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a b s t r a c t

A recently published nuclear forensics methodology for source discrimination of separated weapons-
grade plutonium utilizes intra-element isotope ratios and a maximum likelihood formulation to iden-
tify the most likely source reactor-type, fuel burnup and time since irradiation of unknown material.
Sensitivity studies performed here on the effects of random measurement error and the uncertainty in
intra-element isotope ratio values show that different intra-element isotope ratios have disproportionate
contributions to the determination of the reactor parameters. The methodology is robust to individual
errors in measured intra-element isotope ratio values and even more so for uniform systematic errors
due to competing effects on the predictions from the selected intra-element isotope ratios suite. For a
unique sample-model pair, simulation uncertainties of up to 28% are acceptable without impeding
successful source-reactor discrimination. However, for a generic sample with multiple plausible sources
within the reactor library, uncertainties of 7% or less may be required. The results confirm the critical role
of accurate reactor core physics, fuel burnup simulations and experimental measurements in the pro-
posed methodology where increased simulation uncertainty is found to significantly affect the capability
to discriminate between the reactors in the library.
© 2019 Korean Nuclear Society, Published by Elsevier Korea LLC. This is an open access article under the

CC BY-NC-ND license (http://creativecommons.org/licenses/by-nc-nd/4.0/).

1. Introduction

In response to the growing threat of nuclear terrorism and the
presence around the world of weapons-grade plutonium outside of
IAEA safeguards, a novel nuclear forensics methodology for source
reactor discrimination was developed for the characterization of
interdicted, separated weapons-grade plutonium [1]. The meth-
odology uses a database comparison method whereby assayed
values for the identified forensic signature suite of intra-element
isotope concentrations in the interdicted sample are compared to
corresponding values from a library of reactor core physics and fuel
burnup simulations produced using Monte Carlo radiation trans-
port codes, MCNPX v2.7/MCNP6 [2,3] via the CINDER90 [4] fuel
burnup module. The forensic signature suite consists of plutonium
and contaminant fission product intra-element isotope ratios

specifically chosen in order to resolve the fuel burnup and time
since irradiation (TSI) of the interdicted sample. A maximum like-
lihood formulation is used to simultaneously determine the most
likely reactor-type, fuel burnup and TSI for the reactors in the
reactor library. The methodology was verified using simulated test
samples [1] and validated using measurements of experimental
irradiations of material in both fast and thermal neutron spectra
[5]; quantitatively identifying the most likely reactor-type in the
library with satisfactory estimates for the known fuel burnup and
TSI.

In this article, the sensitivity of the results (reactor-type, fuel
burnup and TSI) obtained from the developed nuclear forensics
methodology is assessed with respect to the variations of input
parameters: (a) standard deviation in intra-element isotope ratio
values obtained from MCNP simulations, (b) standard deviation in
intra-element isotope ratio values measured experimentally, and
(c) intra-element isotope measured values. Section II presents a
summary of the relevant previous work and the pertinent features
of the nuclear forensics methodology. Section III presents details of
the reactor test samples used and the structure of the sensitivity
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studies performed. The results of the sensitivity studies are pre-
sented and discussed in Section IV. Key conclusions, implications
on methodology application and guidelines for interpretation of
the methodology results are discussed in Section V, with a brief
description on the opportunities for future work.

2. Description of the nuclear forensics methodology

A comprehensive description of the nuclear forensics method-
ology used in this sensitivity study is presented by Osborn et al.1

Brief descriptions of the key components of the methodology are
provided below that describe the important features of the meth-
odology to better understand the sensitivity study presented.

2.1. Reactor library

The developed nuclear forensics methodology uses a database
comparison method with a library of reactor core physics and fuel
burnup simulations. At present, the reactor library consists of
simulation results for a generic pressurized water reactor (PWR)
using UO2 fuel at 3.4 at. % U-235 enrichment, a generic pressurized
heavy water reactor (PHWR) that used natural UO2 fuel, the blanket
material (depleted UO2 at 0.25 at. % U-235) from a fast breeder
reactor (FBR blanket). The reactor library also includes simulation
results from two experimental irradiations performed at the High
Flux Isotope Reactor (HFIR) at Oak Ridge National Laboratory [6]
and at the University of Missouri Research Reactor (MURR) [7].
The material isotopics included in the reactor library under the
labels of “HFIR” and “MURR” are best simulations of the actual
experiments performed at these facilities and are not representa-
tive of the isotopics of the research reactor fuel. The reactor library
values were created from reactor core physics and fuel burnup
simulations using Monte Carlo radiation transport code, MCNP.
Each reactor in the library was simulated to a fuel burnup of
approximately 5 GWd/MTU using appropriate fuel burnup time
steps. Isotope decay equations were then used to calculate the
intra-element isotope ratio values of 137Cs/133Cs, 134Cs/137Cs,
135Cs/137Cs, 136Ba/138Ba, 150Sm/149Sm, 152Sm/149Sm, 154Eu/153Eu,
240Pu/239Pu, 241Pu/239Pu, and 242Pu/239Pu as a function of time from
0 days to 5000 days of TSI. Consequently, for each reactor model,
the reactor-dependent library consists of a 500 fuel burnup step x
5000 time since irradiation step matrix containing values for these
ten intra-element ratio values. Further details of the reactor
modeling performed to establish the reactor library can be found in
open literature [6e14].

2.2. Intra-element isotope ratios

Conventional approaches to resolve reactor characteristics for
the purposes of plutonium source reactor-type discrimination exist
but are almost exclusively focused on used fuel that has not un-
dergone any separations process thus the original nuclide con-
centrations are intact. These approaches are primarily used for the
purposes of verification of safeguards declarations from facility
operators [15]. However for chemically separated weapons-grade
plutonium, original nuclide concentrations cannot be determined
without accurate knowledge of process and element dependent
decontamination factors, which would likely be unknown and
extremely difficult to infer in the case of an interdicted sample
[16,17]. By using intra-element isotope ratios, the developed nu-
clear forensics methodology discards the necessity to know sepa-
ration process parameters used to produce the interdicted
separated weapons-grade plutonium sample. Currently, the fo-
rensics signature suite consists of the following ten intra-element
isotope ratios: 137Cs/133Cs, 134Cs/137Cs, 135Cs/137Cs, 136Ba/138Ba,

150Sm/149Sm, 152Sm/149Sm, 154Eu/153Eu, 240Pu/239Pu, 241Pu/239Pu,
and 242Pu/239Pu. Additional intra-element isotope ratios can be
added in the future to allow reconstruction of additional parame-
ters of interest, or to improve resolution of the current parameters
of interest.

2.3. Maximum likelihood calculation

A maximum likelihood approach was previously employed to
comparemeasured and expected intra-element isotope ratio values
at reprocessing facilities in order to verify reactor parameters as per
operator declarations for safeguards applications [18]. The devel-
oped characterization methodology expanded on this technique to
allow application to nuclear forensics and separated weapons-
grade plutonium for plutonium source reactor-type discrimina-
tion. The maximum likelihood method uses a conditional proba-
bility formulation to determine the likelihood that an observed
value for a parameter (the measured intra-element isotope ratios)
could be produced from a given model (any reactor in the reactor
library). The most likely reactor, fuel burnup and TSI, then corre-
sponds to the set of simulated intra-element isotope ratio values
within the reactor library which produces the largest likelihood
value. The likelihood and log-likelihood of a model M (which pro-
duced the set of simulated intra-element isotope ratio values)
matching the measured set of intra-element isotope ratios, is given
by the following equations.

LðMjrmesÞ ¼
Yn
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where rj;mes is the jth intra-element isotope ratio value (for
example 137Cs/133Cs) ina setof nmeasured intra-element ratiovalues
(in this case n ¼ 10), rj;sim is the jth intra-element isotope ratio value
in a set of n simulated intra-element isotope ratio values frommodel
M, and sj;sim is the measure of uncertainty (standard deviation)
associatedwith the jth intra-element isotope ratio value from the set
rsim.

The log-likelihood is obtained by taking the natural logarithm of
the likelihood function. In general, the log-likelihood is more
commonly used as a matter of convenience. For example in the
current application, the log-likelihood rescales the range of likeli-
hood values allowing a computation that would otherwise result in
a computational memory overflow error to be performed. The
maximum likelihood calculation method finds the set of simulated
intra-element isotope ratio values that most closely matches the
measured intra-element isotope ratio values. It can be shown that
the set of simulated intra-element isotope ratio values that maxi-
mizes the log-likelihood function also maximizes the likelihood
function since the natural logarithm function is a monotonically
increasing function. Furthermore, the log-likelihood is more easily
differentiated, allowing for propagation of error using the standard
error propagation formulation such that the propagated error in
the log-likelihood is given by:

s2Log L ¼
Xn
j¼1

 �
rj;mes � rj;sim

�
s2j;sim

!2�
s2j;sim þ s2j;mes

�
(3)

where sj;mes is the standard deviation associated with the jth
intra-element isotope ratio value from the set rmes. More details on
the maximum likelihood calculations are provided in the
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methodology development literature1.

2.4. Computational implementation

As mentioned previously, the intra-element isotope ratio values
were created from reactor core physics and fuel burnup simulations
of various reactors for fuel burnup ranging from 0 to approximately
5 GWd/MTU in reactor-appropriate fuel burnup time steps. Sub-
sequently linear interpolation is used to create intra-element
isotope ratio values at 500 fuel burnup values between 0 and
approximately 5 GWd/MTU for each reactor in the reactor library.
Next, isotope decay equations were used to calculate the intra-
element isotope ratio values as a function of 0 dayse5000 days of
TSI. The result is a 500 � 5000 matrix of fuel burnup and TSI
dependent intra-element isotope ratio values for each reactor in the
library. For a given set of measured intra-element isotope ratio
values, the likelihood and log-likelihood are calculated for each
point in the 500 � 5000 fuel burnup-TSI matrix resulting in a
likelihood surface. The smaller the difference between the mea-
surement set and library set of intra-element isotope ratio values,
the larger the log-likelihood value. The XeY coordinate location of
the largest log-likelihood value represents the most likely fuel
burnup and TSI for a given reactor. The reactor with the largest log-
likelihood represents the most likely source reactor-type of pluto-
nium production. The reported parameter estimates are all deter-
mined using the log-likelihood instead of the likelihood to
minimize the potential of computational memory overflow errors
resulting in no estimate. Where possible, likelihood values are
calculated and used for visualization as the likelihood accentuates
the topography of the similarity between the measurement values
and the reactor library values and facilitates a more intuitive
interpretation of the results and relative likelihood over the
possible fuel burnup and TSI space.

3. Description of test samples and structure of sensitivty
studies

3.1. HFIR and MURR test samples

The first test sample, hereon referred to as the HFIR test sample,
was obtained from a simulation of the neutron irradiation of
depleted UO2 fuel samples in a modified HFIR neutron spectrum.
The HFIR fuel sample irradiations were designed to be represen-
tative of the material found in the FBR blanket as part of the
experimental validation of the nuclear forensics methodology. The
depleted UO2 samples were surrounded by a spectrum modifier
(gadolinium liner) in order to minimize the thermal neutron
component of the HFIR flux, thereby exposing the fuel samples to a
prominent fast neutron spectrum mimicking the neutron envi-
ronment in the FBR blanket. The HFIR test sample irradiation was
simulated usingMCNP code to a fuel burnup of 1.59 GWd/MTU. The
resulting material compositionwas decayed using the ORIGEN-ARP
[19] module in the SCALE6 [20] suite of codes to be representative
of a time since irradiation of 1826 days. The intra-element isotope
ratio values for the HFIR test sample are given in Table 1.

The second test sample, hereon referred to as the MURR test
sample, was obtained from a simulation of the neutron irradiation
of natural UO2 fuel samples in the MURR neutron environment. The
MURR fuel sample irradiations were designed to be representative
of PHWR fuel material as part of the experimental validation of the
nuclear forensics methodology. The MURR test sample material
was simulated usingMCNP code to a fuel burnup of 3.29 GWd/MTU.
The resulting material compositionwas decayed using the ORIGEN-
ARP module in the SCALE6 suite of codes to be representative of a
time since irradiation of 3652 days. The intra-element isotope ratio

values for the MURR test sample are given in Table 1.

3.2. Structure of sensitivity studies

The sensitivity studies performed are classified into four cases,
which are described below.

� Case 1e Uncertainty (standard deviation) in simulated values of
the ten intra-element isotope ratios ðsj;sim for j ¼ 1;2;…;10

see Equations 1 and 2Þ are varied from 2.8% to 28% of the ratio
value in 2.8% increments while the uncertainties in measured
values of intra-element isotope ratios ðsj;mesÞ, are held constant
at 14% of the ratio value. The range is selected as 2.8e28% for the
sensitivity studies because the reference value of sj;sim in the
reactor library for the intra-element isotope ratio values is 14%
of the ratio value, hence the sensitivity study will give results for
lower as well as higher uncertainties compared to the reference
uncertainty value.

� Case 2 e Uncertainty in one of the ten simulated intra-element
isotope ratio values ðsj;sim for j ¼ iÞ is varied one at a time from
2.8% to 28% of the ratio value in 2.8% increments. The un-
certainties in the remaining nine simulated intra-element
isotope ratio values ðsj;sim for jsiÞ are held constant at 14% of
the ratio value. The uncertainties in measured intra-element
isotope ratio values ðsj;mesÞ, are also held constant at 14% of
the measured ratio value.

� Case 3 e Uncertainty in measured ten intra-element isotope
ratio values ðsj;mes for j ¼ 1;2;…;10Þ varied from 2.8% to 28% of
the ratio value in 2.8% increments. The uncertainties in the
simulated intra-element isotope ratio values ðsj;simÞ, are held
constant at 14%.

� Case 4 eMeasured intra-element isotope ratio values (rj;mes) are
perturbed one at a time from 90% to 110% of the original
measured value in 2.8% increments. The uncertainties in simu-
lation ðsj;simÞ and measured ðsj;mesÞ intra-element isotope ratio
values are held constant at 14%.

These four sensitivity studies will investigate the effect of uni-
form variations in uncertainties and individual variation of uncer-
tainty in simulated and measured intra-element isotope ratio
values on the results of themaximum likelihoodmethodology used
in identifying the most likely source reactor-type of plutonium
sample and the associated predictions of fuel burnup and TSI.

4. Results and discussion

The results of the sensitivity studies for each of the four cases
described in section III.B are presented in the following subsections,

Table 1
Intra-element isotope ratio values for the HFIR and MURR test samples.

Intra-element
Isotope Ratio

HFIR
Test Samplea

MURR
Test Sampleþ

137Cs/133Cs 9.255 � 10�1 9.575 � 10�1

134Cs/137Cs 3.947 � 10�3 1.428 � 10�2

135Cs/137Cs 1.055 � 100 2.889 � 10�1

136Ba/138Ba 1.516 � 10�2 6.206 � 10�3

150Sm/149Sm 3.436 � 10�1 2.997 � 10þ1

152Sm/149Sm 6.283 � 10�1 2.158 � 10þ1

154Eu/153Eu 3.836 � 10�2 8.124 � 10�2

240Pu/239Pu 3.617 � 10�2 1.308 � 10�1

241Pu/239Pu 1.575 � 10�2 1.934 � 10�2

242Pu/239Pu 3.426 � 10�4 1.461 � 10�3

þ Burnup ¼ 3.29 GWd/MTU, TSI ¼ 3652 days.
a Burnup ¼ 1.59 GWd/MTU, TSI ¼ 1826 days.
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with each subsection presenting the analysis for both HFIR and
MURR test samples.

4.1. Case 1 - Uniform variation of uncertainties in all the simulated
intra-element isotope ratio values

In case study 1, sj;sim values are varied from 2.8% to 28% for all
the ten simulated intra-element ratio values in 2.8% increments,
keeping sj;mes constant at 14% of the measured intra-element ratio
value.

4.1.1. HFIR test sample results for sensitivity study case 1
Table 2 shows the log-likelihood values for the library reactor

models with the HFIR test sample “measurement” for sj;sim varia-
tions of 7%, 14%, 21%, and 28% of the simulated intra-element
isotope ratio values. For brevity, the sensitivity results of other
percentage variations of sj;sim are not shown. However, the trends
and behaviors observed in the results are very well represented by
the subset shown. The reactors have been ranked based on log-
likelihood value, which indicates the most likely source of the
HFIR test sample material.

The results show that the methodology correctly identifies the
HFIR irradiation model as the most likely model from which the
observed data could have originated over the range of uncertainties
in the simulated intra-element isotope ratio values. Furthermore,
the order of reactor models is consistent throughout. We also see
from Table 2 that as the uncertainty in the simulated intra-element
isotope ratio values increases, the log-likelihood values of the
“incorrect” reactors improve significantly; by orders of magnitude
in some cases. This means that as uncertainty within the reactor
physics simulations increase, it becomes increasingly difficult to
separate the reactors within the library. This behavior highlights
the importance of accurate reactor core physics and fuel burnup
simulations for use within the proposed methodology. This
conclusion is supported via inspection of the likelihood surfaces for
the HFIR irradiation model for sj;sim values of 7%, 14%, 21% and 28%
of the simulated intra-element isotope ratio values as shown in
Fig. 1. From this figure, it is readily seen that the relative likelihood
for a range of burnup and TSI around the predicted values increases
with increasing uncertainty in simulated intra-element isotope
ratio values. Another observed behavior is that as the uncertainty in
the simulated intra-element isotope ratio values increases, the
calculated uncertainty in the log-likelihood decreases. While not
intuitive, this behavior is expected. As model uncertainty increases
the range of values that could be produced by said model also in-
creases and so the likelihood for a given data to have been produced
by said model also increases, thereby decreasing the associated
uncertainty in the likelihood.

Table 3 shows the predicted fuel burnup for the library reactors
with the HFIR test sample input. The predicted fuel burnup values
from the HFIR irradiation model are in good agreement with the
true value of 1.59 GWd/MTU. The predicted fuel burnup values for
all the other models in the library correspond to the maximum

possible burnup included in the library for each of those reactors.
Thus the correct interpretation of the methodology results is that
themost likely fuel burnup for each of these reactors is greater than
or equal to the fuel burnup data available in the reactor library.

Table 4 shows the predicted TSI for the library reactors with the
HFIR test sample input. The predicted TSI values for the HFIR irra-
diation model are in good agreement with the true TSI value of
1826 days. The average predicted TSI values for the MURR irradia-
tion model, PWR, and the PHWR are 2492, 2073, and 3031 days
respectively. It is interesting to note that in spite of the extremely
poor log-likelihood values (Table 2), the moderately congregated
nature of these predictions suggest that while all ratios contribute
to resolving each of the desired parameters (reactor type, burnup
and TSI), the contributions are not equal. Therefore, we can see
significant difference of reactor-type and burnup predictions due to
a subset of parameters that are very different and reduced variation
in predicted TSI due to a subset of parameters with closer agree-
ment. The average predicted TSI for the FBR blanket material is
0 days (effectively equal to no prediction).

4.1.2. MURR test sample results for sensitivity study case 1
Fig. 2 shows the likelihood values over the range of possible

values for the MURR irradiation model and Table 5 shows the log-
likelihood values for the library reactor models with the MURR test
sample “measurement” for sj;sim variations of at 7%, 14%, 21%, and
28% in simulated values of intra-element isotope ratios. Again, the
reactors have been ranked based on log-likelihood value, which
indicates the most likely source of the MURR test sample material.
For the MURR test sample, the methodology consistently identifies
the MURR irradiation. The FBR blanket is the least likely source
reactor-type.

As with the HFIR test sample, it is observed that increasing
uncertainty in simulated intra-element isotope ratio values results
in decreasing log-likelihood values for the correct reactor and
increasing log-likelihood values for the incorrect reactor types;
making it increasingly difficult to separate reactor types within the

Table 2
Log-likelihood values as a function of uniformly varying sj;sim for all simulated intra-element isotope ratio values for the HFIR test sample.

Rank Reactor Model Log-likelihood

sj;sim ¼ 7% sj;sim ¼ 14% sj;sim ¼ 21% sj;sim ¼ 28%

1 HFIR irradiation 46 ± 3 40 ± 1 36 ± 1 34 ± 1
2 MURR irradiation �1120 ± 269 �261 ± 70 �104 ± 33 �51 ± 20
4 PWR �4046 ± 1076 �985 ± 272 �421 ± 123 �225 ± 71
4 PHWR �4533 ± 1207 �1112 ± 305 �481 ± 137 �262 ± 79
5 FBR blanket < �5000 < �5000 < �5000 < �5000

Fig. 1. Likelihood surfaces for the HFIR test sample at a) 7%, b) 14%, c) 21%, and d) 28%
uncertainty in simulated intra-element isotope ratios.
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library. Also observed is the fact that increasing uncertainty in
simulated intra-element isotope ratio value causes reduced calcu-
lated uncertainty in the log-likelihood values. For example, at 28%
simulation uncertainty, a decision maker would be hard-pressed to
definitively discriminate between the MURR irradiation and PHWR
models at the 95% confidence level.

Table 6 shows the predicted fuel burnup for the library reactors
with the MURR test sample input. The predicted fuel burnup values
from the MURR irradiation model are in excellent agreement with
the true fuel burnup value of 3.29 GWd/MTU; even with a 28%
uncertainty in simulated intra-element isotope ratio values. The
predicted fuel burnup values for the PHWR model are also in good

agreement with the MURR irradiation model; further reinforcing
the similarity between the MURR irradiation and PHWR model as
was intended by the experimental design. The remaining reactor
models selected the maximum possible fuel burnup value for each
of those reactors included in the library implying that the most
likely fuel burnup for each of these reactors is greater than or equal
to the fuel burnup data available in the reactor library.

Table 7 shows the predicted TSI values for the library reactors
with the MURR test sample input. The TSI values from the MURR
irradiationmodel are in excellent agreement with the true TSI value
of 3652 days. The average predicted TSI values for the PHWR, PWR
and HFIR models are also relatively close to the true value. This
result also suggests that some of the intra-element isotope ratios
are largely reactor independent and provide mainly TSI informa-
tion. The average predicted TSI for the FBR blanket was 0 days
(equivalent to no prediction). This confirms that the FBR blanket
model is the least likely relative to the other reactor models in the
library(See. Table 8).

4.2. Case 2 e Individual variations of uncertainty in one simulated
intra-element isotope ratio value

In case 2, sj;sim in one simulated intra-element isotope ratio
value is varied at a time from 2.8% to 28% of the ratio value in 2.8%
increments. The values of sj;sim for the remaining nine simulated
intra-element isotope ratio values were held constant at 14% of the
ratio value. The sj;mes values were also held constant at 14% of the
measured ratio value.

Table 3
Predicted fuel burnup values as a function of uniformly varying sj;sim for all simulated intra-element isotope ratio values for the HFIR test sample.

Rank Reactor Model Predicted Fuel Burnup (GWd/MTU)

sj;sim ¼ 7% sj;sim ¼ 14% sj;sim ¼ 21% sj;sim ¼ 28%

1 HFIR irradiationþ 1.59 1.56 1.53 1.48
2 MURR irradiation �5.68 �5.68 �5.68 �5.68
4 PWR �5.01 �5.01 �5.01 �5.01
4 PHWR �4.53 �4.53 �4.53 �4.53
5 FBR blanket �4.73 �4.73 �4.73 �4.73

þTrue burnup ¼ 1.59 GWd/MTU.

Table 4
Predicted TSI values as a function of uniformly varying sj;sim for all simulated intra-element isotope ratio values for the HFIR test sample.

Rank Reactor Model Predicted TSI (days)

sj;sim ¼ 7% sj;sim ¼ 14% sj;sim ¼ 21% sj;sim ¼ 28%

1 HFIR irradiationþ 1719 1728 1739 1756
2 MURR irradiation 2476 2484 2496 2513
4 PWR 2056 2064 2077 2095
4 PHWR 3025 3028 3032 3039
5 FBR blanket 0 0 0 0

þTrue TSI ¼ 1826 days.

Fig. 2. Likelihood surfaces for the MURR test sample at a) 7%, b) 14%, c) 21%, and d) 28%
uncertainty in simulated intra-element isotope ratio values.

Table 5
Log-likelihood values as a function of uniformly varying sj;sim for all simulated intra-element isotope ratio values for the MURR test sample.

Rank Reactor
Model

Log-likelihood

sj;sim ¼ 7% sj;sim ¼ 14% sj;sim ¼ 21% sj;sim ¼ 28%

1 MURR irradiation 39 ± 5 34 ± 2 30 ± 1 27 ± 1
2 PHWR �191 ± 89 �24 ± 24 5 ± 12 13 ± 8
3 PWR �1814 ± 393 �426 ± 102 �171 ± 48 �84 ± 29
4 HFIR irradiation < �5000 �2620 ± 601 �1149 ± 270 �635 ± 154
5 FBR blanket <5000 <5000 <-5000 < �5000
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4.2.1. HFIR test sample results for sensitivity study case 2
Fig. 3 shows the variation in the log-likelihood and uncertainty

in log-likelihood as sj;sim for each intra-element isotope ratio is
varied one at a time for the HFIR test sample with the HFIR irra-
diation model. From the figure, we see that the trends are
congruent with those observed when the sj;sim for the intra-
element isotope ratio values were varied jointly. As was shown in
the previous sectionwith Table 2, the log-likelihood decreases with
increasing uncertainty in themodel values, decreasing the ability to
discriminate between the reactors within the library. The

uncertainty in the log-likelihood decreases with increasing uncer-
tainty in the model simulations. As sj;sim increases, the set of
possible rsim values which could match the measured sample rmes

increases and thereby decreases the uncertainty in the likelihood
that it was produced from a given model. We also see that there is
little variation in the log-likelihood value, which is between 33 and
36, when the uncertainty in intra-element isotope ratio values is
above 8.4%. This shows that the methodology is very robust with
respect to variations in the uncertainty of any one intra-element
isotope ratio. Furthermore, when the uncertainty in intra-
element isotope ratio values is below 8.4%, the variation in the
log-likelihood is largely due to the 136Ba/138Ba and 240Pu/239Pu ra-
tios for the HFIR test sample. Thus for this particular sample, the
experimental accuracy in measuring these two isotopes is of
particular importance.

Fig. 4 show the variation in predicted fuel burnup and TSI as
sj;sim in each individual isotope ratio is varied one at a time. From
Fig. 4, we see that the predicted fuel burnup values vary between
1.44 and 1.65 GWd/MTU and that the predicted TSI values vary
between 1475 and 1830 days. Thus for the HFIR test sample with
the HFIR irradiation model, the range of predicted fuel burnup
values is very constricted showing a robustness in themethodology

Table 6
Predicted fuel burnup values as a function of uniformly varying sj;sim for all simulated intra-element isotope ratio values for the MURR test sample.

Rank Reactor Model Predicted fuel burnup (GWd/MTU)

sj;sim ¼ 7% sj;sim ¼ 14% sj;sim ¼ 21% sj;sim ¼ 28%

1 MURR irradiationþ 3.32 3.28 3.24 3.18
2 PHWR 3.46 3.36 3.23 3.09
3 PWR �5.01 �5.01 �5.01 �5.01
4 HFIR irradiation �4.39 �4.39 �4.39 �4.39
5 FBR blanket �4.73 �4.73 �4.73 �4.73

þ True burnup ¼ 3.29 GWd/MTU.

Table 7
Predicted TSI values as a function of uniformly varying sj;sim for all simulated intra-element isotope ratio values for the MURR test sample.

Rank Reactor Model Predicted TSI (days)

sj;sim ¼ 7% sj;sim ¼ 14% sj;sim ¼ 21% sj;sim ¼ 28%

1 MURR irradiationþ 3663 3671 3686 3705
2 PHWR 4090 4070 4042 4012
3 PWR 3583 3613 3658 3715
4 HFIR irradiation 3849 3873 3910 3957
5 FBR blanket 0 0 0 0

þ True TSI ¼ 3652 days.

Table 8
Half-lives of radioactive isotopes used in the forensics signature suite.

Isotope Half-life (years) Isotope Half-life (years)

134Cs 2.1 136Ba Stable
154Eu 8.6 138Ba Stable
241Pu 14.3 133Cs Stable
137Cs 30.2 149Sm Stable
240Pu 6561 150Sm Stable
239Pu 24110 152Sm Stable
242Pu 3.75 � 105 153Eu Stable
135Cs 2.3 � 106 e e

Fig. 3. Log-likelihood values when varying sj;sim of intra-element isotope ratios one at
a time for HFIR test sample.

Fig. 4. Predicted burnup and TSI values when varying sj;sim of intra-element isotope
ratios one at a time for HFIR test sample.
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to spurious simulation uncertainty in a single intra-element isotope
ratio value with respect to predicting fuel burnup. This is in
agreement with the results from the previous section for uniform
variation of sj;sim of simulated intra-element isotope ratio values.
Furthermore, the variation observed can be largely attributed to the
forensics signatures using the samarium (Sm) and plutonium (Pu)
isotopes; 240Pu/239Pu, 241Pu/239Pu, 242Pu/239Pu, 150Sm/149Sm and
152Sm/149Sm.

Isolated variation of the forensics signatures utilizing cesium,
barium and europium intra-element isotope ratios have little and
in some cases no effect on the predicted fuel burnup. This result is
somewhat counterintuitive to conventional nuclear engineering
practice where the concentration of 137Cs in particular is a well-
established fuel burnup monitor. However, by using intra-
element isotope ratios instead of isotope concentrations, the
convoluting effect of material processing is negated; resulting in a
source characterization methodology applicable to separated
weapons-usable material.

The trends in the variation in the predicted TSI values reflects
those observed in the analysis of uniform variation of sj;sim of
simulated intra-element isotope ratio values. The variation in the
predicted TSI can be attributed to the significant variation in the
134Cs/137Cs, 135Cs/137Cs, 241Pu/239Pu, and 154Eu/153Eu ratios and to a
lesser extent the 242Pu/239Pu, 137Cs/133Cs, 240Pu/239Pu, and
150Sm/149Sm ratios. There is little to no variation due to variation of
sj;sim for the 136Ba/138Ba and 152Sm/149Sm ratios. This behavior can
be explained by the half-lives of the isotopes used in the forensics
signature suite which are presented in the forensics signatures
showing significant variation with respect to predicted TSI are
those which contain one isotope that is stable (or has a relatively
long half-life) with the other isotope having short or a compara-
tively shorter half-life. Thus one can expect that the most accurate
predictions of TSI would result from an isotope suite containing
ratios with half-lives comparable to the true TSI of the interdicted
material. For example one would expect the ratios containing 134Cs
and 154Eu ratios to be more accurate predictors in a case where the
true TSI is on the order of a few years due to their relatively short
half-lives of approximately 2.1 years and 8.6 years respectively. For
cases involving legacy plutonium (with a TSI in the range of a few
decades) one would expect the ratios containing 241Pu and 137Cs to
be more important with half-lives of approximately 14.3 years and
30.2 years respectively. Interestingly, the increasing uncertainty in
the Ba and Sm ratios resulted in slight deviations in the TSI. This is
unexpected since all isotopes used in these ratios are stable iso-
topes. These minor deviations are an artifact of the methodology
which predicts both burnup and TSI simultaneously. As discussed
previously these ratios significantly affect burnup thereby shifting
the associated predicted TSI as a result.

4.2.2. MURR test sample results for sensitivity study case 2
Fig. 5 shows the variation in the log-likelihood and the uncer-

tainty in the log-likelihood, as the uncertainty in each intra-
element isotope ratio is individually varied for the MURR test
sample with the MURR irradiation model. From Fig. 5, we can
confirm many of the trends observed with the HFIR test sample.
First, we see again that the log-likelihood decreases with increasing
uncertainty in the model values, decreasing the ability to discrim-
inate between the reactors within the library. We again see that the
uncertainty in the log-likelihood decreases with increasing sj;sim as
in the HFIR test material results above and the first sensitivity study
case where sj;sim was varied uniformly for all intra-element isotope
ratios. Again there is little variation in the log-likelihood value,
which is between 26 and 30, across the board except the 135Cs/137Cs
ratio. This shows that for theMURR test sample, themethodology is

very robust with respect to variations in the uncertainty of all the
other intra-element isotope ratios except the 135Cs/137Cs ratio, to
which it is very sensitive. Thus from an experimental measurement
perspective, the accuracy and confidence in the measurements of
interdicted sample of this nature is of paramount importance.
Furthermore, when the uncertainty in intra-element isotope ratio
values is below 8.4%, the variation in the log-likelihood is largely
due to the 136Ba/138Ba and 240Pu/239Pu ratios for the HFIR test
sample. Thus for this particular sample, the experimental accuracy
in measuring these two isotopes is of particular importance.

The erratic behavior of the 135Cs/137Cs ratio observed in the re-
sults of the MURR test sample can be explained by inferring on how
137Cs and 135Cs are produced and the operation history of theMURR
reactor during the iradiation7. It is well known that 137Cs produc-
tion is proportional to fuel burnup due to its direct production from
fission and largely independent fission yield irrespective of fissile
isotope. The 135Cs/137Cs ratio considered as a function of burnup is
essentially determined by the production of 135Cs as function of
burnup. Total 135Cs is produced largely from the decay of 135Xe, a
well-known isotope in reactor physics, which itself is the result of
successive decays in 135Sb, 135Te and 135I. 135Xe has a significant
thermal absorption cross-section of approximately 2.6 million
barns. Thus the production of 135Cs during irradiation in a reactor is
determined by the competition between the large thermal ab-
sorption cross section and the half-life of 135Xe (~9.14 h). In a
neutron spectrum with a significant thermal neutron component,
the large absorption cross section dominates resulting in the
removal 135Xe before it decays and hence very little 135Cs will be
produced. However, should the irradiation be ceased (for example
as a result of a reactor shutdown), the 135Xe present in the material
will quickly decay to 135Cs. The 135Cs is then increased by a signif-
icant amount each time the reactor is shut down. Thus the 135Cs is
highly sensitive to both the thermal neutron flux and the shut-
downs in the irradiation history of the material [21], which are the
main differences between the MURR test sample and the MURR
model.

Fig. 6 show the variation in predicted fuel burnup and TSI as
sj;sim in each individual isotope ratio is varied one at a time. From
Fig. 6 we see that the predicted fuel burnup varies between 3.17 and
3.41 GWd/MTU and the TSI varies between 3601 and 4179 days.
Again the variation in predicted fuel burnup values can be attrib-
uted to the forensics signatures using the samarium (Sm) and
plutonium (Pu) isotopes. With respect to fuel burnup, a new
behavior is observed as a result of the 135Cs/137Cs ratio as explained
above. Again the variation in the predicted TSI can be attributed to
the ratios containing isotopes with shorter half-lives and the
sensitivity of this irradiation to the 135Cs/137Cs ratio.

Fig. 5. Log-likelihood values when varying sj;sim of intra-element isotope ratios one at
a time for MURR test sample.
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4.3. B.C. Case 3 e Uniform variation of uncertainties in measured
intra-element isotope ratio values

In this case sj;mes in the measured intra-element isotope ratio
values for the HFIR test sample and MURR test sample are varied
from 2.8% to 28% of the isotope ratio values in 2.8% increments by
keeping sj;sim constant at 14%. From equations (2) and (3), it is
apparent that sj;mes affects only the uncertainty in the calculated
log-likelihood value and not the log-likelihood itself. Hence the
predicted fuel burnup and TSI values are invariant with respect to
the change in sj;mes. For each test sample, the resulting likelihood
surfaces were all identical to that of case 1 sensitivity study (see
Fig. 1). Additionally for each test sample, the predicted fuel burnup,
TSI and log-likelihood values were observed to be invariant as ex-
pected. However, the uncertainty in log-likelihood as a function of
sj;mes for the HFIR and MURR test samples increases (Table 9),
corresponding with a decreasing ability to discriminate between
plutonium producing source reactor-types.

4.4. Case 4 e Individual variations of one measured intra-element
isotope ratio value

To understand the sensitivity of nuclear forensics methodology
due to effect of perturbing the measured intra-element isotope
ratio values (not their uncertainties), rj;mes values were perturbed
one at a time from 90% to 110% of the original value in 2.8% in-
crements. Uncertainty in simulation ðsj;simÞ and measured ðsj;mesÞ
intra-element isotope ratio values were kept constant at 14%. The
assessment presented here performs a parametric bootstrap on
each measured intra-element isotope ratio individually, providing
an understanding of the individual effect of each ratio value
perturbation.

Fig. 7 and Fig. 8 show thepredicted fuel burnup andTSI results for
the HFIR and MURR irradiation models (the most likely models) for
the HFIR andMURR test samples respectively. In Fig. 7 the predicted
fuel burnup range was between 1.50 and 1.60 GWd/MTU and
3.20e3.35 GWd/MTU for the HFIR and MURR test samples, respec-
tively. This minimal variation in predicted fuel burnup indicates that
the developedmethodology is robust to spurious errors in individual
intra-element isotope ratio measurements. Furthermore, the
observed variation in predicted fuel burnup observed in Fig. 7 can be
largely attributed to the intra-element isotope ratios of Sm and Pu;
240Pu/239Pu, 241Pu/239Pu, 242Pu/239Pu, 150Sm/149Sm and 152Sm/149Sm.
The predicted fuel burnup remains mostly invariant with respect to
the remaining forensic signatures within the suite of intra-element
isotope ratios suggesting that they carry little fuel burnup informa-
tion. In Fig. 8 the predicted TSI rangewas between 1600e 1850 days
and 3550e3800 days for the HFIR and MURR test samples, respec-
tively. Fig. 8 shows that theobservedvariation inpredictedTSI occurs
in the intra-element isotope ratios constituted of an isotope with a
relatively short half-life and a stable or long-lived isotope;
134Cs/137Cs, 135Cs/137Cs, 241Pu/239Pu, and 154Eu/153Eu. These results
show that these are the intra-element isotope ratios within the
forensic signature suite that contain the most information on TSI.

Fig. 9 and Fig.10 show the log-likelihood and the uncertainty in the
log-likelihood values respectively for the for the HFIR and MURR
irradiationmodels (themost likelymodels) for theHFIRandMURRtest
samples respectively. In Fig. 9 the log-likelihood rangewas 39.6e40.4
and 32.4e34.2 for the HFIR and MURR test samples, respectively. The
congruent range of log-likelihood for each test sample indicates that a
14% error in themeasured value of anyone intra-element isotope ratio
doesnotnegativelyaffect the ability to correctlypredict themost likely
reactor-type and differentiate between reactors within the reactor li-
brary. Additionally the fact that a perturbation in any one direction
engenders opposite response in some intra-element isotope ratio
signatures included in the suitemakes the developed nuclear forensic
characterization methodology robust to systematic or bias errors in
measured intra-element isotope ratio values. In Fig.10 the uncertainty
in the log-likelihood continues to display an inverse relationship with
the log-likelihood. We also observe some discrete artifacts in the un-
certainty in log-likelihood values.

The predicted TSI parameter is clearly dictated by the intra-
element isotope ratios which include isotopes with comparable
half-lives to the true TSI. The predicted burnup parameter is largely
dictated by the plutonium and samarium intra-element isotope
ratios. The reactor type parameter (as shown by the log-likelihood
and uncertainty in log-likelihood) is dictated by different intra-
element isotope ratios sensitive to specific reactor parameters.
For the HFIR test sample, the reactor-type parameter is most

Fig. 6. Predicted burnup and TSI values when varying sj;sim of intra-element isotope
ratios one at a time for HFIR test sample.

Table 9
Uncertainty in log-likelihood as a function of uncertainty in measured intra-
element isotope ratio values.

sj;mes(%) Uncertainty in Log-likelihood

HFIR MURR

2.8 0.83 1.15
5.6 0.83 1.15
8.4 0.83 1.16
11.2 0.83 1.16
14.0 0.83 1.16
16.8 0.83 1.16
19.6 0.84 1.17
22.4 0.84 1.17
25.2 0.84 1.18
28.0 0.84 1.18

Fig. 7. Predicted burnup values when varying measured intra-element isotope ratios
rj;mes one at a time for the a) HFIR and b) MURR test samples.
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sensitive to the 240Pu/239Pu intra-element isotope ratio followed by
the 154Eu/153Eu and 135Cs/137Cs intra-element isotope ratios. For the
MURR test sample the reactor-type is most sensitive to the
135Cs/137Cs ratio which has increased sensitivity to irradiation his-
tory; in particular to the number and duration of any shutdowns.
The 152Sm/149Sm and 150Sm/149Sm ratios also play a significant role
in determining reactor-type due to their sensitivity to the thermal
neutron flux magnitude.

5. Conclusions and future work

Multiple sensitivity studies were performed to investigate the

effects of simulation and measurement uncertainties by para-
metrically varying associated standard deviations ðsj;simand sj;mesÞ
and themeasured values ðrj;mesÞ on the results of a nuclear forensics
methodology developed at Texas A&MUniversity for reactor source
discrimination of weapons-grade plutonium. The sensitivity
studies provided quantitative estimates of the changes in the pre-
dicted parameters of the most likely source reactor and the asso-
ciated fuel burnup and time since irradiation of a weapons-grade
plutonium sample due to the parametric variations of input pa-
rameters to the nuclear forensics methodology.

A uniform perturbation of sj;sim (up to 28%) of all the simulated
intra-element isotope ratio values showed that for the “correct”
reactor-type, the predicted values for fuel burnup and TSI remained
largely invariable. However, significant increases in the log-
likelihood values for the ‘incorrect’ reactors accompanied by
decreasing uncertainty in the log-likelihood indicate that the
capability to separate reactors within the reactor library is rapidly
diminished with increasing sj;sim. This behavior highlights the
importance of accurate reactor core physics and fuel burnup sim-
ulations for use within the proposed methodology. Individual
perturbation (one ratio at a time) of the sj;sim showed that the
developed methodology possesses a degree of robustness in the
sense that if sj;sim is large for only one of the ratios, the fuel burnup
predictions was not affected much (~2% of the average value).
Furthermore, the minor variations observed in the predicted fuel
burnup due to variations of sj;sim of a single ratio were in a subset of
intra-element isotope ratios; 240Pu/239Pu, 241Pu/239Pu, 242Pu/239Pu,
150Sm/149Sm and 152Sm/149Sm, which suggests that these signa-
tures carry significant fuel burnup information. The results from
the MURR test sample also revealed that the importance of an in-
dividual intra-element isotope ratio to the correct determination of
origin is highly sample dependent. For instance while showing no
significant change for fuel burnup prediction for the HFIR test
sample, the 135Cs/137Cs ratio proved pivotal in understanding the
MURR test sample results due to its sensitivity to reactor shut-
downs within the fuel irradiation history. The individual pertur-
bation (one ratio at a time) of the sj;sim also showed that the
variation in predicted TSI was similar to those in predicted fuel
burnup (~2% of the average value). The variation in the predicted
TSI was attributed to two sources. The first source was a physical
phenomenon seen in all intra-element isotope ratios involving a
radioactive isotope with large variation in the signatures with a
shorter half-life such as the 134Cs/137Cs, 135Cs/137Cs, 241Pu/239Pu, and
154Eu/153Eu ratios and to a lesser extent the 242Pu/239Pu, 137Cs/133Cs,
240Pu/239Pu which have relatively longer half-lives. The second
source of variationwas a non-physical artifact of the computational
approach employed. Since the methodology simultaneously solves
for all desired parameters, the sensitivity of some stable intra-
element isotope ratio signatures to fuel burnup causes an associ-
ated variation in TSI which is non-physical.

The results of the studies on variation of sj;mes showed that these
variations only affected the calculated uncertainty in log-likelihood
and not the log-likelihood value itself. This was expected based on
the mathematical formulations of the log-likelihood and the un-
certainty in log-likelihood. As a result, the predicted fuel burnup
and TSI values were invariant with respect to uncertainty in
measured intra-element isotope ratio values. A linear relationship
between uniform sj;mes and uncertainty in log-likelihood was
observed. Hence decreasing sj;mes is found to provide greater
capability to differentiate between most likely reactors within the
library.

Sensitivity studies by varying individual measured isotope
values (sj;mes not their standard deviation, sj;mes) corroborates the
inference that subsets of signatures carried a majority of the in-
formation necessary to resolve a particular reactor characteristic or

Fig. 8. Predicted TSI values when varying measured intra-element isotope ratios rj;mes
one at a time for the a) HFIR and b) MURR test samples.

Fig. 9. Log-likelihood when varying measured intra-element isotope ratios one at a
time for the HFIR test sample.

Fig. 10. Log-likelihood when varying measured intra-element isotope ratios one at a
time for the MURR test sample.
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to determine source reactor type. Again the 240Pu/239Pu,
241Pu/239Pu, 242Pu/239Pu, 150Sm/149Sm and 152Sm/149Sm intra-
element isotope ratios can be used to explain a majority of the
observed variation in predicted fuel burnup with predicted fuel
burnup largely invariant with respect to the other forensic signa-
tures within the suite. The observed variation in predicted TSI was
again due to intra-element isotope ratios containing an isotope
with a relatively short half-life and a stable or long-lived isotope
such as 134Cs/137Cs, 135Cs/137Cs, 241Pu/239Pu, and 154Eu/153Eu. Mini-
mal variation was observed in the log-likelihood and the uncer-
tainty in the log-likelihood values as a result of individual variations
of sj;mes. This behavior suggests that within a 14% margin of error in
the measured value of any one intra-element isotope ratio in the
positive or negative direction does not negatively affect the ability
of the methodology to correctly predict the most likely reactor or
the ability to differentiate between reactors within the current
reactor library. The uncertainty in the log-likelihood continues to
display an inverse relationship with the log-likelihood. Addition-
ally, the fact that a decrease in some of the intra-element isotope
ratio values results in an increase in the likelihood value while the
opposite effect is observed in other intra-element isotope ratio
values (e.g. 242Pu/239Pu and 134Cs/137Cs in the HFIR testmaterial and
135Cs/137Cs vs 240Pu/239Pu in the MURR test sample) suggests that
the developed nuclear forensic characterization methodology is
very robust to systematic or bias errors in measured intra-element
isotope ratio values. In particular for theMURR test sample, the log-
likelihood and the associated uncertainty are most greatly affected
by the 135Cs/137Cs ratio; reiterating the importance of this signature
for this test sample and confirming the sensitivity of this signature
to reactor shutdown steps within any irradiation history in general.

Future simulations should look at quantifying and minimizing
simulation uncertainty in the Sm and Pu ratios to improve pre-
dicted fuel burnup values. The discrete nature of the current
implementation of the methodology resulted in artificial artifacts
whereby changes in the input parameters could possibly result in
an invariance in the output predicted parameters. Increasing the
number of interpolation points used within the fuel burnup-TSI
matrix would diminish this effect without removing it completely
at a significant cost of increased execution time.

In conclusion, the results of the sensitivity studies show that for
the reactor simulations included in the current library and the HFIR
and MURR test sample materials, we are able to identify limits on
the simulation and measurement uncertainties for a successful
source reactor-type discrimination. For the HFIR test material, even
with a simulation uncertainty of 28% of the intra-element isotope
ratio values, the HFIR model is clearly identified as the source of the
material at the 99% confidence level. Additionally, up to a 14% error
in the measured intra-element isotope ratio values causes 2%
variation in the log-likelihood values and a 3% variation in the
associated uncertainty. For the MURR test material, a clear identi-
fication of the source-reactor at the 99% confidence level is not
possible for the given library at any of the tested simulation un-
certainty values. At the 95% level of confidence, a simulation un-
certainty of 14% of the simulated value or lower is necessary. While
at a simulation uncertainty of 28% of the intra-element isotope ratio
values, the MURRmodel can only be clearly identified as the source
of the material at the 68% confidence level. Additionally, up to a 14%
error in the measured intra-element isotope ratio values causes 5%
variation in the log-likelihood values and a 6% variation in the
associated uncertainty.

The uniqueness of the HFIR test sample with respect to the
models available in the current reactor library affords unambiguous
identification of the HFIR model as the source reactor for the ma-
terial while the similarity between the MURR and PHWR models

makes source discrimination for the MURR test sample more
challenging if the uncertainties are more than 7%. In general, for
application of the methodology to interdicted unknown separated
plutonium samples, the required uncertainties in the simulations
and measurements must be smaller than 7% if the reactor library is
expanded by populating it with very similar reactors.
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