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Abstract

This study investigates the problem of leader-following consensus for multi-agent systems with output saturations. This study

assumes that the agents are described as a neutrally stable system, and the leader agent generates the bounded trajectory within

the saturation level. Then, the objective of the leader-following consensus is to track the trajectory of the leader by exchanging

information with neighbors. To solve this problem, we propose an observer-based distributed consensus algorithm. Then, we

provide a consensus analysis by applying the Lyapunov stability theorem and LaSalle’s invariance principle. The result shows

that the agents achieve the leader-following consensus in a global sense. Moreover, we can achieve the consensus by choosing

any positive control gain. Finally, we perform a numerical simulation to demonstrate the validity of the proposed algorithm.

Index Terms: Consensus, Distributed algorithm, Multi-agent system, Output saturation

I. INTRODUCTION

For the past decade, the consensus problem for multi-agent

systems has received considerable attention in various appli-

cations such as flocking, formation control, and sensor net-

works [1, 2]. The objective of consensus is to reach an

agreement by exchanging information with neighbors; thus,

consensus is a basic tool to achieve a group behavior in a

distributed way.

Most actuators and sensors are subject to saturations

owing to their limited capacity [3]. As saturations cause per-

formance degradation and may even lead to instability [3],

the control problem for systems with saturations is an

important issue in practical applications. Therefore, the con-

sensus problem considering saturations has been widely

studied in the last few decades [4-12]. Specifically, the con-

sensus problem under input saturations has been widely

studied including systems with an integrator [4, 5] or general

high-order dynamics [6, 7], and systems with a leader [6-8]

or without a leader [8, 9]. Although many studies on the

consensus problem with input saturation have been con-

ducted, output saturation has rarely been considered [10-14].

As the consensus algorithm uses a linear combination of its

own outputs relative to those of neighboring agents, it may

not work when the outputs are saturated. Therefore, the con-

sensus under output saturations becomes more difficult [12].

In this study, we focus on the leader-following consensus

problem with output saturations. This study considers a fixed

undirected network topology and high-order linear agents

with neutrally stable dynamics. We propose an observer-

based consensus algorithm to achieve the leader-following

consensus. By applying the Lyapunov stability theorem and

LaSalle’s invariance principle, we analyze the leader-follow-

ing consensus in the global sense.

The rest of the paper is organized as follows. In Section II,

we introduce the existing results on the consensus problem

under output saturations. In Section III, preliminaries and

problem formulation are presented. In Section IV, we pro-
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pose the observer-based consensus algorithm and analyze the

consensus. In Section V, numerical simulations are presented

including a comparison with another method, and the con-

clusion is then provided in Section VI.

II. RELATED WORK

Recently, some studies have dealt with the output satura-

tions on the consensus problem. The first study on this

problem was reported in [10], in which the authors devel-

oped a nonlinear consensus algorithm that discards the

states of neighbors when they are saturated. Then, they

showed that the discarded algorithm can solve the consen-

sus problem under output (or state) saturations if the initial

states of agents are within the saturation levels. In the pres-

ence of output saturations, the standard consensus algorithm

cannot solve the global consensus problem owing to the

existence of undesired equilibrium points [12]. Therefore,

the necessary and sufficient condition using the standard

consensus algorithm was studied in [11] and [12]. They

showed that the consensus depends on the average of the

initial states in a group. As a generalization of the standard

consensus problem, the scaled consensus, i.e., that the

agents reach assigned proportions instead of a common

value, was studied in [13].

Although the above studies considered output saturations,

they focused on the agents modeled by single or double

integrators. For high-order linear agents, the study in [14]

developed a dynamic controller to solve the leader-follow-

ing consensus problem. By applying the robust consensus

technique, they proposed the linear matrix inequality (LMI)

condition to construct the dynamic controller. However, to

solve the LMI condition, the network topology in a group,

which is the global information, is required. Therefore, it is

not easy to apply the results in [14] to a large-scale multi-

agent system. Moreover, the LMI condition can be satisfied

for a small control gain, which results in slow convergence

speed. Compared with the results of [14], the algorithm pro-

posed in this paper has two advantages. First, the proposed

algorithm can solve the consensus problem for any con-

nected graph. Therefore, it is more practical and can be eas-

ily extended to the switching topology. Second, we can

choose any positive control gain; thus, the convergence

speed can be improved. Refer to Section V for a detailed

comparison.

Moreover, we solve the consensus problem using an observer-

based consensus algorithm. Although observer-based consen-

sus algorithms have been widely used [15-17], output satura-

tions have not been considered. Owing to output saturations,

the observer contains nonlinearities (see, e.g., (11)); thus, the

existing approaches cannot be directly applied.

III. PRELIMINARIES AND PROBLEM FORMULA-

TION

A. Notations and Graph Theory

The ith component of a vector x∈R
n is denoted by x(i).

For a matrix A∈Rn×n, λ(A) and λmax(A) denote the eigenval-

ues and the largest eigenvalue of A, respectively. 1N∈R
N

denotes the vector with all components equal to one. The

Kronecker product of A and B is denoted by . For a

vector x, ||x|| and ||x||
∞

 denote the Euclidean and infinity

norms, respectively.

In this study, we consider a group of N+1 agents. The

agents denoted by 1,2, ...,N are called follower agents and

the agent denoted by 0 is called a leader. We assume that the

followers can share information with neighbors. Then, we

describe the communication among the followers by an undi-

rected graph G=(V, E, A) with V={1,2, ...,N} representing

the set of nodes (or agents),  the set of undirected

edges, and A=[aij]∈R
N×N the weighted adjacency matrix.

The nodes i and j are said to be adjacent (or neighbors) when

(i, j)∈E, indicating that the nodes i and j can share informa-

tion with each other. The weights aij=aji>0 if and only if

there is an edge (i, j)∈E; otherwise, aij=aji=0.

We denote the Laplacian matrix as L=[lij]∈R
N×N, where

lii= . Therefore, L is a positive semi-

definite real symmetric matrix; thus, its eigenvalues are

given by 0=λ1(L)≤λ2(L)≤ ···≤λN(L). The undirected graph

is said to be connected if there exists an undirected path

between any two distinct nodes. In this case, 0 is a simple

eigenvalue of L. Moreover, for the connected undirected

graph, L+diag(a10, ...,aN0) is positive, if ai0≥0, ∀i=1,...,N,

and there exists at least one positive component, i.e.,

∃i,s.t.,ai0>0.

B. Problem Formulation

Consider the N follower agents described as follows for

i∈V:={1,2, ...,N}:

(1)

where xi∈R
n, ui∈R

m, yi∈R
q, and zi∈R

q are the state, input,

controlled output, and measured output of agent i, respec-

tively. σ(·) is a standard saturation function, which is defined

by

(2)

The dynamics of the leader agent, denoted by i=0, is

given by

A B⊗

E V V×⊆

Σj 1= j j≠,

N
aij lij aij i,– j≠=,
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(3)

where x0∈R
n and y0∈R

q are the state and measured output

of the leader agent, respectively. Then, the objective is to

achieve the leader-following consensus, i.e.,

(4)

This study considers the following assumptions.

ASSUMPTION 1. The dynamics of agents described by

(2) and (3) satisfies the following conditions:

1. (A, B) is stabilizable, and (C, A) is detectable.

2. The agents described by (1) and (3) are neutrally stable,

i.e., all the eigenvalues of A are in the closed left-half

plane, with those on the imaginary axis being simple

[8].

3. For the leader agent (3), there exists 1<δ <1 satisfying

(5)

Moreover, to solve the consensus problem, we require an

assumption on the communication topology as follows.

ASSUMPTION 2. The communication graph between the

follower agents G=(V, E, A) is undirected and connected.

Moreover, there exists at least one follower agent that can

receive the information from the leader agent.

C. Neutrally Stable System

Before we study the consensus, we provide some useful

lemmas. Consider the matrices A, B, C. Under Assumption

1, there exists a non-singular matrix T∈Rn×n such that [8]

(6)

where Ah∈R
nh×nh and As∈R

(n−nh)×(n−nh) are the Hurwitz, i.e.,

λi(Ah)<0, ∀i=1,...,Nh, and skew-symmetric matrices, respec-

tively, and the pair (As, Bs) is controllable and the pair (Cs,

As) is observable.

We now consider the following lemmas.

LEMMA 1. Consider the matrices A, C given in (6), and

the matrix P∈Rn×n given by

(7)

where Ph∈R
nh×nh is a symmetric positive semi-definite matrix

satisfying . Then, for any positive constant

α >0, (A − αP−1CTC) is a Hurwitz matrix.

Proof: As all the eigenvalues of (A − αP−1CTC) are the

same as those of (A − αP−1CTC)T, we will prove the stability

of the following system:

(8)

To solve this problem, we choose the Lyapunov function

candidate as V = xTP−1x. Then, V is given by

(9)

where . Let . As +

,  implies  and . This implies,

from (8),  and . Subsequently, the repeated

differentiation of  yields  for k=1, ...,nh−1

which implies . As the pair (C, A)

is detectable, (AT,CT) is stabilizable and  is control-

lable. Therefore, the matrix  is of full

row rank, which yields . Consequently,  implies

; thus, according to LaSalle’s invariance principle, we have

. Thus, we can conclude that (A − αP−1CTC)T

is a Hurwitz matrix.

LEMMA 2. For any vectors a, b∈R
n, the saturation func-

tion satisfies the following condition.

(10)

Proof: From the definition of the saturation function (2),

we know that sign(a(i) - b(i)) = sign(sat(a(i) − b(i))).

IV. PROPOSED APPROACH

In this paper, we propose the following observer-based

consensus algorithm:

(11)

where ∈Rn, ∀i∈V, and ∈Rn are the observer states of

the ith follower and the leader, respectively, T and P are

expressed in (6) and (7), respectively, and α1, α2, and β are

positive constants that will be determined later.  if the

follower i can receive information from the leader, and

 otherwise.

We now define , ∀i=0,1, ...,N. Then, from (6) and

(11), we have

Ah

T
Ph PhAh 0<+

x As
T Ah

T,[ ]T= M: x R
n
:V
·

∈ 0≡{ }= Ah
TPh

PhAh 0< V
·

0≡ xh 0≡ CP
1–

x 0≡

x· ATx≡ x
s
·

As
Txs≡

Csxs 0≡ Csks
kxs 0≡

xs
T Cs

T AsCs
T … As

n
h

1–
Cs
T, , ,[ ] 0≡

As
T Cs

T,( )

Cs
T AsCs

T … As
n
h

1–
Cs
T, , ,[ ]

xs 0≡ V 0≡

x 0≡
limt ∞→

x t( ) 0=

t ∞→

x̂i x̂
0

αi0 0>

αi0 0=

x̂i Tx̂i=
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(12)

We now define the observer error as ei= − , i=0,1,...,N,

and the state error between the leader and the ith follower as

wi= − , i=1,...,N. Then, from (1), (3), and (12), we have

the following error dynamics:

(13)

Thus, we can state the main result as follows.

THEOREM 1. Consider a group of N+1 agents (1) and

(3) satisfying Assumptions 1 and 2. Then, for any positive

constants α1, α2, and β, the observer-based consensus algo-

rithm (11) can solve the consensus problem.

Proof: Consider the following Lyapunov function candi-

date:

(14)

where P is defined in (7), k is a positive constant that will be

determined later, and Q∈RN×N is a symmetric positive semi-

definite matrix such that

(15)

for some positive constant γ. The existence of Q follows

from Lemma 1.

We first consider the derivative of V1 as follows:

(16)

From the definition of P in (7), (16) can be rewritten as

(17)

where . Subsequently, by defining the fol-

lowing variable:

(18)

we can rewrite  as

(19)

We further define = ,  = , 

=  and L=L+D, where L is the Laplacian

matrix and D=diag(a10, ...,aN0). Then, from (17) and (19), it

follows that

(20)

Moreover, we can rewrite the last term on the right-hand

side of (20) as follows:

(21)

Therefore, (20) can be rewritten as

(22)

Subsequently, consider the derivative of V2. From (15), we

have

(23)

Therefore, from (22) and (23),  can be expressed as

(24)

We now choose the positive constant k such that

(25)

Thus, as Π<0,  and  (see,

xi x̂i

xi x
0

Π Ah

T
Ph PhAh+=

ζ1

eh eh 1,
T … eh N,

T, ,[ ]T wh wh 1,
T … wh N,

T, ,[ ]T

w̃ w̃
1
T … w̃N

T, ,[ ]T

V
·

2L D– L L 0>+= ei
T
C
T
ẑi 0≥
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Lemma 2), we have

(26)

Let M:={(e,w,e0): }.  implies , ,

, , and , ∀i∈V. Then,  and

 imply , ∀i∈V.

We now consider the dynamics of  in M as follows:

(27)

Moreover,  and  imply ; thus, we have

. Then, the repeated differentiation of 

yields . As (A, B) is stabiliz-

able, (As, Bs) is controllable. Therefore, following the proof

of Lemma 1, we can prove that . Moreover, as

, we have , which yields .

Therefore,  implies .

Then, as  in M from (13), following the proof of

Lemma 1, we have .

In summary, we have shown that  and  only

when  and . Therefore, according

to LaSalle’s invariance principle, we can conclude that

(28)

which completes the proof.

V. SIMULATION RESULTS

In this section, we present a numerical example. We con-

sider a group of 10 follower agents and one leader agent.

The dynamics for each agent is of the form (1) and (3) with

(29)

The communication topology between the agents is

described by Fig. 1, and we consider aij=aji=1, if (i, j)∈E

and aij=aji=0 otherwise.

In this simulation, we construct the observer-based con-

sensus algorithm (11) using

(30)

Then, the simulation results obtained using the proposed

algorithm are shown in Figs. 2 and 3. They show the con-

trolled output and measured output trajectories, respectively.

They also show that the proposed algorithm can solve the

leader-following consensus problem under output satura-

tions.

For a comparison, the following dynamic controller pro-

posed in [14] is also simulated:

(31)

Then, by solving the LMI problem in Theorem 3.1 of [14],

we choose the matrices K, J, and R as follows:

(32)

where c=0.003. Note that, to solve the LMI problem in [14],

the eigenvalues of the Laplacian matrix, which is the global

information, are required. Moreover, the LMI solution c

V
·

0≡ V
·

0≡ e
0

0≡ eh 0≡

wh 0≡ ẑi 0≡ B
T
Pw

1
0≡ B

T
Pw̃i 0≡

e
0

0≡ B
T
Pζ1 0≡

w̃i ζ1

eh 0≡ wh 0≡ w̃h 0≡

w̃
·
s i, Asw̃s i,≡ Bs

Tw̃s i, 0≡

w̃s i,
T Bs AsBs … As

n
h

1–
Bs, , ,[ ] 0≡

w̃i x
ˆ
i x

0
– 0≡ ≡

Cx
ˆ
0 ∞ 1< Cx

ˆ
i ∞ 1< σ Cx

ˆ
i( ) Cx

ˆ
i=

ẑ
i σ Cx

ˆ
i( ) Cx

ˆ
i– 0≡ ≡ Cxi Cx

ˆ
i– Cei 0≡ ≡

e
·
i Aei=

ei 0≡

V
·

0≤ V
·

0≡

ei xi xi– 0≡ ≡ w̃i xi x̃
0

– 0≡ ≡

Fig. 1. Network topology among the followers with the leader

Fig. 3. Trajectories of the measured outputs of the followers (solid line) and

the leader (dashed line) obtained using the proposed algorithm (11)

Fig. 2. Trajectories of the controlled outputs of the followers (solid line) and

the leader (dashed line) obtained using the proposed algorithm (11)
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could be small, which results in slow convergence speed.

However, in the proposed algorithm (11), the control param-

eters α1, α2, and β can be chosen to be arbitrary positive

constants.

Subsequently, the trajectories of the controlled output and

measured output obtained using the dynamic controller (31)

are shown in Figs. 4 and 5, respectively. Moreover, for a

comparison, the norms of the state errors between the leader

and the followers, i.e.,  obtained using the pro-

posed algorithm (solid line) and the dynamic controller

(dashed line) are shown in Fig. 6. Although Figs. 4 and 5

show that the dynamic controller proposed in [14] can solve

the leader-following consensus problem, the convergence

speed is slow owing to the small control gain.

VI. CONCLUSION

This study investigated the leader-following consensus

problem under output saturations. We have constructed an

observer-based consensus algorithm, and the global consen-

sus was analyzed. Although the proposed algorithm solves

the consensus under output saturations, it was assumed that

the agents have identical dynamics. In practice, the agents

can have different models; thus, we are planning to consider

heterogeneous agents.
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