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ABSTRACT. This paper examines how one can build a block tridiagonal structure for k-almost
normal matrices and also for k-almost conjugate normal matrices. We shall see that these
representations are created by unitary similarity and unitary congruance transformations, re-
spectively. It shall be proven that the orders of diagonal blocks are 1, k+ 2, 2k+ 3, ..., in both
cases. Then these block tridiagonal structures shall be reviewed for the cases where the men-
tioned matrices satisfy in a second-degree polynomial. Finally, for these processes, algorithms
are presented.

1. INTRODUCTION

We know that the normal matrix in the field of numerical linear algebra has special features
which caused researchers to be attracted to this area and similar definitions have been created.
Below, three examples of these new matrices which are inspired by normal ones have been
introduced. They are conjugate normal matrices, k-almost normal matrices and k-almost con-
jugate normal matrices, respectively. These new matrices, in turn, have ramarkable properties
and are sometimes similar to the properties of the normal matrix. In this paper, we consider an
interesting feature of the normal matrices. This property is known as the unitary tridiagonal-
izability. The details of this property are discussed in the theorem (1.1). The same issue also
is expressed about conjugate normal matrices and has been proven, (see [1]). In this paper, the
aim is to get the similar structures for k-almost normal matrices and also for k-almost conju-
gate normal matrices. Our main tool for achieving this important goal are generalized Krylov
subspaces and an algorithm similar to generalized Lanczos for these subspaces.
Continuing this section, we mention the definitions, some examples and some properties of
k-almost normal and k-almost conjugate normal matrices and then, in the second section we
prove that every k-almost normal matrix is unitarily similar to a block tridiagonal matrix and
we get some interesting results about the diagonal blocks orders. In secton three we obtain sim-
ilar results for k-almost conjugate normal matrices but this time through an unitary congruence,
not an unitary similarity. In Section four, we present an algorithm containing the details of the
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computations of the two preceding sections. Section five contains some examples. Finally, we
come to the conclusion of the paper.

Definition 1.1. A square complex matrix A is said to be conjugate normal when AA∗ = A∗A
where A∗ is the conjugate transpose of A.

This category of matrices in the theory of the unitary congruence plays a similar role as
normal matrices have in unitary similarity discussions.

Definition 1.2. An n× n complex matrix A is said to be k-almost normal when there exists a
matrix C ∈Mn(C) of rank k, such that A(A∗ − C) = (A∗ − C)A.

In [2], the structure of these matrices for k = 1 has been investigated. Also, necessary and
sufficient conditions for a matrix to belong to this class of matrices are given and a canonical
representation as a block tridiagonal matrix is shown. In [3], some statements for k-almost
normal matrices are expressed and it is proved that every k-almost normal matrix can be uni-
tarily reduced to a block tridiagonal form where each block diagonal size is maximum of 2k.
This reduction relies on the block Lanczos method, starting from a basis of the column space
A∗A−AA∗, for k-almost normal A.

Example 1.1. Let A =

(
1 1
1 i

)
. Then, A is 1-almost normal by selecting C =

(
2i 0
0 0

)
.

Definition 1.3. An n × n complex matrix A is called a k-almost conjugate normal matrix for
which there exists a matrix C ∈ Mn(C) of rank k, such that A(A∗ − C) = (A∗ − C)A. In
other words, AA∗ −AC = ATA− CA.

Example 1.2. Let A =

(
0 e
f 0

)
and C =

(
a f2−e2

f

0 ā

)
, in which e, f ∈ R where f 6= 0

and a ∈ C. If a = 0 than A is 1-almost conjugate normal and if a 6= 0 then, A is 2-almost
conjugate normal matrix. That is , AA∗ −ATA = AC − CA.

Example 1.3. Let A = diag(a11, ..., ann), where each aii is real or pure imaginary. Then A
is k-almost conjugate normal, for k = 1, ..., n. For this, let C = diag(c11, ..., cnn), in which
the belonging of cii to R or iR is same as aii.

Example 1.4. Let A =

(
i −1
1 0

)
. Then, by choosing C =

(
−2i 0

0 0

)
, A is 1-almost

conjugate normal.

Proposition 1.1. Below are listed some of the trivial properties of k-almost normal and k-
almost conjugate normal matrices.

(1). If n × n matrix A is k-almost (conjugate) normal, then Ā, AT , A∗ are also k-almost
(conjugate) normal matrices.

(2). Suppose that A ∈ Mn and B ∈ Mm are k-almost (conjugate) normal and t-almost
(conjugate) normal matrices, respectively. Then, A⊕ B is (k + t)-almost (conjugate) normal
matrix.
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(3). Every n× n diagonal matrix is k-almost normal, for k = 1, ..., n.
(4). matrix A ∈ Mn is k-almost (conjugate) normal if and only if U∗AU is k-almost

(conjugate) normal, for every unitary matrix U .
(5). matrixA ∈Mn is k-almost (conjugate) normal if and only if T = (A∗−C)A−A(A∗−

C), (T = (AT −C)A−A(A∗ −C)), is semidefinite positive for some matrix C ∈Mn where
rankC = k.

Proof. Arguments of (1) and (2) are straightforward. For part (3), let C a diagonal matrix with
rankC = k, for each k = 1, ..., n. For (4), suppose that A is k-almost normal. I.e., there is
matrix C where rankC = k such that A(A∗−C) = (A∗−C)A. Then, for any unitary matrix
we have

U∗AU(U∗A∗U−U∗CU) = U∗A(A∗−C)U = U∗(A∗−C)AU = (U∗A∗U−U∗CU)U∗AU.

This result, together with that rankC = rankU∗CU = k proves that U∗AU is a k-almost
normal matrix. For sufficiency, let U = In. (The same for the conjugate mode). For (5),
it is clear that for k-almost normal matrix A, there exists matrix C where rankC = k and
(A∗−C)A−(A∗−C)A = 0 and the zero matrix is a semidefinite positive matrix. Conversely,
suppose that T is a semidefinite positive matrix. Then, traceT = 0. But the zero matrix is the
only semidefinite matrix with trace 0. Thus, T = 0. I.e., A is a k-almost normal matrix. (The
same for the conjugate mode). �

We consider a special theorem that has been proven for normal and conjugate normal matri-
ces and the goal is its reviewing for k-almost normal and k-almost conjugate normal matrices,
respectively.

Theorem 1.1. A normal n × n matrix A can be brought by a finite orthogonal process to the
block tridiagonal form

H =


H11 H12

H21 H22 H23

H32 H33
. . .

. . . . . .

 , (1.1)

where the diagonal blocks H11, H22, ... are square and their orders are generically given by
integers 1, 2, ..... If A satisfies the equations g(A,A∗) = 0, where g(x, y) is a polynomial of
degree m � n, then, starting from i = m, the orders of diagonal blocks Hii in matrix H
stabilize at the value m.

Proof. See [4]. �

This theorem was a prelude to the next task in [1], to prove a similar statement for conjugate
normal matrices. In fact, its authors offered a generalization of the CSYM algorithm to the
conjugate normal matrices mode. They performed this by focusing on the generalized Krylov
subspaces. CSYM algorithm is an algorithm based on the symmetric matrix reduction to a
tridiagonal form, via unitary congruence, (see [5]).
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2. A BLOCK TRIDIAGONAL REPRESENTATION FOR k-ALMOST NORMAL MATRICES

In [2], theorem 8 implies that for 1-almost normal matrix A, there exists a normal matrix
N and a constant h such that A = N + hC, where C is the same rank one matrix such that
AA∗ − A∗A = AC − CA. On the other hand, in [6], within theorem 4, it is seen that with
the assumption that N is an n-by-n matrix such that the generalized Lanczos peocess brings
N to a block tridiagonal form in which the orders of the diagonal blocks do not exceed the
scalar ω0 then, for every matrix R of rank k � n, the matrix A = N + R can be brought to a
block tridiagonal form where the orders of the diagonal blocks do not exceed (2k + 1)ω0. So,
choosing k = 1, these two theorems together yield that every 1-almost normal matrix can be
unitarily reduced to a block tridiagonal form in which the diagonal blocks sizes are treble of
the diagonal blocks sizes of its normal part, i.e., N .
As we know, the Lanczos algorithm is a technique for reduction of a Hermitian matrix to a
tridiagonal form and its foundation is orthonormalization of the following power sequence

x,Ax,A2x,A3x, . . . , (2.1)

in which x is an arbitrary non-zero vector in Cn. Suppose that the produced space by this
sequence is Cn and a linear operator A acting in Cn is associated with the matrix A. Then its
matrix representation under the orthonormal basis obtained from orthogonalization of sequence
(2.1), relying upon the Lanczos method, has a tridiagonal structure. For normal non-Hermitian
matrix A, the following generalized power sequence is considered,

x,Ax,A∗x,A2x,AA∗x,A∗2x,A3x, . . . . (2.2)

Without reduction of generality, again suppose that the space generated by the sequence (2.2)
is the entire Cn and let A as its associated operator. Then A has a block tridiagonal structure
under the basis obtained during the generalized Lanczos process on sequence (2.2). In this
form, the diagonal blocks are square and their orders are the consecutive integers 1, 2, 3, ...,
respectively, (Theorem 1.1). For details, refer to [7] and [4].
In this section, we want to obtain the block tridiagonal structures for k-almost normal matri-
ces. For this, we use an algorithm similar to generalized Lanczos algorithm for the following
generalized power sequence.

x,Ax, (A∗ − C)x,A2x,A(A∗ − C)x, (A∗ − C)Ax, (A∗ − C)2x,A3x, . . . .

But, by the definition 1.2 some of the above terms are repetitive and can be removed. Thus, we
have the following sequence

x,Ax, (A∗ − C)x,A2x,A(A∗ − C)x, (A∗ − C)2x,A3x, . . . . (2.3)

The i-th layer is comprised of vectors as follows,

Aα(A∗ − C)β, α+ β = i.

Proposition 2.1. A matrix A ∈ Mn of rank k may be written as a sum of k rank 1 matrices.
That is, A = x1y1

∗ + ...+ xkyk
∗, for xi, yi ∈ Cn, i = 1, ..., k.

Proof. See [8], p.62. �
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rankC = k. Thus, by this proposition, there exist vectors xi, yi, 1 ≤ i ≤ k, such that
C =

∑k
i=1 xiy

∗
i . So, we would be able to rearrange some terms of (2.3).

The second term of the first layer:

(A∗ − C)x = A∗x− (x1y
∗
1x+ x2y

∗
2x+ . . .+ xky

∗
kx)

= A∗x+ α1x1 + α2x2 + . . .+ αkxk, αj = −y∗jx, 1 ≤ j ≤ k.
The second term of the second layer:

A(A∗ − C)x = AA∗x−ACx = AA∗x− (Ax1y
∗
1x+Ax2y

∗
2x+ . . .+Axky

∗
kx)

= AA∗x+ α1Ax1 + α2Ax2 + . . .+ αkAxk, αj = −y∗jx, 1 ≤ j ≤ k.
The third term of the second layer:

(A∗ − C)2x = A∗2x−A∗Cx− CA∗x+ C2x

= A∗2x−A∗(x1y∗1 + x2y
∗
2 + . . .+ xky

∗
k)x− (x1y

∗
1 + x2y

∗
2 + . . .+ xky

∗
k)A

∗x

+C(x1y
∗
1 + x2y

∗
2 + . . .+ xky

∗
k)x = A∗2x+ α1A

∗x1 + α2A
∗x2 + . . .+ αkA

∗xk

+β1x1 + β2x2 + . . .+ βkxk + α1Cx1 + α2Cx2 + . . .+ αkCxk

= A∗2x+ α1A
∗x1 + α2A

∗x2 + . . .+ αkA
∗xk + β1x1 + β2x2 + . . .+ βkxk

+α1(x1y
∗
1 + x2y

∗
2 + . . .+ xky

∗
k)x1 + α2(x1y

∗
1 + x2y

∗
2 + . . .+ xky

∗
k)x2 + . . .

+αk(x1y
∗
1 + x2y

∗
2 + . . .+ xky

∗
k)xk = A∗2x+ α1A

∗x1 + α2A
∗x2 + . . .+ αkA

∗xk

+β1x1 + β2x2 + . . .+ βkxk + γ1x1 + γ2x2 + . . .+ γkxk

= A∗2x+ α1A
∗x1 + α2A

∗x2 + . . .+ αkA
∗xk + δ1x1 + δ2x2 + . . .+ δkxk,

where
βj = y∗jA

∗x, γj = αjy
∗
jxj , δj = βj + γj , 1 ≤ j ≤ k.

We now turn to the terms of the third layer; the second term of the layer:

A2(A∗ − C)x = A2A∗x−A2Cx = A2A∗x+ α1A
2x1 + α2A

2x2 + . . .+ αkA
2xk.

Its third term:

A(A∗ − C)2x = AA∗2x+ α1AA
∗x1 + α2AA

∗x2 + . . .+ αkAA
∗xk

+δ1Ax1 + δ2Ax2 + . . .+ δkAxk.

Its fourth term:

(A∗ − C)3x = (A∗ − C)(A∗2 −A∗C − CA∗ + C2)x

= A∗3x−A∗2Cx−A∗CA∗x+A∗C2x− CA∗2x− CA∗Cx+ C2A∗x− C3x

= A∗3x+ α1A
2∗x1 + α2A

2∗x2 + . . .+ αkA
2∗xk + β1A

∗x1 + β2A
∗x2 + . . .+ βkA

∗xk

+ζ1x1 + ζ2x2 + . . .+ ζkxk,

where
ζ1, ζ2, . . . , ζk ∈ C,
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and the same for the other layers. Therefore, the following sequence can be used instead of
sequence (2.3).

x;Ax,A∗x, x1, x2, . . . , xk;A
2x,AA∗x,Ax1, Ax2, . . . , Axk, A

∗2x

,A∗x1, A
∗x2, . . . , A

∗xk;A
3x, . . . . (2.4)

In this sequence, the ith layer consists of vectors as follows.

AαA∗βx, AγA∗δxt, α+ β = i, γ + δ = i− 1, t = 1, . . . , k.

We define the ith generalized Krylov subspace of sequence (2.4) as follows.
Ki = span{v : v = AαA∗βx or v = AγA∗δxt, α, β ≤ i, γ, δ < i, t = 1, . . . , k}.

Set dimKi = li and define wi = li − li−1 as the width of the i-th layer which represents the
rate of increase in dimension of the span of the first i layers vectors, in the transition from i−1
to i. We set w0 = 1. Now, assume that the sequence (2.4) is orthogonalized up to the ith layer.
For this sequence, we have:

(1) For any q ∈ Ki,
Aq ∈ Ki+1, A

∗q ∈ Ki+1,

(2) For every vector q ∈ Ki\Ki−1, the following orthogonality is confirmed,
Aq⊥Ki−2, A

∗q⊥Ki−2.

The first property can readily be seen. For the second one, if y ∈ Ki−2, then

(Aq, y) = (q, A∗y) , (A∗q, y) = (q, Ay).

Ay and A∗y are vectors in the (i− 1)-th layer, and since the orthogonalization has advanced to
the i-th layer, therefore, the desired product is obtained. Suppose that the span of the sequence
(2.4) is the entire space Cn and the orthonormal basis q1, ..., qn is obtained by the following
operations in this sequence;

Let a random nonzero vector q1. Then assume that the orthonormal and nonzero vectors
q1, ..., qt have already been found that form an orthonormal basis in the subspace Km. Further,
suppose that the last vectors qs, ..., qt have been formed by using them-th layer of the sequence
(2.4). Now, we construct the vectors of z = Aq for q = qs, ..., qt and then orthogonalize these
vectors with respect to the already accepted vectors qi belonging to the (m − 1)-th and m-th
layers and also, the already obtained vectors in the current layer, i.e., layer (m + 1). After
this orthogonalization, in each step, if z is nonzero, this vector is normalized and becomes the
new vector qj . We repeat this orthogonalization process for the vectors z̃ = A∗q, where before
doing orthogonalization of q, these vecrors have the form A∗q̃, for the vector q̃ ∈ Cn.

Now, suppose that P = {q1, ..., qn} provides a basis for space Cn and define the linear
operator A : Cn → Cn where A(x) = Ax. It is clear that the E basis representation of A is A
for the standard basis E = {e1, ..., en}, (i.e., [A]E = A). On the other hand, by letting H as its
P basis representation, (i.e., [A]P = H), we have

[A]E = Q[A]PQ
−1,

in which the unitary matrix Q =
(
q1 q2 ... qn

)
is the E-P change of basis matrix. Thus
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A = QHQ∗ ⇒ Q∗AQ = H.

Hence  q∗1
...
q∗n

A( q1 · · · qn
)

= H.

It shows that for each 1 ≤ i, j ≤ n,
q∗iAqj = hij . (2.5)

In other words, (Aqj , qi) = hij . Now, if qj belongs to the s-th layer of the orthogonalized
sequence (2.4), then

hij 6= 0,
∑s−2

l=0 wl < i ≤
∑s+1

l=0 wl.

Furthermore, (2.5) yields that q∗jA
∗qi = hij , or equivalently, (A∗qi, qj) = hij . Similar to what

was said, if qi belongs to the s-th layer of the orthogonalized sequence (2.4), then
hij 6= 0,

∑s−2
l=0 wl < j ≤

∑s+1
l=0 wl.

It follows from the above explanations that the number of nonzero entries in the i-th column
(row)of H does not exceed ws−1 +ws +ws+1, in which s is the index of the layer to which qi
belongs. Thus, we have AQ = QH , i.e., A and H are unitarily similar and H has a tridiagonal
form (1.1), where Hii as the ith diagonal block has a maximum order of ik + i+ 1. Thus, the
diagonal blocks have maximum orders of

1, k + 2, 2k + 3, 3k + 4, . . . , ik + i+ 1, . . .

respectively. In the special case k = 1, the maximum orders of diagonal blocks are 1, 3, 5, . . . ,
respectively. In fact, the following theorem is proved.

Theorem 2.1. Every k-almost normal matrix in Cn×n is unitarily similar to a block tridiagonal
matrix (1.1), where the diagonal blocks have maximum orders as follows,

1, k + 2, 2k + 3, 3k + 4, . . . , ik + i+ 1, . . .

respectively. In fact, assuming that the basis q1, . . . , qn is obtained for Cn, by orthonormaliza-
tion of the sequence (2.4) then, Q∗AQ = H.

As a special case, assume that the following equality is true for the k-almost normal matrix
A,

aA2 + bA∗2 + cAA∗ = dI (2.6)
in which b and at least one of the scalars a, c or d is non-zero. Thus, for every arbitrary non-zero
vector x ∈ Cn, A∗2x is a linear combination of A2x,AA∗x, and x. This dependency makes
some terms to be repeated, in the sequence (2.4). Thus, the (k+3)−th term in the second layer
and the last k terms in the third layer can be removed from the sequence and then the widths of
layers will be as follows:

1, k + 2, 2k + 2, 2k + 2, . . . .

This means stabilizing the width of layers from the second layer on. Thus, in the condensed
form ofA, i.e., the tridiagonal matrixH, the diagonal blocks are of orders 1, k+2, 2k+2, 2k+
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2, . . . , respectively and H is a band matrix with a constant band width. Consider k-almost nor-
mal matrix A for which we know that there exists a matrix C ∈ Mn(C) of rank k such that
AA∗ − A∗A = AC − CA. Below we see the details of how to build its condensed form, i.e.,
the matrix H and the orthonormal sequence q1, q2, . . . , qn.

(1) Find vectors x1, x2, . . . , xk, y1, y2, . . . , yk ∈ Cn, such that C =
∑k

i=1 xiy
∗
i .

(2) Find an appropriate initial normal vector

q1 =
1

‖x‖2
x.

(3) The vector Aq1 is orthogonalized to q1; that is,

w2 = Aq1 − h11q1,
where

h11 = (Aq1, q1). (2.7)
Now, we set

h21 =‖ w2 ‖2 , q2 = w2/h21.

(We assume that h21 6= 0)
(4) The vector A∗q1 is orthogonalized to q1 and q2; thus,

w3 = A∗q1 − h11q1 − h12q2.
Here, the coefficient

h11 = (A∗q1, q1) = (q1, Aq1) = (Aq1, q1)

is already known (see (2.7)), while

h12 = (A∗q1, q2).

After calculating w3, we set

h13 =‖ w3 ‖2 , q3 = w3/h13.

(5) For i = 1, 2, 3, . . . , k, the vector xi is orthogonalized to q1, q2, q3, . . . , qr, that is,

w3+i = xi − (xi, q1)q1 − (xi, q2)q2 − . . .− (xi, qr)qr,

where qr is the last obtained vector of the orthnormal basis. After finding w3+i, if
‖ w3+i ‖2 6= 0, we set qr+1 = w3+i/ ‖ w3+i ‖2 .

Now, we have found the vectors q1, q2, . . . , qt, and an orthonormal basis in the gen-
eralized subspace Krylov

K1 = span{q1, q2, . . . , qt},
where t ≤ k + 3.

(6) In this step, the vectors of the latest completed layer are left-multiplied by A and then,
these new vectors are orthogonalized to the vectors of the two layers before and also, to
the already obtained vectors in the current layer. If this obtained vector has a nonzero
norm, set its normalization as the the newest acquired member of the orthogonal basis.
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(7) Here, the vectors of the latest completed layer, except for the vectors, which before
doing orthogonalization, have the form A∗q, for a vector q ∈ Cn, are left-multiplied
byA∗ and then, similar to what was performed in the previous stage, these new vectors
are orthogonalized to the vectors of the two layers before and also, to the already
obtained vectors in the current layer. If the norm of the resulting vector is nonzero, we
shall replace its normalization as the next vector of the orthonormal basis.
The coefficients hij which were generated during these orthogonalizations, are used as
the entries of matrix H .

The subsequent steps are similar.

3. A BLOCK TRIDIAGONAL REPRESENTATION FOR k-ALMOST CONJUGATE NORMAL
MATRICES

Inspired by the above arguments, in this section the aim is to have a block tridiagonal repre-
sentation for k-almost conjugate normal matrices.

LetA ∈Mn as a k-almost conjugate normal matrix. I.e., there exists the matrixC ∈Mn(C)

of rank k such that A(A∗ − C) = (A∗ − C)A. Define double orders matrices A and C as
following,

A =

(
0 A
A 0

)
, C =

(
0 C
C 0

)
.

we have

A(A∗ − C) = (AAT −AC)⊕ (AA∗ −AC),

and

(A∗ − C)A = (A∗A− CA)⊕ (ATA− CA).

Now, if A(A∗ − C) = (A∗ − C)A, then AAT − AC = A∗A− CA and vice versa. Thus, we
have the following assertion.

Proposition 3.1. Consider A and A as above. Then, A is the k-almost conjugate normal
matrix if and only if A is a 2k-almost normal matrix.

According to the proposition 2.1, for matrices C and C in the above discussions, there exist
vectors xi, yi ∈ Cn, i = 1, ..., k, such that C =

∑k
i=1 xiy

∗
i and by it

C =
∑k

i=1

(
0
xi

)(
yi
0

)∗
+
∑k

i=1

(
xi
0

)(
o
yi

)∗
.

Now, define Xi ∈ C2n as following,

Xi =


(

o
xi

)
, i=1,...,k;(

xi−k
0

)
, i=k+1,...,2k.
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Choose an arbitrary nonzero initial vector x ∈ Cn and define X =

(
x
x

)
. According to the

previous section, the following sequence can be written for the k-almost normal matrix A,

X ,AX ,A∗X ,X1, ...,X2k,A2X ,AA∗X ,A∗2X ,AX1, ...,AX2k,A∗X1, ...,A∗X2k, ..., (3.1)

in which the i-th layer contains vectors as below,
AαA∗βX , AγA∗δXt, α+ β = i, γ + δ = i− 1, t = 1, ..., 2k

and the i-th generalized Krylov subspace is defined as
Ki = span{V | V = AαA∗βX or V = AγA∗δXt, α, β ≤ i, γ, δ < i, t = 1, ..., 2k}.

Let dimKi = Li and define Wi = Li − Li−1 as the width of the i-th layer. Now, the upper
halves of the vectors in the sequence (3.1) form the following sequence,

x, Āx̄, A∗x̄, x1, ..., xk, ĀAx, ĀA
Tx, Āx̄1, ..., Āx̄k, A

∗ATx,

A∗x̄1, ..., A
∗x̄k, ĀAĀx̄, ĀAA

∗x̄, ĀAx1, ..., ĀAxk, ĀA
TA∗x̄,

ĀATx1, ..., ĀA
Txk, A

∗ATA∗x̄, A∗ATx1, ..., A
∗ATxk, .... (3.2)

Define the layers in this sequence as the projections of the corresponding layers in the se-
quence (3.1) onto Cn. Thus, the vectors in the first layer areAx,A∗x, x1, ..., xk and the vectors
AAx,AATx,Ax1, ..., Axk, A

∗ATx,A∗x1, .., A
∗xk form the second layer, etc. Define Ki as

the span of the vectors in the first i layers of the sequence (3.2) and Ki = {x ∈ Cn|x ∈ Ki}
and assume that orthogonalization is done up to the i-th layer. Then, the following two traits
can be seen,

(1) For any q ∈ Ki,
Aq ∈ Ki+1, A

T q ∈ Ki+1,

or equivalently
Āq̄ ∈ Ki+1, A

∗q̄ ∈ Ki+1.

(2) For every vector q ∈ Ki\Ki−1, we have
Aq⊥Ki−2, A

T q⊥Ki−2.

The first property can be verified straightforwardly. However, in each layer, there may be some
terms that seemingly do not follow this principle. But in practice, we see that these terms can
be written as a linear combination of the other terms in that layer. For the second one, let
p ∈ Ki−2. Then,

(Aq, p) = (q, A∗p) = 0, and (AT q, p) = (q, Āp) = 0,

since q is orthogonal to Ki−1 and Āp, A∗p ∈ Ki−1. As defined in the sequence (3.1), for
the sequence (3.2), here also define dimKi = li and wi = li − li−1. Looking at the above
explanations result would be that wi ≤ Wi, i = 1, 2, .... In fact, considering that rankC = 2k,
then by the previous section, it is clear that dimKi = 2ik + i + 1. But, we can see that in
projecting sequence(3.1) onto Cn, when we consider the upper halves of the vectors in the
sequence (3.1), the upper halves of the vectors X1, ...,Xk, which all belong to the first layer,
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are projected onto zero. Thus wi ≤ ik + i+ 1 and therefore, wi ≤ Wi. Suppose that the span
of the sequence (3.2) is the entire space Cn. During the operations similar to those mentioned
in the previous chapter, the orthonormal basis q1, ..., qn is constructed from the sequence (3.2).
With the difference that, here after constructing the vectors of z = Aq for q = qs, ..., qt, we
orthogonalize these vectors to already accepted vectors qi which qi belong to the (m − 1)-th,
m-th or (m+1)-th layers. Then, we repeat this orthogonalization process for vectors z̃ = AT q.
Finally, the same bounds are obtained for the number of nonzero entries in the i-th column and
i-th row of H and thereby, AQ = QH , i.e., A and H are unitarily congruent. Thus, we have
the following theorem.

Theorem 3.1. An k-almost conjugate normal matrixA ∈Mn(C) can be brought by an unitary
congruence to a block tridiagonal form 1.1 where the diagonal blocks are square and their
maximum orders are given by the integers 1, k + 2, 2k + 3, ..., ik + i + 1, ..., respectively. In
fact, if the orthogonalization of the sequence (3.2) creates an orthonormal basis q1, ..., qn for
Cn, then by defining Q =

(
q1 q2 ... qn

)
, it holds that QTAQ = H .

Now, we discuss about one particular mode. Suppose that the k-almost conjugate normal
matrix A satisfies the equation

aĀA+ bĀAT + cA∗AT = dI,

in which b and at least one of the scalars a, c, d is no-zero. But this leads to a formula as (2.6)
for the k-almost normal matrix A and thereby, the widths of the layers of the sequence (3.1)
will be as follows:

1, k + 2, 2k + 2, 2k + 2, . . . .

As previously mentioned, this means that in the condensed form of A the diagonal blocks are
of orders 1, k + 2, 2k + 2, 2k + 2, . . . , respectively. So similarly, the widths of the layers of
sequence (3.2) are given utmost by integers 1, k + 2, 2k + 2, 2k + 2, . . .. Therefore, the orders
of the diagonal blocks of H remain constant at utmost 2k + 2.

Consider k-almost conjugate normal matrix A for which there exists a matrix C ∈ Mn(C)
of rank k such that AA∗−ATA = AC−CA. The details of the calculations to find the matrix
H and orthonormal basis q1, ..., qn are as follows.

(1) Find vectors xi, yi ∈ Cn, i = 1, ..., k, such that C =
∑k

i=1 xiyi
∗.

(2) Choose a random nonzero starting unit vector q1.
(3) At this step, the vector Aq1 is orthogonalized to q1; that is,

w2 = Aq1 − h11q1, in which h11 = (Aq1, q1).

Then, let
h21 = ‖ w2 ‖2, q2 = w2/h21

(4) In the fifth stage, the vector AT q1 is orthogonalized to q1 and q2; Therefore,
w3 = AT q1 − h11q1 − h12q2

in which h11 = (AT q1, q1) = (q1, A
∗q1) = (Aq1, q1) and h12 = (AT q1, q2). Set

h13 = ‖ w3 ‖2 and define q3 = w3/h13.
(5) For i = 1, ..., k, the vector xi is orthogonalized to the vectors q1, ..., qr; Thus,
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w3+i = xi −
∑r

t=1(xi, qt)qt,

in which qr is the latest earned vector of the orthonormal basis. After calculating w3+i,
if this value is nonzero, set qr+1 = w3+i/‖ w3+i ‖2. The outcome of this process so
far is the vectors q1, ..., qt, t ≤ k + 3.

(6) Left-multiply the vectors of the latest completed layer by A and orthogonalize the
new resulting vectors to the vectors of the two layers before and also to the already
obtained vectors in the current layer. If this obtained vector has a nonzero norm, set its
normalization as the the newest acquired member of the orthogonal basis.

(7) The vectors of the latest completed layer, except for the vectors, which before doing
orthogonalization, have the form AT q, for a vector q ∈ Cn, are left-multiplied by AT

and then we do similarly to what was performed in the previous stage.
The coefficients hij which were generated during these orthogonalizations are used

as the entries of the matrix H .
The next steps are the same as above.

4. ALGORITHM AND NUMERICAL COMPUTATIONS

We were eager to give a numerical example of a small-scale 2-almost normal matrix to test
the theorem and algorithm. But this example had to be provided for a matrix of at least 12 in
size to be a good benchmark. Since it was not possible to do this manually, we had to create
the following pseudocode-algorithm and then we coded it with MATLAB software in order to
provide examples with it. In the following examples, we have tested the zero elements of the H
matrix outside the algorithm and satisfied that they are zero. To do this, we use the following
formula:

hij = qi
?Aqj , ∀i, j.

The elements located at the end of the H-matrix diagonal are zero bacause the algorithm is
designed in such a way that creats the arrays of the H-matrix for the previous layers and if we
go one layer further these arrays will also be made.

Algorithm 1. Following, an algorithm for reducing an admissible k-almost (conjugate)
normal matrix A to its condensed form H is presented.

Input: Matrix A and vectors x, x1, x2, x3, . . . , xk.
q1 = x

‖x‖2
z = Aq1
h1,1 = q∗1z, (h1,1 = qT1 z)
z = z − h1,1q1, (z = z − h1,1q1)
h2,1 = ‖z‖2
q2 = z/h2,1, (q2 = z̄/h2,1)
z = A∗q1, (z = AT q1)

z = z −
∑2

i=1 q
∗
i zqi, (z = z −

∑2
i=1 q

T
i zqi)

h1,2 = q∗2A
∗q1, (h1,2 = qT2 A

T q1)
h1,3 = ‖z‖2
q3 = z/‖z‖2, (q3 = z̄/‖z‖2)
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s = 3
for i = 1 to k
z = xi −

∑s
j=1 q

∗
jxiqj , (z = xi −

∑s
j=1 q

T
j xiqj)

if‖z‖2 > 0
s = s+ 1
qs = z/‖z‖2, (qs = z̄/‖z‖2)

end
end for
c1 = 1
c2 = s
s = s+ 1
w = 3
while w ≤ n

j = cw−2 + 1
p = j
if w < 4
d = 1

else
d = cw−3 + 1

end
for j = cw−2 + 1 : cw−1

z = Aqj
z = z −

∑s−1
l=d q

∗
l zql, (z = z −

∑s−1
l=d q

T
l zql)

if ‖z‖2 > 0
for l = d to s− 1
hlp = q∗l Aqj , (hlp = qTl Aqj)

end for
qs = z/‖z‖2, (qs = z̄/‖z‖2)
hsj = ‖z‖2
p = p+ 1

end if
if s < n
s = s+ 1

else
break

end
end for
a = s
if w < 4

f = 3
else

f = b
end if
forj = f to cw−1
z = A∗qj , (z = AT qj)
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z = z −
∑s−1

l=d q
∗
l zql, (z = z −

∑s−1
l=d q

T
l zql)

if ‖z‖2 > 0
qs = z/‖z‖2, (qs = z̄/‖z‖2)
for l = d to s− 1

hjl = q∗l A
∗qj , (hjl = qTl A

T qj)
end for
hjs = ‖z‖2
if s < n
s = s+ 1

else
break

end
end for
cw = s− 1
b = a
if s < n+ 1
w = w + 1

else
break

end
end while

Output: Matrices H and Q = (q1, q2, q3, . . . , qn).

Example 4.1. For the 2- almost (conjugate) normal matrixA, mentioned algorithm produces a
basis q1, q2, q3, . . . , qn, under which the structure of the block tridiagonal representation matrix
H is generally as following in which the black parts show the no necessarily zero entries and
white parts indicate to zero entries (for example, choose n = 1000):

100 200 300 400 500 600 700 800 900 1000

100

200

300

400

500

600

700

800

900

1000
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Example 4.2. Suppose that A = H + xy∗ in which H is an n × n Hermitian matrix and
x, y ∈ Cn. Let C = yx∗ − xy∗. Then, it is seen that A is 2-almost normal. As an special case,
we consider the matrix A so that also satisfies in the equation (2.6). In this case, the diagonal
blocks sizes of A do not exceed 6. by letting n = 100 , the above algorithm for A, creates a
condensed form as following.

10 20 30 40 50 60 70 80 90 100
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40

50

60

70

80

90

100

Example 4.3. Suppose that B = T + xyT in which T is a symmetric matrix in Mn(C) and
x, y ∈ Cn. By choosing C = yxT − xyT , B is 2-almost conjugate normal and as a special
case, by letting n = 100 , the above algorithm for A, creates the following condensed form.

10 20 30 40 50 60 70 80 90 100
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80

90

100

P.s: The above graphs are plotted by MATlAB and for random entries.
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5. CONCLUSION

We say that an n × n complex matrix A is k-almost normal if there exists a matrix C with
rank k such that A∗ − C commutes with A. There are many issues that are reliant on this
commutativity condition. For example, there are many results concerning the spectrum of a
perturbed Hermitian matrix [9] or general normal matrices [10, 11] or examples of QR al-
gorithms for the computation of the eigenvalues of low rank perturbations of symmetric or
Hermitian matrices [12, 13]. As another example, in the operator theory conditions upon this
commutativity condition are widely used in the study of structural properties of hypernormal
operators [14]. But, what makes it so interesting for us is that we are working on solving
methods for linear systems whose coefficient matrices are k-almost normal or k-almost con-
jugate normal matrices. In this paper, similar to what are done about normal and conjugate
normal matrices in [4] and [1], we obtain the block tridiagonal structures for k-almost normal
and k-almost conjugate normal matrices via an unitary similarity and an unitary congruence,
respectively.
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