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ON PARTIAL-ARMENDARIZ RINGS

Sang Bok Nam, Zhelin Piao, and Sang Jo Yun

Abstract. This article concerns a generalization of Armendariz rings

that is done by restricting the degree to one. We shall call such rings, as

to satisfy this property, partial-Armendariz. We first show that partial-
Armendariz rings are between Armendariz rings and weak Armendariz

rings. The basic structures of partial-Armendariz rings are investigated,
and the relations between partial-Armendariz rings and near related ring

properties are also studied.

1. Introduction

Throughout this note every ring is associative with identity unless otherwise
stated. Let R be a ring. Use N(R), J(R), N∗(R), N∗(R), and W (R) to denote
the set of all nilpotents, Jacobson radical, lower nilradical (i.e., prime radical),
upper nilradical (i.e., the sum of all nil ideals), and the Wedderburn radical
(i.e., the sum of all nilpotent ideals) of R, respectively. It is well-known that
W (R) ⊆ N∗(R) ⊆ N∗(R) ⊆ N(R) and N∗(R) ⊆ J(R). R[x] denotes the
polynomial ring with x an indeterminate over R. I(R) denotes the set of all
idempotents in R. Let Matn(R) (resp., Tn(R)) be the n by n full (resp., upper
triangular) matrix ring over R, and denote by Eij the matrix with (i, j)-entry
1 and elsewhere zeros. Write Dn(R) = {(aij) ∈ Tn(R) | a11 = · · · = ann}. We
use Z and Zn to denote the ring of integers and the ring of integers modulo n,
respectively.

A ring is usually said to be reduced if it has no nonzero nilpotent elements.
For a reduced ring R, Armendariz [4, Lemma 1] proved that aibj = 0 for all i, j
whenever f(x)g(x) = 0 for f(x) =

∑m
i=0 aix

i and g(x) =
∑n

j=0 bjx
j in R[x].

From this result, Rege and Chhawchharia [17] called a ring (not necessarily
reduced) Armendariz if it satisfies this result. So reduced rings are Armendariz
obviously. The class of Armendariz rings is clearly closed under subrings. A
ring is usually called Abelian if every idempotent is central. Armendariz rings
are Abelian by [11, Corollary 8] (or the proof of [1, Theorem 6]).
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Remark 1.1. Given a ring R we claim that the following are equivalent:
(1) R is Armendariz;
(2) a0bj = 0 for all j ∈ {0, 1, . . . , n} whenever f(x)g(x) = 0 for f(x) =∑m
i=0 aix

i and g(x) =
∑n

j=0 bjx
j in R[x].

For the proof, it suffices to show the sufficiency. Assume the necessity.
Let f(x)g(x) = 0 for f(x) =

∑m
i=0 aix

i, g(x) =
∑n

j=0 bjx
j ∈ R[x]. Then

a0g(x) = 0, entailing (
∑m

i=1 aix
i−1)g(x) = 0. Then we get a1g(x) = 0 by the

necessity, and (
∑m

i=2 aix
i−2)g(x) = 0 follows. Inductively we obtain aibj = 0

for all i, j. Thus R is Armendariz.

Based on Remark 1.1, we next consider a generalization of Armendariz rings.

Definition 1.2. A ring R is said to be partial-Armendariz provided that a0b1 =
0 whenever f(x)g(x) = 0 for f(x) = a0 + a1x, g(x) =

∑n
j=0 bjx

j ∈ R[x].

Armendariz rings are clearly partial-Armendariz. But the converse need not
hold by the following. char(R) means the characteristic of given a ring R.

Example 1.3. There exists a partial-Armendariz ring that is not Armen-
dariz. We use the construction and argument in [3, Lemmas 2-5 and Exam-
ple 4]. Let K be a field with char(K) 6= 2. Let R be the K-algebra with
commuting generators A = {a0, a1, a2, b0, b1, b2} and with the following rela-
tions: (1) a0b0 = a2b2 = 0; (2) a0b1 + a1b0 = 0; (3) a1b2 + a2b1 = 0; (4)
a0b2 + a1b1 + a2b0 = 0; (5) x1x2x3 = 0, where x1, x2, x3 ∈ A. Then R is
partial-Armendariz by the argument in [3, Lemmas 2-5]. However R is not
Armendariz by [3, Example 4].

We can see basic properties of partial-Armendariz rings in the following.
Following Lee and Wong [16], a ring R is called weak Armendariz provided
that a0b1 = 0 = a1b0 whenever f(x)g(x) = 0 for f(x) = a0 + a1x, g(x) =
b0 + b1x ∈ R[x]. Weak Armendariz rings are Abelian by [16, Lemma 3.4]. Use
b−c to denote the floor function, i.e., brc is the largest integer less than or
equal to r for any real number r.

According to Bell [5], a ring R is said to satisfy the Insertion-of-Factors-
Property (simply, called an IFP ring) if ab = 0 implies aRb = 0 for a, b ∈ R.
IFP rings are easily shown to be Abelian.

Lemma 1.4. (1) The class of partial-Armendariz rings is closed under
subrings.

(2) Partial-Armendariz rings are weak Armendariz.
(3) Partial-Armendariz rings are Abelian.
(4) Let R be a partial-Armendariz ring. If ab = 0 for a, b ∈ R, then

aN(R)b = 0. Moreover N(R) forms a subring of R.
(5) The concepts of partial-Armendariz rings and IFP rings are indepen-

dent of each other.
(6) Dm(R) is partial-Armendariz over a reduced ring R for m ≤ 3. Dn(A)

is not weak Armendariz over any ring A for n ≥ 4.
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Proof. (1) is obvious.
(2) Let R be a partial-Armendariz ring. Suppose that f(x)g(x) = 0 for

f(x) = a0 + a1x, g(x) = b0 + b1x ∈ R[x]. Then a0b1 = 0 since R is partial-
Armendariz, and this yields a1b0 = 0 because a0b1 + a1b0 = 0. Thus R is weak
Armendariz.

(3) is shown by (2) and [16, Lemma 3.4]; but we give another proof. Let
R be a partial-Armendariz ring and assume on the contrary that there exist
e ∈ I(R) and a ∈ R such that ea(1− e) 6= 0. Consider polynomials

f(x) = e+ ea(1− e)x and g(x) = (1− e) + ((1− e)− ea(1− e))x− ea(1− e)x2

in R[x]. Then f(x)g(x) = 0. But e[(1 − e) − ea(1 − e)] = −ea(1 − e) 6= 0,
contrary to R being partial-Armendariz. Thus er(1 − e) = 0 for all e ∈ I(R)
and r ∈ R. So R is Abelian.

(4) is proved by (2) and [3, Lemma 1], but we take another proof here. Let
R be a partial-Armendariz ring and suppose that ab = 0 for a, b ∈ R. Take
c ∈ N(R) with cn = 0. Then

0 = a(1− cx)(1 + cx+ · · ·+ cn−1xn−1)b = (a−acx)(b+ cbx+ · · ·+ cn−1bxn−1).

Since R is partial-Armendariz, we have acb = 0. This implies aN(R)b = 0.
Next N(R) forms a subring of R by (2) and [3, Corollary 1]. To obtain this
result, we can use the following argument that is a little different proof from
one of [3, Corollary 1].

Let a, b ∈ N(R) with am = 0 and bn = 0. We apply the proof of [9,
Proposition 3.9]. Consider f(x) = 1 − bx and g(x) = 1 + bx + · · · + bn−1xn−1

in R[x]. Then f(x)g(x) = 1 since bn = 0. Multiplying f(x)g(x) on the left and

right by ab
m+1

2 c and ab
m+1

2 cb respectively, we obtain

0 = ab
m+1

2 cab
m+1

2 cb = ab
m+1

2 cf(x)g(x)ab
m+1

2 cb

= ab
m+1

2 c(1− bx)(1 + bx + · · ·+ bn−1xn−1)ab
m+1

2 cb

= (ab
m+1

2 c − ab
m+1

2 cbx)(ab
m+1

2 cb + bab
m+1

2 cbx + · · ·+ bn−1ab
m+1

2 cbxn−1),

noting am = 0 and f(x)g(x) = 1. Since R is partial-Armendariz,

ab
m+1

2 cbab
m+1

2 cb = 0.

Let m1 = bm+1
2 c and note m1 < m. Next consider

ab
m1+1

2 cab
m1+1

2 cbab
m1+1

2 cab
m1+1

2 cb = 0.

Then the preceding argument provides us with

ab
m1+1

2 cbab
m1+1

2 cbab
m1+1

2 bcbab
m1+1

2 cb = 0.

Proceeding inductively, we eventually obtain (ab)m2 = 0 for some m ≤ m2.
This process also gives us (a + b)l = 0 for some l ≥ m + n. Therefore N(R)
forms a subring of R.
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(5) Consider D2(Z8) that is commutative (hence IFP). Then D2(Z8) is not
partial-Armendariz by [17, Example 3.2], where Rege and Chhawchharia con-
sider the polynomial f(x) = ( 4 0

0 4 ) + ( 4 1
0 4 )x ∈ D2(Z8)[x] with f(x)2 = 0

and ( 4 0
0 4 ) ( 4 1

0 4 ) = ( 0 4
0 0 ) 6= 0. There exists an Armendariz (hence partial-

Armendariz) ring that is not IFP by [11, Example 14].
(6) Let R be a reduced ring. Then D3(R) is Armendariz (hence partial-

Armendariz) by [14, Proposition 2]. This implies that D2(R) is also partial-
Armendariz by (1) because D2(R) is a subring of D3(R).

The proof of the remainder is done by [14, Example 3], but we use different
matrices from there. Let A be any ring and consider matrices

A =


0 1 0 0
0 0 0 0
0 0 0 0
0 0 0 0

 , B =


0 0 −1 0
0 0 0 0
0 0 0 0
0 0 0 0

 ,

C =


0 0 0 0
0 0 0 0
0 0 0 1
0 0 0 0

 , D =


0 0 0 0
0 0 0 1
0 0 0 0
0 0 0 0


in D4(A); and let f(x) = A + Bx, g(x) = C + Dx. Then f(x)g(x) = 0, but
AC = E14 6= 0. So D4(A) is not weak Armendariz. This implies Dn(A) cannot
be weak Armendariz by help of (1) because D4(A) is a subring of Dn(A), for
all n ≥ 5. �

The converses of Lemma 1.4(2), (3) need not hold by the following.

Example 1.5. (1) There exists a weak Armendariz ring that is not partial-
Armendariz. We use the construction and argument in [16, Example 3.2]. Let
Z3[a, b] be the polynomial ring with commuting indeterminates a, b over Z3,
and I be the ideal of Z3[a, b] generated by a3, a2b2, b3. Next set R = Z3[a, b]/I.
Then R is weak Armendariz by [16, Example 3.2]. Identify a, b with their images
in R for simplicity. Consider the equality (a+bx)3 = (a+bx)(a2+2abx+b2x2) =
0 for a+bx, a2+2abx+b2x2 ∈ R[x]. But a(2ab) = 2a2b 6= 0, so R is not partial-
Armendariz.

(2) There exists an Abelian ring that is not partial-Armendariz. We refer
to the argument in [14, Example 3]. Let S be an Abelian ring and R = D4(S).
Then R is Abelian by [10, Lemma 2]. Let f(x) = E12 + (E12 − E13)x, g(x) =
E34 + (E24 + E34)x ∈ R[x] as in [14, Example 3]. Then f(x)g(x) = 0 but
E12(E24 + E34) = E14 6= 0 and so R is not partial-Armendariz.

The classes of IFP rings and (weak) Armendariz rings are independent of
each other by [17, Example 3.2] and [11, Example 14]. However for a semiprime
right Goldie ring R, R is Armendariz if and only if R is IFP by [11, Corollary
13]. Given an IFP ring R, a simple computation gives us W (R) = N(R) =
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N∗(R) = N∗(R). So whenever a ring R is semiprime, R is reduced if and only
if R is IFP.

Summarzing the results above, we have the following diagram:
• {Armendariz rings} ⇒ {partial-Armendariz rings} ⇒ {weak Armendariz rings}

⇓
⇑ {Abelian rings}

⇑
{reduced rings} =⇒ {IFP rings}

2. Near related ring properties to partial-Armendariz

In this section we observe relations between partial-Armendariz rings and
other ring properties which are nearly related.

We next observe a kind of algebraic structure in which the power-Armendariz
and (weak) Armendariz are equivalent. Let K be a field and R1, R2 be K-
algebras. Use R1 ∗K R2 to denote the ring coproduct (free product) of R1 and
R2 (see Antoine [2] and Bergman [6,7] for details).

Theorem 2.1. Let K be a field and A be a K-algebra. Let C = K[b] be
the polynomial ring with an indeterminate b over K, and I be the ideal of C
generated by bn for some n ≥ 2. Set B = C/I and R = A ∗K B. Then the
following conditions are equivalent:

(1) R is Armendariz;
(2) R is partial-Armendariz;
(3) R is weak Armendariz;
(4) N(R) forms a subring of R;
(5) N(R) is multiplicatively closed.

Proof. The conditions (1), (3), and (5) are equivalent by [13, Theorem 1]. (1)
⇒ (2) and (4) ⇒ (5) are obvious. (2) ⇒ (4) is proved by Lemma 1.4(4). �

Following [8], a ring R is said to be von Neumann regular if for each a ∈ R
there exists b ∈ R such that a = aba. Every von Neumann regular ring R is
clearly semiprimitive (i.e., J(R) = 0).

Proposition 2.2. For a von Neumann regular ring R, the following conditions
are equivalent:

(1) R is reduced;
(2) R is Armendariz;
(3) R is partial-Armendariz;
(4) R is weak Armendariz;
(5) R is IFP;
(6) R is Abelian.

Proof. (1) ⇒ (2), (2) ⇒ (3), (1) ⇒ (5), and (5) ⇒ (6) are obvious. (3) ⇒ (4)
and (3) ⇒ (6) are proved by Lemma 1.4(2) and Lemma 1.4(3), respectively.
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(6) ⇒ (1) is shown by [8, Theorem 3.2]. (4) ⇒ (1) is proved by [1, Theorem
6]. �

In the following we see a condition under which Armendariz, partial-Armen-
dariz, and IFP are related.

Proposition 2.3. Given a ring R the following conditions are equivalent:
(1) R is a reduced ring;
(2) D3(R) is Armendariz;
(3) D3(R) is partial-Armendariz;
(4) D3(R) is weak Armendariz;
(5) D3(R) is IFP;
(6) D2(R) is weak Armendariz.

Proof. The conditions (1), (2), and (5) are equivalent by [12, Proposition 2.8].
(2)⇒ (3) and (4)⇒ (6) are obvious. (3)⇒ (4) is proved by Lemma 1.4(2). So
it suffices to prove (6) ⇒ (1). The proof is done by the proof of [16, Theorem
2.3], but we take here another computation. Let D2(R) be weak Armendariz,
and assume on the contrary that there exist 0 6= a ∈ R with a2 = 0. Consider
two polynomials

f(x) =

(
a 0
0 a

)
+

(
0 1
0 0

)
x and g(x) =

(
a 0
0 a

)
−
(

0 1
0 0

)
x

in D2(R)[x]. Then f(x)g(x) = 0 but ( a 0
0 a ) ( 0 1

0 0 ) = ( 0 a
0 0 ) 6= 0. Hence D2(R) is

not weak Armendariz, a contradiction. Therefore R is reduced. �

The following illuminates Proposition 2.3.

Remark 2.4. (1) The proof of (4) ⇒ (1) in Proposition 2.3 is done by [12,
Proposition 2.8], but one can use different matrices from there as follows. Let
D3(R) be weak Armendariz, and assume on the contrary that there exists
0 6= a ∈ R with a2 = 0. Consider two polynomials

f(x) =

a 0 0
0 a 0
0 0 a

+

0 1 0
0 0 0
0 0 0

x and g(x) =

a 0 0
0 a a
0 0 a

−
0 1 1

0 0 0
0 0 0

x

in D3(R)[x]. Then f(x)g(x) = 0 but

a 0 0
0 a 0
0 0 a

0 1 1
0 0 0
0 0 0

 =

0 a a
0 0 0
0 0 0

 6=
0. Hence D3(R) is not weak Armendariz, a contradiction. Therefore R is re-
duced.

(2) From the equivalence of R being reduced and D3(R) being IFP in Propo-
sition 2.3, we obtain that if R is reduced, then D2(R) is IFP. So one may ask
whether R is reduced when D2(R) is IFP. But the answer is negative as can
seen by D2(R) is commutative (hence IFP) over any commutative (possibly
non-reduced) ring R.
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(3) Observe that for any ring A we have N(A) 6= 0 if and only if N2(A) 6= 0,
where N2(A) = {r ∈ N(A) | r2 = 0}. Suppose that Dn(R) is weak Armendariz
for n ≥ 2. Then we claim that R is reduced. Assume on the contrary that there
exists 0 6= a ∈ R with a2 = 0. Consider f(x) = aIn + E1nx and g(x) = aIn −
E1nx in Dn(R)[x], where In is the n by n identity matrix. Then f(x)g(x) = 0
but aInE1n = aE1n 6= 0. So Dn(R) is not weak Armendariz, contrary to
the assumption. So R must be reduced when Dn(R) is weak Armendariz for
n ≥ 2. However Dn(A) is not weak Armendariz over any ring A when n ≥ 4,
by Lemma 1.4(6). This argument illuminates the proof of Proposition 2.3.

Let R be a ring and n ≥ 2. Recall the subring

Vn(R) = {m = (mij) ∈ Dn(R) | mst = m(s+1)(t+1) for s = 1, . . . , n− 2 and

t = 2, . . . , n− 1}

of Dn(R). Observe that Vn(R) is isomorphic to R[x]/(xn), where (xn) is the
ideal of R[x] generated by xn. One may compare the following with Proposition
2.3, checking the difference between Dn(R) and Vn(R).

Proposition 2.5. For a ring R and n ≥ 2, the following are equivalent:
(1) R is reduced;
(2) Vn(R) is Armendariz;
(3) Vn(R) is partial Armendariz;
(4) Vn(R) is weak Armendariz.

Proof. Observe first that Vn(R) is isomorphic to R[x]/(xn). (1)⇒ (2) is proved
by [1, Theorem 5]. (2) ⇒ (3) is obvious and (3) ⇒ (4) is shown by Lemma
1.4(2). (4) ⇒ (1) is proved by [16, Theorem 3.1]. �

By help of [15, Theorem 2.5], we have that if R is a reduced ring, then
R[x]/(xn) (hence Vn(R)) is IFP. But the converse need not hold because
R[x]/(xn) is commutative (hence IFP) over a commutative (possibly non-
reduced) ring R.

Recall that a semiprime ring R is IFP if and only if R is reduced. The follow-
ing extends [15, Proposition 2.8]. It is well-known that a ring R is semiprime
right Goldie if and only if the classical right quotient ring of R exists and is
semisimple Artinian.

Proposition 2.6. Let R be a semiprime right Goldie ring with Q its classical
right quotient ring. Then the following conditions are equivalent:

(1) R is Armendariz;
(2) R is reduced;
(3) R is partial-Armendariz;
(4) R is weak Armendariz;
(5) Q is Armendariz;
(6) Q is reduced;
(7) Q is partial-Armendariz;
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(8) Q is weak Armendariz;
(9) Q is a finite direct product of division rings.

Proof. The conditions (1), (2), (5), and (6) are equivalent by [15, Proposition
2.8]. (1) ⇒ (3) and (5) ⇒ (7) are obvious. (3) ⇒ (4) and (7) ⇒ (8) are shown
by Lemma 1.4(2).

(4) ⇒ (9). Let R be weak Armendariz. Then R is Abelian by [16, Lemma
3.4]; hence Q is a finite direct product of division rings because Q is semisimple
Artinian. The remainder of the proof follows the condition (9). �
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