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a b s t r a c t

Recently, ocean nuclear reactors have received attention due to enhanced safety features. The movable
and transportable characteristics distinguish ocean nuclear reactors from land-based nuclear reactors.
Therefore, for safety/design analysis of the ocean reactor, the thermos-hydraulics must be investigated in
the moving system. However, there are no studies reporting the general two-fluid equations that can be
used for multi-dimensional simulations of two-phase flows in moving systems. This study is to sys-
tematically formulate the multi-dimensional two-fluid equations in the non-inertial frame of reference.
To demonstrate the applicability of the formulated equations, we perform a total of six different simu-
lations in 2D tanks with translational and/or rotational motions.
© 2019 Korean Nuclear Society, Published by Elsevier Korea LLC. This is an open access article under the

CC BY-NC-ND license (http://creativecommons.org/licenses/by-nc-nd/4.0/).

1. Introduction

Recently, various concepts have been proposed for ocean nu-
clear power plants with enhanced safety features [1e3]. The ocean
nuclear reactor is characterized by themotion of the reactor system
according to ocean environments. They are transportable and
moveable, and thus the thermal-hydraulic behavior must be
investigated in the moving systems.

There are two numerical approaches to predict the thermal-
hydraulic behavior in the moving systems. One is the one-fluid
approach with an interface tracking techniques. This one-fluid
approach has been widely used for the liquefied natural gas car-
gos in the ship industry [4e9]. However, existing studies were
limited to flows with large interfaces. Though this approach does
not require a parameter tuning process, it is not practical for two-
phase flows in nuclear systems. The other is the two-fluid
approach. The two-fluid model has been widely used for practical
applications involving two-phase flows in nuclear reactors. Though
the accuracy depends on various modeling terms, the two-fluid
model can yield satisfactory results for flows with both small and
large interfaces in a large flow domain.

The existing two-fluid equations are obtained by applying the
time-, volume-, or ensemble-averaging method to the mass,

momentum, and energy conservation equations in the absolute
frame of reference [10e12]. To predict two-phase flows inside
floating or submerged platforms, the two-fluid equations must be
modified to account for the effects of arbitrary motions of the nu-
clear systems. Some previous works utilized the one-dimensional
two-fluid equations with the aim of system analysis in oscillating
conditions [13e18]. However, the one-dimensional simulation
inherently loses multi-dimensional flow characteristics.

To the best of our knowledge, there are no studies on multi-
dimensional simulations based on the two-fluid model in a mov-
ing system. This paper suggests the two-fluid equations in the non-
inertial frame of reference. Six different simulations in 2D tanks
with translational and/or rotational motions demonstrate the
applicability of the two-fluid model to two-phase flows with both
large and small interfaces in moving systems.

2. Single-phase flow

Fig. 1 shows two different frames of reference. The absolute
frame is expressed in terms of the Cartesian coordinates ðX; Y; ZÞ.
The moving frame is undergoing acceleration with respect to the
absolute frame and is expressed in terms of the Cartesian co-
ordinates ðx;y;zÞ. The moving frame is located by position vector R
relative to the absolute frame and rotates with an angular velocity
vector ofU. A particle is instantaneously located with respect to the
moving frame by position vector r.

While the conservation equations for the thermodynamic
properties remain formally unchanged under a change of frame, the
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local instantaneous equation for momentum is expressed as
follows:

r
Du
Dt

¼�VpþV,

�
m
�
VuþðVuÞT

�
þlðV,uÞI

�
þrgþfinterial; (1)

finterial ¼ � r €R � r _U� r� 2rU� u� rU� ðU� rÞ; (2)

where r, u, p, m, l, I, and g are the density, the velocity vector, the
pressure, the viscosity, the bulk viscosity, the identity matrix, and
the gravitational acceleration, respectively. The additional term

finterial includes four effects. The first term on the right-hand side of
Eq. (2) accounts for the translational acceleration of the moving
frame with respect to the absolute frame ( €R ¼ d2R=dt2). The last
three terms in Eq. (2) are the Euler force for spin-up or spin-down
( _U ¼ dU=dt), the Coriolis force, and the centripetal force, respec-
tively, which arise from the rotation of the moving frame with
respect to the absolute frame. The position vector r in Eq. (2) is
replaced by the distance vector from the rotational axis to the local
position in the moving frame.

3. Two-phase flow

3.1. Volume-averaged equations

The local instantaneous conservation equation for mass remains
formally unchanged under a change of frame. Thus, the averaged
mass equation for a two-phase flow in the moving frame is iden-
tical to that in the absolute frame. The same is true for the internal
energy and enthalpy. The averaged equation forms for internal
energy and enthalpy are invariant under a change of frame.

However, the form of the averaged momentum equation in the
moving frame would differ from that in the absolute frame due to
the presence of the additional term finterial given by Eq. (2). Drew
[10] rigorously derived the volume-averaged two-fluid equations in
the absolute frame. Here, we consider the adiabatic two-phase
flow. The volume-averaged momentum equation for phase k in
the absolute frame is given by

where the double over-bar (¼) and the over-hat (̂ ) indicate the
phase mean and mass-weighted mean, respectively (Appendix A).
In the above equation, ak, tk, tRek , pki, Mik, and tki are the void
fraction, the viscous stress tensor, the Reynolds stress tensor, the
fluid pressure at the interface, the interfacial momentum transfer,

Nomenclature

f Force vector, N/m3

g Gravitational acceleration vector, m2/s
p Pressure, Pa
r Position vector with respect to the moving frame of

reference, m
u Fluid velocity vector, m/s
I 3 � 3 identity matrix
M Force vector, N/m3

R Position vector relative to the absolute frame of
reference, m

V Volume, m3

Greeks
a Phase fraction
l Fluid bulk viscosity, Paᆞs
m Fluid dynamic viscosity, Paᆞs
r Fluid density, kg/m3

t Viscous stress tensor
U Rotation vector

Superscript
Re Reynolds stress

Subscripts
k Phase indicator
g Gas phase
l Liquid phase
ki k phase at the interface
ik k phase at the interface

Symbols
¼ Phase mean value
^ Mass-weighted mean value
ᆞ Frist time derivative (d/dt)
€ Second time derivative (d2/dt2)

Fig. 1. Two frames of reference.
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and the fluid viscous stress tensor at the interface, respectively.
We now consider the local instantaneous momentum equation

for phase k in the moving frame as

finterial;k¼ �rk
€R�rk

_U�rk�2rkU�uk�rkU�ðU�rkÞ: (5)

The volume averaging over Eq. (4) without finterial;k leads to Eq.
(3). Hence, we just have to concentrate on finterial;k. Taking the
volume average over finterial;k,

where V and Vk are the total averaging volume and the sub-volume
occupied by phase k, respectively. R and U are functions of time
alone, being independent of the local position. Using the phase and
mass-weighted means, one can write each term on the right-hand
side of Eq. (6) as follows:

�1
V

ð
Vk

rk
€RdV ¼

0
B@� 1

V

ð
Vk

rkdV

1
CA €R ¼ �akrk

€R; (7)

�1
V
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0
B@1
V
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1
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�

¼ �akrk
_U� brk ;

(8)

�1
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rkukdV

1
CA

¼ �2U�
�
akrkcuk

�
¼ �2akrkU� cuk ; (9)

�1
V

ð
Vk

rkU� ðU� rkÞdV ¼ �U�

2
64U�

0
B@1
V

ð
Vk

rkrkdV

1
CA
3
75

¼ �U�
�
U�

�
akrk brk

��

¼ �akrkU�
�
U� brk

�
: (10)

Combining Eq. (7)~(10), we obtain

Finterial;k¼�akrk
€R�akrk

_U� brk �2akrkU�cuk �akrkU

�
�
U� brk

�
: (11)

Equation (11) consists of the translational acceleration effect,
the Euler force for spin-up or spin-down, the Coriolis force, and the
centripetal force. It is interesting to note that the variables are not
coupled in Eq. (11), which is desirable in view of the numerical
simulation. brk ¼ rkrk=rk can be interpreted as the center-of-mass
for phase k within the total averaging volume. If the flow is
incompressible, brk ¼ rk is the center-of-geometry for phase k
within the total averaging volume. If the flow is a uniformly
distributed incompressible bubbly flow, brk becomes the center-of-
geometry of the total averaging volume.

The volume-averaged momentum equation in the moving
frame is obtained by adding Eq. (11) to the existing form of the
volume-averaged momentum equation in the absolute frame. The
resultant equation is

rk
Duk

Dt
¼ �Vpk þV ,

�
mk

�
VukþðVukÞT

�
þ lkðV ,ukÞI

�
þ rkgþ finterial;k; (4)

Finterial;k ¼
1
V

ð
Vk

finterial;kdV

¼ � 1
V

ð
Vk

rk
€RdV � 1

V

ð
Vk

rk
_U� rkdV � 1

V

ð
Vk

2rkU�ukdV � 1
V

ð
Vk

rkU�ðU� rkÞdV ;
(6)
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All variables in Eq. (12) are to be measured in the moving frame.

3.2. Time-averaged equations

We now turn to the time-averaged momentum equation. Time-
averaging is performed at a fixed local point in the moving frame.
The time average of the momentum equation in the absolute frame
is well known [11,19]. Thus, we concentrate on the additional term
given by Eq. (2). U and R are continuous functions of time, and the
local point is alternatively occupied by gas and liquid. Accordingly,
one canwrite the local instantaneous additional term for phase k as

finterial;k ¼ � rk
€R � rk

_U� r� 2rkU� uk � rkU� ðU� rÞ:
(13)

The existing time-averaged conservation equations have inter-
facial transfer terms resulting from the time average of the spatial
or time derivatives in the local instantaneous conservation equa-
tions [19]. However, Eq. (13) does not have spatial or time de-
rivatives. Hence, the time average of Eq. (13) does not yield
interfacial momentum transfer terms.

Taking the time average of Eq. (13),

whereDt is the time interval of the averaging, and ½Dt�k is part of Dt
inwhich the local point is occupied by phase k. Using the phase and
mass-weighted means, one can write each term on the right-hand
side of Eq. (14) as follows:

� 1
Dt

ð
½Dt�k

rk
€Rdt ¼ �akrk

b€R; (15)

� 1
Dt

ð
½Dt�k

rk
_U� rdt ¼ �

0
B@ 1
Dt

ð
½Dt�k

rk
_Udt

1
CA� r ¼ �akrk

b_U � r;

(16)

� 1
Dt

ð
½Dt�k

2rkU� ukdt ¼ � 2
Dt

ð
½Dt�k

rkU� ukdt ¼ �2akrk dU� uk ;

(17)

� 1
Dt

ð
½Dt�k

rkU� ðU� rÞdt ¼ �akrk
dU� ðU� rÞ: (18)

Combining Eq. (15)~(18), we obtain

Finterial;k ¼ � akrk
b€R � akrk

b_U � r� 2akrk dU� uk

� akrk
dU� ðU� rÞ: (19)

One thing that should be noted here is that some variables are
coupled in the last two terms in Eq. (19). Proper models or as-

sumptions are needed to decouple the variables. If the flow is
incompressible, the mass-weighted mean is the same as the phase
mean, leading to b€R ¼ €R, b_U ¼ _U, dU� uk ¼ U� uk, anddU� ðU� rÞ ¼ U� ðU� rÞ. In this case, €R, _U, and U� ðU� rÞ can
be readily calculated because R and U are functions of time alone,
and r is fixed in time. However, additional models are needed to
write U� uk as U� uk.

The time-averaged momentum equation in the moving frame is
obtained by adding Eq. (19) to the existing time-averaged mo-
mentum equation in the absolute frame. The resultant equation is

v

vt
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þV ,

�
akrkcuk
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þðpki � pkÞVak þ cukiGk þMik �Vak , tki

�akrk
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_U� brk �2akrkU� cuk �akrkU�
�
U� brk

� (12)

Finterial;k ¼
1
Dt
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½Dt�k

finterial;kdt

¼ � 1
Dt

ð
½Dt�k
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rk
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1
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�akrk
b€R �akrk

b_U� r�2akrk dU� uk �akrk
dU� ðU� rÞ

(20)
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4. Numerical simulation

The additional force terms (Eq. (11) and (19)) have been derived
in the two-fluid momentum equation. In view of numerical simu-
lation, it is common practice to decouple the variables in the gov-
erning equations. Omitting the averaging symbols, one can write
Eqs. (11) and (19) as

Finterial;k ¼ � akrk
€R � akrk

_U� r� 2akrkU� uk � akrkU

� ðU� rÞ: (21)

Therefore, the followings are added to the gas and liquid mo-
mentum equations, respectively.

Finterial;g ¼ � agrg
€R � agrg

_U� r� 2agrgU� ug � agrgU

� ðU� rÞ; (22)

Finterial;l ¼ � alrl
€R � alrl

_U� r� 2alrlU� ug � alrlU� ðU� rÞ:
(23)

The subscripts g and l stand for the gas and liquid phases,
respectively. The interfacial jump conditions for mass, momentum,
and internal energy are frame indifferent; their forms remain
formally unchanged under a change of frame. Numerical simula-
tions were made of air-water two-phase flows in this study. The
flow is assumed to be incompressible and adiabatic. The two-fluid
equations for mass and momentum are simplified as follows:

vag
vt

þV,
�
agug

	 ¼ 0; (24)

val
vt

þV,ðalulÞ ¼ 0; (25)

v

vt

�
agrgug

�
þV,

�
agrgugug

�
¼ �agVpþ V,



agtg

�þ agrgg

þMig þ Finertial;g ;

(26)

v

vt
ðalrlulÞþV,ðalrlululÞ ¼ �alVpþ V,½altl� þ alrlgþMil

þ Finertial;l:

(27)

The addition force terms, Eqs. (22) and (23), were implement by
the help of user-defined function in ANSYS FULENT. In general, the
interfacial momentum transfer between two phases is assumed to
be given by the sum of the interfacial drag, lift, virtual mass, tur-
bulent dispersion, and wall lubrication. In this study, however, the
only interfacial drag [20] was considered to minimize the interfa-
cial momentum transfer effect. The interfacial drag acting on the
gas phase is given by

Mig ¼
1
8
rlCDai

��ug � ul
���ug �ul

	
; (28)

CD ¼
(
24

�
1þ0:15Re0:687b

�.
Re Re � 1000

0:44 Re>1000
; (29)

Reb ¼ rl
��ug � ul

��db
ml

; (30)

where db is the bubble diameter (set to 1 mm) and ai ¼ 6ag=db is
the interfacial area density. For the free surface, ai is usually small
such that the simulation is unstable. As a solution, ai is often
determined based on the bubble diameter. The interfacial drag just
has to be high enough to make simulation stable. Fortunately, the
interfacial drag plays a minor role in predicting the free position.
The gravity and acceleration acting the liquid are important. The

Fig. 2. Simulation result for the square tank with a horizontal acceleration of 5.6638 m2/s.
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interfacial drag acting on the liquid phase is given by Mil ¼ � Mig.
Wewill show six different simulation results to demonstrate the

applicability of the two-fluid model to two-phase flows in moving
systems. All simulations were performed for air-water fluids at a
room temperature (25 �C) under atmospheric pressure.

4.1. Constant horizontal acceleration

The first case is a square tank subjected to a constant horizontal
acceleration. This simulation is to validate the linear acceleration
term (� akrk

€R) in Eq. (21). A tank of 25 cm per side is initially filled
up to 6.25 cm. The tank is accelerated as follows:

€R ¼
 0; t <0
5:6638 i m2

.
s; t�0 : (31)

The simulation domain consists of 50� 50 cells. Fig. 2 shows the
void fraction distributionswhen the tank accelerates at 5.6638m2/s
in the right direction. At the steady state (t ¼ 5 s), the interface
angle coincides with the theoretical value of tan-1 (5.6638/
9.81) ¼ 30�.

4.2. Horizontal oscillation

The second case is a square tank excited by forced horizontal
oscillation. The objective is to validate the linear acceleration term
(� akrk

€R). The tank size is 0.9 m, and the initial water depth is
0.6 m (Fig. 3). Slip conditions is applied to the walls for comparison
with an existing numerical result based on the boundary element
method [21]. The tank position in the absolute frame is given by

RX ¼ AX sinðutÞ; (32)

where AX is the excitation amplitude of 0.002 m, and u is the

angular velocity of 5.5 rad/s near the natural frequency of the free
surface, i.e., resonance frequency. These conditions are the same as
those used in Ref. [21]. Use of two-fluid equations implies that one
would accept moderate results with less grids. In addition, it is well
known that the grid convergence is not always guaranteed in the
two-fluid equation system. A finer grid may permit the appearance
of spurious waves unless the two-fluid equations are properly
regulated [22]. In these regards, it is not easy to determine the best
grid numbers. Fig. 4 shows the time histories of the free surface
height on the right vertical wall with four different grid sizes. The
free surface was estimated by

0 1 2 3 4 5 6 7 8 9
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0.58

0.60
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Nakayama
Present (30x30 grids)
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Present (90x90 grids)
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W
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l(

m
)

Time (s)
Fig. 4. Height of the free surface on the right vertical wall of Nakayama’s tank with horizontal oscillation (AX ¼ 0.002 m, u ¼ 5.5 rad/s).

Fig. 3. Square tank partially filled with water (Nakayama’s condition).
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water level ¼
ðH
0

aldy: (33)

where H ¼ 0.9 m is the vertical dimension of the tank. As the grid
size decreases, the high peaks get close to existing numerical pre-
dictions while the low peak is under-predicted. The grid size does
not have a large effect on the prediction, by and large. The ampli-
tude of the free surface oscillation increases with time even though
the excitation amplitude is very small.

4.3. Rotational oscillation

The third case is the same as the second case, except the oscil-
lation type. Initially, the water is 2/3 full of the tank and the tank is
tilted qm ¼ 0:8o. The tilt axis is indicated by symbol ‘þ’ in Fig. 3. The
tank is assumed to be subjected to

q ¼ qm cosðutÞ; (34)

where u is the angular velocity of 5.5 rad/s. In this condition, the
centrifugal, Euler, and Coriolis effects are negligible as the
maximum rotation speed (qmu2) is small. This case is to validate the
effect of time-dependent gravity direction on the water motion.
Since the tank is slightly tilted at t ¼ 0, a fine grid was used to
define the initial position of the free surface.

Fig. 5 shows the time history of the free surface height on the
right vertical wall with 150 � 150 grids. The present two-fluid
model is as accurate as the one-fluid model [21]. In general, the
number of equations are larger in the two-fluid equation set than
the one-fluid equation set. Therefore, for flows with large in-
terfaces, the two-fluid model may be less efficient than the one-
fluid model. The two-fluid model is beneficial to the situation in
which there are numerous small interfaces in the large flow
domain.

4.4. Constant rotation

The fourth case is to test the centrifugal force (� 2akrkU� uk)
and the Coriolis force (� akrkU� ðU � rÞ). A square tank of 0.1 m
per side is subjected to a counter-clockwise rotation. No-slip con-
ditions are imposed on the wall. The gravity effect is not considered
in this case, and the rotation speed is u ¼ 2p rad/s. The simulation
domain consists of 50 � 50 grids. Fig. 6 shows the void fraction

distributions inside the tank. Initially, the center region of the tank
is filled with water. The initial water region has a square shapewith
a side length of 0.06 m. At the early stage (t ¼ 0:1 s), due to the
centrifugal effect, the water flows in the radial and outward di-
rection when viewed in the tank. At the same time, due to the
Coriolis effect, the water flows rightward in the tank. These two
effects make the water collide with the right vertical wall at t ¼ 0:2
s. After five rotations (t ¼ 5:0), the steady state water region is in
good agreement with the theoretical region. This result implies that
the centrifugal and Coriolis terms works well.

4.5. Complex motion with rotation

The next case is a square tank with a complex motion. The tank
with a side length of 0.1m is partially filled with water up to 0.02m.
The tank is rolling clockwise on its side shown in Fig. 7. No-slip
conditions are applied to the walls. Gravity is considered in this
case. The conditions are the same as those in Ref. [6], except for the
initial water height. In this situation, the change of gravity direction
depending on the tank orientation is also important. The complex
motion of the tank may be decomposed into translational and
rotational components. However, for the tank rolling on the
ground, the pure translation of the tank does not exist as the
rotation results in the translation. Therefore, the three rotational
effects as well as the tank orientation effects are important in this
study. The simulation domain consists of 50 � 50 cells. Fig. 7 shows
the void fraction distributions in the tank. The water sloshing
behavior is qualitatively correct.

4.6. Complex motion with both vertical and rotation oscillations

The final case is regarding the water sloshing in the oscillating
manometer tank. Fig. 8 shows the initial water in the manometer.
The water is half full in the manometer. The top is open to the at-
mosphere and a pressure boundary condition is imposed there. No-
slip conditions are imposed on the other walls. The square mesh
size is 0.008 m. We first consider a rotational oscillation. The
oscillating axis is indicated by the symbol ‘þ’ in Fig. 8. The inclined
angle q is given by

Fig. 6. Simulation result for the rotating square tank (u ¼ 2p rad/s).

0 2 4 6 8 10 12
0.54
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0.58

0.60

0.62
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)

Time (s)

Fig. 5. Height of the free surface on the right vertical wall of Nakayama’s tank with
rotational pitching oscillation (qm ¼ 0.8� , u ¼ 5.5 rad/s).
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q ¼ qm sinðutÞ; (35)

where qm ¼ 10o is the rotational oscillation amplitude, and T ¼ 2p=
u ¼ 2 s is the oscillation period. Fig. 9 shows the result during one
periodic cycle. The free surface is observed due to the mild
oscillation.

We now add a vertical oscillation to the previous case; the
manometer is oscillating vertically as well as rotationally at the
same time. The vertical position of the manometer is given by

RY ¼ AY sinðutÞ; (36)

where AY ¼ 0:6 m is the vertical oscillation amplitude, and
T ¼ 2p=u ¼ 2 s is the oscillation period. In this situation, all terms in
Eq. (21) are active. Fig. 10 shows the result. The combined oscilla-
tion leads to a complicated flow pattern such that some air is
sucked into the lower horizontal part of the tank. As a result, the
instantaneous void fraction is predicted to increase up to about 0.25
in the water region. This situation may be encountered in the
downcomer of an ocean reactor in case of loss-of-coolant accident.
The gas suck into the nuclear fuel assembly may influence the heat
transfer between the fuel and the coolant (see Fig. 10).

The two-fluid model consists of various modeling terms such as
interfacial momentum transfer, bubble agitation effect, and two-
phase turbulence. As mentioned earlier, we just included the
interfacial drag force among other force terms. Thus, it can be said
that the result shown in Fig. 10 may be somewhat qualitative. At
this time, accurate interfacial momentum transfer models under
oscillating conditions have been reported yet.

Fig. 9. Simulation result for the manometer with rotational oscillation (qm ¼ 10� ,
T ¼ 2 s).

Fig. 7. Simulation result for the rolling square tank with u ¼ p rad/s.

Fig. 8. Manometer partially filled with water.
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We proposed the two-fluid equations in the moving systems.
For this approach to be used for nuclear system analysis, closure
models should be improved considering phase change under
oscillating conditions even though the forms of mass and energy
two-fluid equations are the same as those in the absolute frame of
reference. This model improvement will be studied in the future.

5. Conclusions

Multi-dimensional two-fluid equations have been systemati-
cally derived for two-phase flows in a moving system. The averaged
conservation equations for thermodynamic properties such as
mass, internal energy, and enthalpy remain formally unchanged
under a change of frame. The same is true for the interfacial jump
conditions. However, the two-fluid momentum equation is not
frame indifferent. As for volume-averaging, Eq. (11) is be added to
the existing form of the volume-averaged momentum equation:

Finterial;k ¼ � akrk
€R � akrk

_U� brk � 2akrkU� cuk � akrkU

�
�
U� brk

�
:

(37)

As for time-averaging, Eq. (19) is added to the existing form of
the time-averaged momentum equation:

Finterial;k ¼ � akrk
b€R � akrk

b_U � r� 2akrk dU� uk

� akrk
dU� ðU� rÞ: (38)

Numerical simulations were performed for six different cases
using Eq. (21):

Finterial;k ¼ � akrk
€R � akrk

_U� r� 2akrkU� uk � akrkU

� ðU� rÞ: (39)

For flows with free surfaces, the two-fluid approach was as ac-
curate as the one-fluid approach. The results were in excellent
agreement with theoretical/existing results. For bubbly flows in a
large domain, the result demonstrated the applicability of the two-

fluid approach to two-phase flows with both large and small in-
terfaces in a large moving systems. It is expected that the multi-
dimensional two-fluid equations contribute to safety/design anal-
ysis for ocean nuclear reactors.
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Appendix A. Phase mean and mass-weighted mean

Let ck be an arbitrary variable for phase k. The phase mean (ck)
and the mass-weighted mean ( bck ) are defined in Table 1. The same
average symbols are used for both volume-averaging and time-
averaging.

The following relations are used to formulate the averaged
conservation equations.

1
V

ð
Vk

rkckdV ¼Vk

V
1
Vk

ð
Vk

rkckdV ¼ akrk bck ; (A1)

1
Dt

ð
½Dt�k

rkckdt¼
½Dt�k
Dt

1
½Dt�k

ð
½Dt�k

rkckdt ¼ akrk bck : (A2)

For an incompressible flow, the twomean values are equal ( bck ¼
ck).
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