Korean Nuclear Society, Published by Elsevier Korea LLC. This is an open access article under the

CC BY-NC-ND license (http://creativecommons.org/licenses/by-nc-nd/4.0/).

1. Introduction

Steam generator is a primary component of a nuclear power
plant. There are several types of flow-induced vibrations of the tube
bundles in a steam generator. When the flow pitch flow of the two-
phase flow reaches a certain velocity, the fluid force can produce
large oscillation called as fluidelastic instability. A lot of experi-
mental and theoretical analyses were carried out to study this flow-
induced vibration phenomenon for the past several decades. Two
fluidelastic instability mechanisms of tube bundles in single-phase
flow, the velocity mechanism and the displacement mechanism,
were proposed by Chen and Jendrzejczyk [1]. Pettigrew and Taylor
et al. [2] performed a series of experiments to discuss the dynamic
characteristics of the tube bundles using a two-phase test loop in
Chalk River Lab. Another two-phase test loop designed to study the
fluidelastic instability of tube bundles in two-phase flow was
conducted in Ecole Polytechnique Montreal. Armed with this
experimental apparatus, the fluid force measurements, critical ve-
locities, and the dynamic responses of the rotated triangular tube
array in two-phase flow were conducted by Pettigrew, Zhang, and
Mureithi et al. [3,4,5,6]. Considering the effect of an axial force of

the tubes, the fluidelastic instability of a single flexible tube in a
rigid tube bundle was analyzed by Xia and Wang [7]. The fluide-
lastic instability of a single flexible tube in a rigid array was studied
by Khalifa and Weaver et al. [8]. The nonlinear dynamic charac-
teristics of a tube bundle in cross-flow were investigated by Wang
et al. [9]. Hardik and Balkrushna et al. [10] developed a program to
calculate the displacement of a circular cylinder in the transverse
and parallel directions. And the influences of the Reynolds number
on fluid force coefficients, Strouhal number, pressure were also
investigated. The fluidelastic instability behaviors of several normal
triangular tube bundles with pitch-to-diameter ratios between 1.25
and 1.58 were investigated by Beatriz et al. [11]. Jiang and Xiong
et al. [12] analyzed the dynamic characteristics of U-tube bundles in
two-phase flow, and the vibration response of a steam generator
tube array was calculated.

Recently, the intrinsic mechanism of cross-flow effects on the
fluidelastic instability of a tube array was investigated in our pre-
vious study [13]. Depending upon the study, two expressions for
the critical velocities were obtained. However, it is still a problem
deserving further investigations on fluidelastic instability of a tube
array in two-phase flow, especially considering the effect of a
clearance gap. The present study is concerned with the fluidelastic
instability and post-instability behavior of a tube array in two-
phase flow with a clearance gap. A mathematical model of a tube
array with unsteady fluid force model was presented. A computer* Corresponding author.
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code based on the presented model was written. Verification was
made by comparing the calculation results with the experimental
results. By using the code, numerical calculations for nonlinear
dynamics for the four cases (i.e., void fraction is 0%, 20%, 40%, and
60%) were performed.

2. Theoretical analyses

2.1. Theoretical model

Since fluidelastic instability occurs mainly in the lift direction, it
was decided to focus on modeling the tube vibration in this di-
rection. Considering a clearance gap, the equation of motion of the
tube in the lift direction can be written as:

Where subscript “þ” and “-” denote before and after the colli-
sion; _y and €y are the velocity and acceleration of the tube bundles;
mt, dt and kt are the mass, the damping and stiffness coefficients of
the tube per unit length, respectively；er and ee are the clearance
gap between the tubes, respectively; r is the restitution coefficient;
mf, df and kf are the mass, the damping and stiffness coefficients of
the fluid per unit length.

When a harmonic motion is applied to the tube, the force per
unit length acting on a given tube in an array in the lift direction
may be expressed as [13]:
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Where y0e
iut is the displacement of the tube; Cma, Cda and Cs are

the fluid add mass, damping and stiffness coefficients, respectively;
m is the tube mass per unit length; D is the diameter of the tube; U
and r are the flow velocity and fluid density, respectively.

Thus, the mass, the damping and stiffness coefficients of the
fluid per unit length can be calculated by equation (2), written as:
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Where rg, and rL are the gas phase density and liquid phase
density, respectively; b is the fluid homogeneous void fraction; D,
De is the tube diameter and pitch between tubes, respectively; U∞ is
the flow free stream velocity; r is the density of two-phase flow; u
is the angular frequency of the tube; CF∞ and Фf are unsteady fluid
force coefficient magnitude and corrected fluid force phase,
respectively. The value of the unsteady fluid force coefficient
magnitude and corrected fluid force phase can be obtained from
Ref. [14].

Kny
3 is the impact force between the tubes, based on Hertz

contact theory, Kn is expressed as:

Kn ¼ 2E
3
	
1� n2
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Where E is the elasticity modulus; n is the Poisson's ratio.

2.2. Method of analysis on fluidelastic instability

To investigate the fluidelastic instability of a tube array in two-
phase flow, the nonlinear dynamic equations of the tube system
were linearized at the center of the vibration. The governing dif-
ferential equations for the motion of the tube can be re-expressed
as:

x
: ¼ f½xðtÞ� (7)

Where _x is the first-order derivative of x.
For any given flow pitch velocity, the following matrix can be

defined:

A ¼
�
vf
vx

�����
x¼0

(8)

The stability of the nonlinear system described by equation (7)
in the neighborhood of its equilibrium point can be determined
by the eigenvalues of matrix A. If all the eigenvalue with a positive
real part, the system is asymptotically stable. If there is at least one
eigenvalue with a positive real part, the system is unstable. When
the maximum real part turns out to be zero, the tube array system
reaches a critical state, and the corresponding velocity of the flow
pitch velocity is the critical velocity of fluidelastic instability.

As the flow pitch velocity increasing, when the vibration am-
plitudes are larger enough, the collision of tubes will happen. The
dynamical characteristics of the tube array would be much more
complicated. In order to calculate the dynamic response of the
tubes, the governing differential equations are solved by a fourth
order Runge-Kutta integration algorithm. Depending on this
method, we change the flow pitch velocity manually in small steps
and solve the initial-value problem for obtaining the dynamic
response in each step. In each step, the solution of the previous step
is considered as the initial condition. When the solution of the
previous step is stationary, the flow pitch velocity is increased in
the next step, and the initial condition of the subsequent calcula-
tion is given by a slight disturbance (y ¼ 0.1 mm in this study). The
velocity where nonlinear system tends to a periodic solution is
called the bifurcation velocity, which is equal to the critical velocity
calculated from the eigenvalue problem. The flow pitch flow is
increased continually until the collision of tubes happens. Then, we
begin to decrease the flow pitch velocity. The periodic solution for a
slightly greater flow pitch velocity is taken as the initial condition
for the subsequent calculation.
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2.3. Effect of void fraction on the critical velocity of fluidelastic
instability

In order to analyze the effect of void fraction on the critical
velocity of fluidelastic instability, a computational program was

written, and the eigenvalues of the tube were calculated for four
different cases (i.e., void fraction is 0%, 20%, 40%, and 60%). The
results are shown in Fig. 1. According to the description in section
3.2, when the maximum real part of the eigenvalues of the eigen-
matrix in equation (8) is equivalent to or greater than zero, the

Fig. 1. Plot of the eigenvalue of the tube with respect to flow pitch velocity: (a) the real part of the eigenvalue in 0% void fraction; (b) the imaginary part of the eigenvalue in 0% void
fraction; (c) the real part of the eigenvalue in 20% void fraction; (d) the imaginary part of the eigenvalue in 20% void fraction; (e) the real part of the eigenvalue in 40% void fraction;
(f) the imaginary part of the eigenvalue in 40% void fraction; (g) the real part of the eigenvalue in 60% void fraction; (g) the imaginary part of the eigenvalue in 60% void fraction.
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amplitude of tube motionwill not converge to zero. In other words,
the mode of tube motion becomes unstable. It is clearly seen that
the void fraction can increase the critical velocity of fluidelastic
instability of tube array. The critical velocity increases monoto-
nously as the void fraction increases. For the example discussed in
this study, the critical velocities incorporating the effect of the void
fraction are 1.64 m/s, 2.66 m/s and 3.19 m/s which are 18.84%,
92.75% and 131.12% larger than the critical velocity in water.

3. Experimental analysis

3.1. Experimental setup

The critical velocity of fluidelastic instability measurement was
conducted using the two-phase test loop. A comprehensive
description of this two-phase test loop was shown in Ref. [13]. The
experimental test section, which has a rectangular cross-section,
consisted of 53 flexible tubes. The cross-sectional area of the test
section perpendicular to the flow direction is 0.057 m2. The tube

array is a rotated triangular tube array composed of seven columns
of tubes, which are well arranged in fifteen rows, shown in Fig. 2.
The diameter of the tubes is D ¼ 0.01745 m and the pitch-to-
diameter ratio P/D ¼ 1.48. The tube length is 0.312 m. All tubes
are set in the test section. The tubes were restricted to move in one
direction since they were supported with a flexible cantilever
beam. The tube natural frequency in air was around 40 Hz in the lift
direction and 80 Hz in the drag direction. In order to obtain the
strains of the tubes in the lift direction, strain gaugesweremounted
on the tubes near the clamped end for vibration measurement.
Tests were performed with all flexible tubes over a homogeneous
void fraction range from 0% to 60%.

3.2. Comparisons between the experimental and numerical results

For each void fraction (i.e., 0%, 20%, 40%, and 60%), the tube vi-
bration signals weremeasured for about 5min. The tube RMS strain
amplitudes were evaluated from the averaged spectra. The homo-
geneous two-phase flow model was used to determine the void
fraction and flow density. The natural frequencies, added masses,
and critical velocities of fluidelastic instability were obtained in the
experiment over the void fraction ranging from 0% to 60%, shown in
Table 1.

Two comparisonsweremade between the experimental and the
numerical results. One is the comparison of the tube natural fre-
quency, and the other one is the comparison of critical velocity. The
comparison of the critical velocity for the four different void frac-
tions was shown in Fig. 3(a) and Table 2, where the maximum
deviation between the experimental and numerical results is less
than 9.5%. The comparison of natural frequencies for different void
fractions was shown in Fig. 3(b) and Table 3. The maximum relative
error between the experimental and numerical results is 1.81%. So
the results are in good agreement.

Fig. 2. Array configuration.

Table 1
Natural frequency, added mass and critical velocity of the tube in two-phase flow.

0% void fraction 20% void fraction 40% void fraction 60% void fraction

Natural frequency (Hz) 31.50 32.50 33.92 34.56
Added mass (kg) 0.3028 0.2365 0.1817 0.1592
Critical velocity (m/s) 1.25 1.78 2.60 3.07

Fig. 3. Comparison of results between test and numerical simulation: (a) Critical velocity; (b) Natural frequency.

J. Lai et al. / Nuclear Engineering and Technology 51 (2019) 1650e1657 1653



4. Numerical results for nonlinear responses

In this section, it is of interest to investigate, in detail, what
behavior would occur when the flow pitch velocity Up is greater
than the critical velocity determined in the previous section by
analyzing the linearized system. In general, the linear stability
analysis enables us to predict the behavior of the tube array system
for flow pitch flow near the stability boundaries. However, this

could not directly predict the post-instability behavior to flow pitch
velocity is far from the critical velocity. For this reason, the nu-
merical analysis method described in section 2.2 was used to detect
the possible dynamical behavior of the tube array in the unstable
region.

The step size of the fourth order Runge-Kutta integration algo-
rithm is 0.000001; the initial conditions employed were as:

Fig. 4. Bifurcation diagram of tube array: (a) 0% void fraction; (b) 20% void fraction; (c) 40% void fraction; (d) 60% void fraction.

Table 2
Comparison of critical velocities of two-phase flow.

0% void fraction 20% void fraction 40% void fraction 60% void fraction

Test results (m/s) 1.25 1.78 2.60 3.07
DRTPF results (m/s) 1.38 1.64 2.66 3.19
Relative error (%) 9.42% 7.87% 2.31% 3.76%

Table 3
Comparison of tube natural frequencies in two-phase flow.

0% void fraction 20% void fraction 40% void fraction 60% void fraction

Test results (Hz) 31.50 32.50 33.92 34.56
DRTPF results (Hz) 32.07 32.97 33.93 35.00
Relative error (%) 1.81% 1.45% 0.03% 1.27%
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Fig. 6. Numerical simulations for 0% void fraction: (a) phase portrait of the tube motion; (b) time history of the tube motion.

Fig. 7. Numerical simulations for 20% void fraction: (a) time history of the tube motion; (b) phase portrait of the tube motion.

Fig. 5. Numerical simulations for 0% void fraction: (a) phase portrait of the tube motion; (b) time history of the tube motion.
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y ¼ 0:00035; y
: ¼ 0: (9)

The bifurcation diagram of the tube array system is a pitchfork
bifurcation for the four cases (i.e., void fraction is 0%, 20%, 40%, and
60%, respectively), and there is a non-zero branch (or stable peri-
odic solution) and a zero branch (or stationary solution), as shown
in Fig. 4. It is obvious that the bifurcation velocities for the four
cases are 1.35 m/s, 1.64 m/s, 2.66 m/s, and 3.19 m/s, respectively,
which are equal to the critical velocities calculated in section 2.3.

First, let us analyze the dynamics of the tube bundles within 0%
void fraction. In this case, the calculations have been performed for
two different values of flow pitch velocities. ForUp¼ 1.307 m/s, it is
observed in Fig. 5(a) that the origin is a stable fixed point and that
the trajectory gravitates towards it. The transient solution was
presented in Fig. 5(b). In Fig. 6, which is for Up ¼ 1.461 m/s, the
trajectory is towards a stable limit cycle, which is symmetric.

Next, the results for three different values of void fraction are
illustrated in Fig. 7~Fig. 9, separately. One remarkable feature be-
comes immediately obvious: for all the three cases, when the flow
pitch velocity is greater than the critical velocity, the tube bundles
would undergo a limit cycle motion. More interestingly, these
stable limit cycles are very similar to the stable limit cycle of 0% void
fraction (see)

Summarizing the results obtained, for the four cases (i.e., void
fraction is 0%, 20%, 40% and 60%), the dynamic characteristics of the
tube array are almost similar. The tube array system is stable and
hence themotionwould be damped, when the flow pitch velocity is
less than the critical velocity of fluidelastic instability. When the
flow pitch velocity is greater than the critical velocity, with the
clearance gap to other tubes, the tube array system is undergoing a
limit cycle motion, which is symmetric.

5. Conclusions

The study was concerned with the fluidelastic instability and
post-instability dynamics of a tube array subjected to two-phase
flow. Method of experiment, theory and calculation were used to
analyze the fluidelastic instability of a tube array of four cases (i.e.,
void fraction is 0%, 20%, 40% and 60%, respectively). Experimental
tests weremade in a rotated triangular tube array subjected to two-
phase cross-flow. Added mass, natural frequency and critical ve-
locity for fluidelastic instability were measured. Based on the
theoretical and numerical analysis, the effect of flow pitch velocity
in the equation of motion on the instability and nonlinear dynamics
has been explored. The calculation results were agreed well with
the experimental data. The numerical results indicated that, for

Fig. 9. Numerical simulations for 60% void fraction: (a) time history of the tube motion; (b) phase portrait of the tube motion.

Fig. 8. Numerical simulations for 40% void fraction: (a) time history of the tube motion; (b) phase portrait of the tube motion.
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high flow pitch velocity, beyond the critical value the tube array
system would undergo asymmetric limit cycle motion, and the
dynamic characteristics of the tube array are almost similar for
different void fractions.
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