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LORENTZIAN MANIFOLDS: A CHARACTERIZATION WITH

SEMICONFORMAL CURVATURE TENSOR

Uday Chand De and Chiranjib Dey

Abstract. In this paper we characterize semiconformally flat spacetimes

and a spacetime with harmonic semiconformal curvature tensor. At first
in a semiconformally flat perfect fluid spacetime we obtain a state equa-

tion and prove that in particular for dimension n = 4, the spacetime
represents a model for incoherent radiation. Next we prove that per-

fect fluid spacetime with harmonic semiconformal curvature tensor is of

Petrov type I, D or O and the spacetime is a GRW spacetime. As a
consequence we obtain several corollaries.

1. Introduction

The basic difference between the Riemannian and semi-Riemannian geom-
etry is the existence of a null vector, that is, a vector v satisfying gijv

ivj =
0, where gij is the metric tensor. The signature of the metric g of a Rie-
mannian manifold is (+,+,+, . . . ,+,+,+) and of a semi-Riemannian mani-
fold is (−,−,−, . . . ,+,+,+). Lorentzian manifold is a special case of semi-
Riemannian manifold. The signature of the metric of a Lorentzian manifold
is (−,+,+, . . . ,+,+,+). In a Lorentzian manifold three types of vectors exist
such as timelike, spacelike and null vector. In general, a Lorentzian manifold
(M, g) may not have a globally timelike vector field. If (M, g) admits a globally
timelike vector field, it is called time orientable Lorentzian manifold, physically
known as spacetime.

In a recent paper Kim [20] introduced a curvature-like tensor named semicon-
formal curvature tensor such that its (1, 3) components remain invariant under
conharmonic transformation and obtains several results on harmonic semicon-
formal curvature tensor and pseudo semiconformally symmetric manifolds. In
this paper we characterize an n-dimensional Lorentzian manifold admitting
semiconformal curvature tensor. Semiconformal curvature tensor Phijk of type
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(1, 3) is defined as [21]:

(1.1) Phijk = −(n− 2)Chijk + [a+ (n− 2)b]Hh
ijk,

where a, b are constants not simultaneously zero, Chijk and Hh
ijk denote confor-

mal curvature tensor and conharmonic curvature tensor, respectively.
On the other hand, generalized Robertson-Walker (GRW) spacetimes were

introduced in 1995 by Alias, Romero and Sánchez ([1], [2]).
A Lorentzian manifold M of dimension n ≥ 3 is named generalized Robert-

son-Walker (GRW) spacetime if it is the warped product M = I ×q2 M∗

with base (I,−dt2), warping function q and the fibre (M∗, g∗) is an (n − 1)-
dimensional Riemannian manifold ([1], [2], [7], [32], [33]).

If M∗ is a 3-dimensional Riemannian manifold of constant curvature, the
spacetime is called a Robertson-Walker (RW ) spacetime. Therefore, GRW
spacetimes are a wide generalization of RW spacetimes on which standard
cosmology is modelled. They include the Einstein-de Sitter spacetime, the
static Einstein spacetime, the Friedman cosmological models, the de Sitter
spacetime and hence applications as inhomogeneous spacetimes admitting an
isotropic radiation ([7], [32]).

Lorentzian manifolds with the Ricci tensor of the form

(1.2) Rij = αgij + βuiuj ,

where α, β are scalar fields and ui is a unit timelike vector (that is, uiui = −1),
are called perfect fluid spacetimes and are of interest in general relativity. In the
language of pure differential geometry they are named quasi Einstein. Pseudo-
Riemannian quasi Einstein spaces arose in the study of exact solutions of Ein-
stein’s equations and in the investigation of quasi-umbilical hypersurfaces of
Pseudo-Euclidean spaces ([11], [12]). Form (1.2) of the Ricci tensor is implied
by Einstein’s equation if the energy momentum tensor of the spacetime is per-
fect fluid with velocity vector field u. A spacetime is called perfect fluid if the
energy momentum tensor is of the form

Tij = (µ+ p)uiuj + pgij ,

where µ is the energy density, p is the isotropic pressure, ui is a unit timelike
vector (uiui = −1). The fluid is called perfect because of the absence of heat
conduction terms and stress terms corresponding to viscocity [18].

In addition, p and µ are related by an equation of state governing the par-
ticular sort of perfect fluid under consideration. In general, this is an equation
of the form p = p(µ, T0), where T0 is the absolute temperature. However,
we shall only be concerned with situations in which T0 is effectively constant
so that the equation of state reduces to p = p(µ). In this case, the perfect
fluid is called isentropic [18]. Moreover, if p = µ, then the perfect fluid is
termed as stiff matter (see [36], page 66). Einstein’s field equation is given by
Rij − R

2 gij = κTij , κ is the gravitational constant. Einstein’s equation implies
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that matter determines the geometry of spacetime and conversely, the motion
of matter is determined by the metric of the space which is non-flat.

The conformal curvature tensor is the traceless part of the Riemann tensor
[30]:

Chijk = Rhijk −
1

n− 2
[δhkRij − δhjRik + gijR

h
k − gikRhj ]

+
R

(n− 1)(n− 2)
[δhkgij − δhj gik],(1.3)

where Rhijk is the (1, 3) curvature tensor, Rij = Rhijh is the Ricci tensor of type

(0, 2), Rhk is the (1, 1) Ricci tensor and R denotes the scalar curvature. Since in
general relativity only the Ricci tensor is coupled to matter by the Einstein’s
equations, the conformal curvature tensor describes the pure gravity degree of
freedom.

Perfect fluid spacetimes in four dimensions with divergence free conformal
curvature tensor (that is, ∇hChijk = 0) were firstly investigated by Shepley and

Taub [35] and successively by Sharma [34] and Coley [8].
Recently in [27] Mantica, Molinari and De extended some results to n-

dimensional perfect fluids and proved the following:

Theorem 1.1 ([27]). Let (M, g) be a perfect fluid spacetime (that is, Rij =
αgij + βuiuj). If ∇kuj = ∇juk and ∇hChijk = 0, then

(i) ui is a concircular vector field and it is rescalable to a timelike vector
Xj such that ∇kXj = ρgjk.

(ii) (M, g) is a GRW spacetime with Einstein fibre.
(iii) the velocity vector uh satisfies the condition uhC

h
ijk = 0.

Also De et al. ([9], [10]) studied conformally flat almost pseudo-Ricci sym-
metric spacetimes and spacetimes with semisymmetric energy momentum ten-
sor respectively. Also in [24] Mallick, Suh and De studied spacetime with
pseudo-projective curvature tensor. Moreover in [26] Mantica and Molinari
studied weakly Z symmetric manifolds. Also several authors studied space-
times in different way such as ([10], [15], [16], [23], [29], [37]) and many others.
In [6] Chaki and Ray studied spacetimes with covariant constant energy mo-
mentum tensor. Motivated by the above studies in the present paper Lorentzian
manifolds is characterized with semiconformal curvature tensor.

The paper is organised in the following way:
After preliminaries in Section 3, we prove that in a semiconformally flat

perfect fluid spacetime the state equation is p = 1
n−1µ and for n = 4 dimension

we have a model for incoherent radiation p = µ
3 . Section 4 is devoted to study

perfect fluid spacetimes with harmonic semiconformal curvature tensor and
prove that a perfect fluid spacetime with harmonic semiconformal curvature
tensor is a GRW spacetime with Einstein fibre. As a consequence we obtain
that a perfect fluid Yang pure space is a GRW spacetime with Einstein fibre and
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for n = 4 dimension a perfect fluid spacetime with harmonic semi-conformal
curvature tensor is a RW spacetime.

2. Preliminaries

The conharmonic curvature tensor H is defined by [19]

(2.1) Hh
ijk = Rhijk −

1

(n− 2)
(δhkRij − δhjRik + gijR

h
k − gikRhj ).

A manifold whose conharmonic curvature tensor vanishes at each point of
the manifold is called conharmonically flat. Thus this tensor represents the
deviation of the manifold from conharmonic flatness.

Suppose the manifold is conharmonically flat. Then from (2.1) we get

Rhijk =
1

(n− 2)
(δhkRij − δhjRik + gijR

h
k − gikRhj ).

Contracting h and k yields

(2.2)
R

(n− 2)
gij = 0,

which implies that the scalar curvature vanishes.
Also from (2.1) the divergence of H, (that is, ∇hHh

ijk) is given by

(2.3) ∇hHh
ijk =

n− 3

n− 2
(∇kRij −∇jRik)− 1

2(n− 2)
(gij∇kR− gik∇jR).

Hence if ∇hHh
ijk = 0, that is, if the conharmonic curvature tensor is harmonic,

then we infer that

(2.4) ∇kRij −∇jRik =
1

2(n− 3)
(gij∇kR− gik∇jR).

Again the divergence of the conformal curvature tensor is given by ([25],
[28])

(2.5) ∇hChijk =
n− 3

n− 2
[∇kRij −∇jRik +

1

2(n− 1)
(gij∇kR− gik∇jR)].

3. Semiconformally flat Lorentzian manifolds

The defining relation (1.1) of semiconformal curvature tensor can be rewrit-
ten as

(3.1) Phijk = aHh
ijk −

bR

(n− 1)
[δhkgij − δhj gik].

Suppose the manifold is semiconformally flat, that is, the semiconformal cur-
vature tensor vanishes at each point of the manifold. Then from (3.1) it follows
that

(3.2) aHh
ijk −

bR

(n− 1)
[δhkgij − δhj gik] = 0.
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Contracting h and k and using (2.2) we infer that

− a R

n− 2
gij − bRgij = 0,

which yields R = 0, provided a + (n − 2)b 6= 0. Hence from (3.1) we get
Hh
ijk = 0, provided a 6= 0. Conversely, if the conharmonic curvature tensor

Hh
ijk vanishes, then by (2.2) we obtain R = 0 and hence by (3.1) we conclude

that Phijk = 0. Thus we can state the following:

Proposition 3.1. In a Lorentzian manifold of dimension n > 4 semiconfor-
mally flatness implies conharmonically flatness under the constraints a+ (n−
2)b 6= 0 and a 6= 0.

Now we consider semiconformally flat perfect fluid spacetimes obeying Ein-
stein’s field equations. Then we get

(3.3) Rij −
R

2
gij = κTij ,

where

(3.4) Tij = (µ+ p)uiuj + pgij .

Since R = 0 in a semiconformally flat manifold, therefore from (3.3) and (3.4)
we infer

Rij = κ[(µ+ p)uiuj + pgij ].

Transvecting the above equation with gij and using R = 0, we get p(n−1) = µ,
since κ 6= 0 and uiui = −1 which means p = 1

n−1µ.
Hence we obtain the following:

Theorem 3.1. In a semiconformally flat perfect fluid spacetime the state equa-
tion is p = 1

n−1µ.

Corollary 3.1. In n = 4 dimension we have a model for incoherent radiation:
p = µ

3 [36].

Recall that a vector field V in a Lorentzian manifold M is called curvature
collineation (CC) if the curvature tensor remains invariant under V . This
means

(3.5) £VR
h
ijk = 0,

where £V denotes the Lie derivation. Obviously, (3.5) implies

(3.6) £VRij = 0.

The vector field V is called Ricci colineation (RC) if (3.6) holds.
If a vector field V leaves the matter tensor invariant, that is, £V Tij = 0,

then we say that M has symmetry called matter colineation (MC). Well known
examples are Killing and homothetic symmetries.

A conformal vector field V on a Lorentzian manifold M is defined by

£V gij = 2σgij
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for a smooth function σ on M .
If σ = constant, then the vector field is called homothetic vector field.
Since in a semiconformally flat spacetime R = 0, therefore from (3.3) we

obtain

£ξRij = κ£ξTij .

Thus Ricci collineation ensures matter collineation and conversely.
In [17] Hall et al. proved that any vector field V in a spacetime M which

simultaneously satisfies CC and MC is a homothetic vector field. Therefore
from the above discussion we arrive to the following conclusion:

Theorem 3.2. If a semiconformally flat spacetime obeying Einstein’s equation
admits a RC vector field, then the vector field reduces to a homothetic vector
field.

It is known [13] that if a four dimensional spacetime with R = 0 and Rij 6= 0
admits a RC vector field V , then there exists a covariant conservation law
generator of the form

(3.7) (
√
gT ijV

j),i = 0, g =| gij |,

where T is the energy-momentum tensor.
Hence if in a semi-conformally flat spacetime admits matter collineation

(MC) vector field V , then there exists a conservation law generator of the
above form (3.7).

4. Perfect fluid spacetimes with harmonic semiconformal curvature
tensor

In [20] Kim proved that if the semiconformal curvature tensor is harmonic
in a Riemannian manifold, then the scalar curvature R is constant provided
a + (n − 2)b 6= 0. The same result holds for a Lorentzian manifold. In this
section we suppose that the semiconformal curvature tensor Phijk is harmonic.

Then from (3.1) we get a∇hHh
ijk = 0, since R =constant.

Therefore from (2.3) it follows that

∇kRij = ∇jRik,

which implies that the Ricci tensor is a Codazzi tensor [4].
In [31] Ray proved that in a perfect fluid spacetime with Codazzi type of

Ricci tensor is of Petrov type I, D or O [3].
From the above discussions we have the following:

Theorem 4.1. A perfect fluid spacetime with harmonic semi-conformal cur-
vature tensor is of Petrov type I, D or O.

Next we prove that an n-dimensional perfect fluid spacetime with harmonic
semiconformal curvature tensor is a GRW spacetime. As a consequence, a
Yang Pure Space [14] is a GRW spacetime.
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Since harmonic semiconformal curvature tensor implies that the Ricci tensor
is a Codazzi tensor, therefore from (2.5) we infer that

∇hChijk = 0, since ∇kR = 0.

Therefore harmonic semiconformal curvature tensor implies harmonic con-
formal curvature tensor.

Lemma 4.1. Let (M, g) be a perfect fluid spacetime, that is, Rij = αgij +
βuiuj, where uk is a unit timelike vector and β 6= 0. If ∇hChijk = 0 and

∇kR = 0, then uj is irrotational (i.e.,∇kuj = ∇juk).

Proof. The harmonic conformal curvature tensor is given by (2.5). Therefore
the conditions ∇hChijk = 0 and ∇kR = 0 implies ∇kRij = ∇jRik. From

Rij = αgij + βuiuj by transvecting with gij we get R = nα − β, so that
n∇kα = ∇kβ.

Now taking covariant derivative of the Ricci tensor and using n∇kα = ∇kβ,
we obtain

(4.1) ∇j(βuiuk)−∇k(βuiuj) =
1

n
(∇jβgik −∇kβgij).

Transvecting the above equation with ui and using ui∇kui = 0, we get

(4.2) β(∇juk −∇kuj) =
n− 1

n
(uj∇kβ − uk∇jβ).

We show that the right hand side of (4.2) is zero. Transvecting (4.2) with gij

we get

uj∇j(βuk) + βuk∇juj =
1

n
∇kβ.

Further transvecting with uk implies

− β∇juj =
n− 1

n
uj∇jβ.

The previous equation becomes

(4.3) βuj∇juk = − 1

n
(∇kβ + uku

j∇jβ).

On the other hand, transvecting (4.1) with ujuk infers

(4.4) − βuk∇kui =
n− 1

n
(∇iβ + uiu

k∇kβ).

If β 6= 0, the equations (4.3) and (4.4) imply

uk∇iuk = 0

and

∇iβ + uiu
k∇kβ = 0.

Multiplying this equation by uj and taking the antisymmetric part we obtain

uk∇jβ − uj∇kβ = 0.
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Therefore from equation (4.2) we conclude that

∇juk = ∇kuj ,
which implies that uk is irrotational. Hence the integral curves of the vector
field uk are geodesic. �

Now using the above Lemma and Theorem 1.1 of [27] we are in a position
to state the following:

Theorem 4.2. Let (M, g) be a perfect fluid spacetime with harmonic semi-
conformal curvature tensor. Then (M, g) is a GRW spacetime with Einstein
fibre.

Since an n-dimensional spacetime with ∇hChijk = 0 and ∇kR = 0 is a Yang

pure space [14], Theorem 4.2 can be restated as:

Corollary 4.1. Any n(n ≥ 3)-dimensional perfect fluid Yang pure space with
β 6= 0 is a GRW spacetime with Einstein fibre.

Remark 1. For the dimension n = 4, the condition uhC
h
ijk = 0 is equivalent to

uiCjklm + ujCkilm + uhCijlm = 0

([22], p. 128) and the contraction with ui gives Cjklm = 0. But it is known
[5] that a GRW spacetime M is conformally flat if and only if M is a RW
spacetime. Thus we conclude that for n = 4 dimension a perfect fluid spacetime
with harmonic semiconformal curvature tensor is a RW spacetime.
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[9] A. De, C. Özgür, and U. C. De, On conformally flat almost pseudo-Ricci symmetric

spacetimes, Internat. J. Theoret. Phys. 51 (2012), no. 9, 2878–2887. https://doi.org/

10.1007/s10773-012-1164-0
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