
Original Article

Improved nodal equivalence with leakage-corrected cross sections
and discontinuity factors for PWR depletion analysis

Kyunghoon Lee a, b, Woosong Kim b, Yonghee Kim a, *

a Korea Advanced Institute of Science and Technology, 291, Daehak-ro, Yuseong-gu, Daejeon, 34141, Republic of Korea
b Korea Atomic Energy Research Institute, 111, Daedeok-daero 989beon-gil, Yuseong-gu, Daejeon, 34057, Republic of Korea

a r t i c l e i n f o

Article history:
Received 28 December 2018
Received in revised form
3 February 2019
Accepted 18 February 2019
Available online 25 February 2019

Keywords:
Two-step method
Leakage correction
APEC method
Cross section
Discontinuity factor
Nodal equivalence

a b s t r a c t

This paper introduces a new two-step procedure for PWR depletion analyses. This procedure adopts the
albedo-corrected parameterized equivalence constants (APEC) method to correct the lattice-based raw
cross sections (XSs) and discontinuity factors (DFs) by accounting for neutron leakage. The intrinsic
limitations of the conventional two-step methods are discussed by analyzing a 2-dimensional SMR with
the commercial DeCART2D/MASTER code system. For a full-scope development of the APEC correction,
the MASTER nodal code was modified so that the group constants can be corrected in the middle of a
microscopic core depletion. The basic APEC methodology is described and color-set problems are defined
to determine the APEC functions for burnup-dependent XS and DF corrections. Then the new two-step
method was applied to depletion analyses of the SMR without thermal feedback, and its validity was
evaluated in terms of being able to predict accurately the reactor eigenvalue and nodal power profile. In
addition, four variants of the original SMR core were also analyzed for a further evaluation of the APEC-
assisted depletion. In this work, several combinations of the burnup-dependent and -independent XS
and DF corrections were also considered. The results show that the APEC method could enhance the
nodal equivalence significantly with inexpensive additional costs.
© 2019 Korean Nuclear Society, Published by Elsevier Korea LLC. This is an open access article under the

CC BY-NC-ND license (http://creativecommons.org/licenses/by-nc-nd/4.0/).

1. Introduction

Despite a lot of progress in the direct whole core (WC) transport
analysis of nuclear reactors, the conventional two-step method is
expected to continue to play a key role in commercial pressurized
water reactor (PWR) design due to its acceptable accuracy and cost.
In the two-step method based on a simplified practical application
of the generalized equivalence theory (GET) [1], lattice calculations
for an isolated single assembly with reflective boundary conditions
are employed. From these assembly-wise lattice calculations, we
can obtain few-group assembly cross sections (AXSs) which are
spatially homogenized and group condensed, and group-wise as-
sembly discontinuity factors (ADFs) which can be computed as the
ratio of the surface-averaged flux to the assembly-averaged flux.
Since the infinite medium condition that has no neutron leakage is
unphysical, the spatial distribution and energy spectrum of neu-
trons used in the homogenization and condensation procedure can
be quite different from those in an actual heterogeneous core. This

is why considering appropriate leakage correction is essential with
respect to group constants (GCs) such as AXS and ADF.

One suchmethod is the B1 leakage correction method [2], which
uses the criticality spectrum obtained from a critical buckling
search. Since a two-step procedure that uses the B1 method pro-
vides acceptable accuracy [3], it has long been adopted as the
standard tool for PWR core design and analysis. However, the ad
hoc B1 method cannot capture the actual space- and group-
dependent leakage effects because the energy-independent buck-
ling is determined in the space-independent and infinite lattice
model [4]. In this regard, there have been many alternative ap-
proaches to considering proper leakage corrections in the current
two-step method: The homogenization method based on the
boundary perturbation using the current-to-flux ratio (CFR) [5], the
rehomogenization method with a spectral correction [6], the
method that uses a perturbed albedo boundary condition [7], the
method that corrects interface DFs considering pin-based neigh-
borhood effects [8], and the leakage feedback method in which the
fractional change of XS is proportional to the leakage-to-removal
ratio [9].

Recently, Kim [10] devised the albedo-corrected parameterized* Corresponding author.
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equivalence constants (APEC) method, which is a new leakage
correction method that can be applied to the two-group AXSs used
in the standard two-step procedure. Furthermore, Kim [11]
extended APEC to the correction of two-group ADFs. When the
corrected fuel GCs are similar to the reference one, the accuracy of
the resultant two-step solution can be noticeably improved by
adopting the new leakage correction method without any B1-like
leakage corrections. However, the APEC method was verified for
only the fresh conditions of PWR and an equilibrium cycle of the
CANDU core [12].

To apply the APEC ideas in the practical PWR analyses, further
developments and validations are required. First of all, burnup-
dependent APEC functions should be developed based on the lat-
tice depletion calculations. The current APEC corrections are
applied directly to macroscopic homogenized group constants for a
fuel assembly (FA), while the fuel depletion calculations are usually
done with the microscopic XSs in many design code systems.
Consequently, the current APEC method cannot be fully imple-
mented in the modern nodal code using the microscopic depletion.
In addition, the APEC leakage correction should be coupled with
other XS corrections used in the modern nodal code such as the
nonlinear extension [13] to capture the burnup gradient variation.

The main objective of this study is to establish a new two-step
PWR depletion procedure that adopts the APEC method to take
into account the neutron leakage in each FA. In this work, the APEC
leakage correction was implemented into the DeCART2D/MASTER
[14,15] code system, which was validated for the PWR design and
analysis. In the APEC-assisted DeCART2D/MASTER procedure, both
the AXSs and ADFs are simultaneously corrected to guarantee
enhanced nodal equivalence.

2. Limitation of conventional two-step method

2.1. DeCART2D/MASTER code system

The DeCART2D/MASTER code system is based on the standard
two-step procedure and its calculation flow chart is shown on the
left hand side (LHS) of the red chained line in Fig. 1. As usual, the
first step refers to the process of generating the fuel and reflector
GCs in the lattice transport calculations. The second step includes
the nodal calculation for the entire core and the dehomogenization

stage to reconstruct pin powers.
DeCART2D [14] is a lattice transport code that generates

assembly-wise few GCs by solving the multi-group Boltzmann
transport equation based on the method of characteristics (MOC)
within the coarse mesh finite difference (CMFD) formulation [16]. A
47-group or 190-group structure is available for the DeCART2D XS
library, and the smaller one of the two is mainly used for a PWR
core analysis. The fuel depletion equation is solved by the matrix
exponential method based on the Krylov subspace method and the
B1 criticality spectrum is used to obtain the homogenized GCs for an
FA. These fuel GCs are then functionalized by the PROLOG utility
program [17] with respect to the burnup, boron concentration and
thermal parameters. In addition, the DeCART2D code is capable of
dealing with the large-sized WC domain as well as the basic single
assembly lattice. Thanks to this capability, accurate reflector GCs
can be obtained by using a WC model. Then, the reflector GCs are
converted to a specific format by the PROMARX program [18].

MASTER [15] is a nodal diffusion code that calculates the various
neutronics parameters in a PWR core. The MASTER code solves the
few-group neutron diffusion equations by the node-wise sweep
technique, which employs the source expansion nodal method
(SENM) [19] accelerated by the CMFDmethod. To generate the pin-
wise information, the code employs the pin power reconstruction
technique. This code adopts the micro depletion model considering
a decay chain with respect to actinides, gadolinium isotopes and
fission products such as Xe-135 and Sm-149. The burnup-
dependent nuclide number density is calculated using the same
method as in DeCART2D. Moreover, MASTER performs a burnup
gradient correction [13], which is introduced to account for an
intra-nodal spatial variation of the homogenized XSs due to the
local burnup effects.

2.2. Description of SMR core

Fig. 2(a) shows the configuration of a small modular reactor
(SMR) core [20] used to quantify the error of two-group GCs ob-
tained in the standard lattice calculations. The core consists of 57
FAs, where each FA is composed of a 17 x 17 square array of 264 fuel
rods; 24 guide tubes (GTs); and a central instrument tube (IT). The
power density of the core is about 23.0 W/gU.

There are two different U-235 enrichments in the SMR core.
Type A consists of 21 FAs with 2.82 wt% enrichment interspersed in
the interior of the core, whereas Type B, consisting of 36 FAs with
an enrichment of 4.88 wt%, is arranged around the periphery of the
core. Owing to the use of various gadolinia burnable absorber
(GDBA) loadings, the FAs in the core are classified into six different
types (A2, A3, B1, B2, B5, B6). The arrangements of GDBA within
each FA can be found in Fig. 2(b), where a red dot represents a GDBA
rod and a circle represents either a GT or an IT.

The core is symmetric in octant as shown in Fig. 2(a), where Rn
(n ¼ 0, 1, 2) designates reflectors depending on the shroud
configuration. In Fig. 2(a), the red dotted line represents a reflective
boundary for the octant core. The vacuum boundary condition is
imposed at the boundary of the reflector nodes.

2.3. Impacts of neighborhood on fuel group constants

Based on the fact that the reflector GCs are reasonably accurate
because they come from the WC calculation, the discussion about
error is limited to only that of fuel GCs. According to the GET, Table 1
demonstrates that it is possible to accomplish the exact equivalence
between the two-step and reference solutions. Here, the reference
GCs are obtained from the direct WC calculation by DeCART2D. The
inherent error of AXSs and ADFs as a function of burnup is evalu-
ated using the reference XSs (RXSs) and reference DFs (RDFs)Fig. 1. Flow chart of the DeCART2D/MASTER code system.
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obtained from direct WC calculation. In this regard, the RXS and
RDF for a coarse region I to be homogenized can be represented as
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where the subscripts x, G and s denote a reaction type, a coarse
energy group and the direction of the surface, respectively. It is
noted that the direction of the surface is shown in Fig. 3 and it is
consistently used throughout this paper. In DeCART2D, the homo-
geneous solution is computed by using an embedded SENM kernel,
which is identical to that used in MASTER.

On the other hand, the conventional AXS and ADF are derived
from the single assembly (SA) infinite lattice assumption as follows:
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Table 1 also shows the errors in terms of reactivity and FA power
when using both AXS and ADF or each, where no leakage correction
is also considered. It was mentioned that the same reflector GCs are
used in the above series of calculations. From the results, it is clearly
known that AXS and ADFmust bemodified together to enhance the
accuracy of the nodal calculations.

In the practical core analysis, it is impossible to know the

reference core solution in advance. If a proper correction is not
applied or even if the B1 method is introduced, AXS and ADF will
have a significant difference compared to the reference values. At a
certain burnup of an FA in the core, the corresponding relative er-
rors can be computed as follows:

ESðx;GÞ ¼
SSA
x;G � SWC

x;G

SWC
x;G

; EDFðG; sÞ ¼
DFSAG;s � DFWC

G;s

DFWC
G;s

: (3)

Table 2 shows how large the error in AXS is for each group-wise
reaction type, and how different it is depending on the FA position.
In this table, the errors are presented as the root-mean-square
(RMS) and maximum values in burnup up to 25 MWD/kgU. The
raw AXSs differ from RXSs within a maximum error of about 1.9%.
The dependence on the reaction type and energy group is not large,
whereas the error in the peripheral FAs is noticeably larger than the
interior ones. When the B1 correction is applied, significant errors
are observed in both group diffusion coefficients. This situation is
true because the original diffusion coefficient is replaced by the B1
diffusion coefficient that is defined with a certain buckling that
makes system critical. In addition, it can be seen that the error
increase in the fast group AXSs is quite significant. This deviation
can be explained by the observation [9] that the B1 spectrum differs
from the single assembly condition, especially in the fast group.
Fig. 4 shows the trend of the AXS error as a function of burnup for
interior and peripheral FAs, respectively. It is noted that the errors
do not vary remarkably with the burnup.

Similarly, Table 3 shows the error in ADF with respect to each
energy group and surface direction, and its dependency with
respect to the FA position. Unlike the AXS error, the error between
the raw ADF and the B1-corrected ADF is very similar. In addition,
the thermal group error is relatively larger than that of the fast
group. On the other hand, it can be seen that the dependencies on
the direction and position are quite large. Fig. 5(a) shows the
behavior of the ADF error as a function of burnup in an interior FA.
Fig. 5(b) shows the behavior of the error resulting from the burnup
in a peripheral FA touching the reflector on the two surfaces of 3
and 4. Fast group errors are almost constant depending on the
burnup, while the thermal group errors vary greatly with the
burnup. In addition, despite both experiencing the reflector on two
sides, a significantly different error trend depending on the burnup
was observed in the thermal group.

Fig. 2. Configurations of the SMR core problem.

Table 1
Comparison of nodal equivalence resulting from the use of fuel GCs.

Analysis method Dr (pcm) DP (%)

RMS Max.

Direct WC 1.144213*

Two-step
AXS, ADF 142.8 1.61 2.56
AXS, RDF 120.1 1.13 1.96
RXS, ADF 23.0 0.82 1.19
RXS, RDF 0.3 0.03 0.04

* Reference k-eff at BOC.

Fig. 3. Surface numbering.
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3. New two-step procedure with APEC method

On the basis of the fact that the difference in the FA-wise two-
group constants between the single assembly condition and theWC
environment is due to the leakage effects, our previous studies
[10,11] showed that the difference can be expressed as a function of
a normalized neutron leakage through the FA interfaces. In the
APEC method, the CFR, which is of assembly- and group-wise
quantity, is adopted as a measure to represent the spatial leakage
of the assembly. The assembly-surface CFR, which is surface specific
information, is defined as follows:

CFRG;s≡
JG;s
fG;s

; (4)

where the numerator is the net current at each surface of the as-
sembly and the denominator is the corresponding surface flux. In
addition, the assembly-averaged CFR, which is assembly-integrated
information, is defined as follows:

CFRG≡

P
s
JG;sP

s
fG;s

: (5)

In this regard, it has been found that the XS difference is tightly
correlated with the assembly-averaged CFR whereas the DF dif-
ference has a strong relationship with the assembly-surface value.

3.1. Correction of fuel AXS

In the APEC method, the fuel AXS is repaired by simply adding a
corrective XS as follows:

Sx;G ¼ SSA
x;G þ DSx;G: (6)

The group-wise corrective XS is expressed as a function of the
assembly-averaged CFR:

DSx;F ¼ ax;FCFRF þ bx;FCFRT þ cx;F þ dx;FDSI; (7)

Table 2
Errors of AXS depending on leakage correction, reaction type, energy group, and FA position.

Leakage correction method Reaction type AXS error (%)

IFA0a PFA1b PFA2c

RMS Max. RMS Max. RMS Max.

Uncorrected D1 0.11 0.17 0.25 0.29 0.89 0.94
D2 0.08 0.15 0.10 0.19 0.23 0.38
Sa1 0.41 0.61 0.43 0.77 0.47 0.60
Sa2 0.29 0.53 0.27 0.65 0.46 1.42
nSf1 0.35 0.51 0.95 1.07 0.97 1.18
nSf2 0.36 0.63 0.24 0.61 0.37 1.01
S12 0.60 0.96 1.58 1.87 1.04 1.42

B1 D1 7.30 7.71 7.67 8.15 7.17 7.69
D2 8.71 9.20 9.98 10.18 9.81 9.95
Sa1 1.05 1.79 2.26 3.07 3.23 3.96
Sa2 0.42 0.66 0.68 1.02 0.87 1.37
nSf1 0.46 1.06 0.83 1.81 1.00 2.12
nSf2 0.60 0.91 0.78 1.32 0.83 1.37
S12 2.12 3.47 3.59 5.36 4.50 6.39

a IFA0: interior FA(s).
b PFA1: peripheral FA(s) facing reflector on only one side.
c PFA2: peripheral FA(s) facing reflector on two sides.

Fig. 4. Errors of AXS in burnup for FAs without any leakage correction.
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DSx;T ¼ ax;TCFRT þ bx;TðCFRT Þ2 þ cx;T þ dx;TDSI; (8)

where F and T represent the fast and thermal energy groups,
respectively. In addition, a spectral index (SI) shift, DSI, can be used
optionally as an additional functionalization parameter, which can
be represented by

DSI ¼ SI � SISA; (9)

where SI is the ratio of the fast-to-thermal group flux that is
calculated in-situ, and SISA is the value obtained from the infinite
medium condition. Eq. (7) is a bi-linear function of both the fast and
thermal group CFRs. This functionality is needed because the en-
ergy spectrum change for the relatively wide fast group is coupled
to both groups. It is particularly obvious that the down-scattering
XS change should depend on both group leakages. On the other
hand, Eq. (8) is a quadratic polynomial function of the thermal
group CFR only. Reference 10 clearly shows that the thermal group
XS has a nonlinear dependence on the thermal group CFR and it is
insensitive to the fast group CFR.

In Eqs. (7) and (8), cx;G is a constant term for considering the
strong neighboring effects only for those FAs which are facing to-
ward the reflector. On the other hand, dx;G can be used to take into
account the additional spectral correction only for those FAs which
are located in the core interior. That is,

cx;G

�¼ 0 for interior FA
s0 for peripheral FA and dx;G

�
s0 for interior FA
¼ 0 for peripheral FA :

For the inner FAs (IFA0), a checkerboard color-set model (CS-0)
shown in Fig. 6(a) can be used to determine the coefficients of the
APEC functions. With these data having a non-zero leakage, the
fitting can be performed by using the least squares method. When
an FA is next to the reflectors, it has a very different spatial distri-
bution and energy spectrum of neutron flux from the ones in the
inner core environment or infinite medium. This is the reason why
cx;G is used as an additional parameter. Fig. 6(b) shows the color-set
model (CS-1) used to functionalize the XS of an FA (PFA1) that has
only one of its sides neighboring with the reflector. If an FA (PFA2)
has two of its sides experiencing the reflector, two different color-

set models (CS-2 and CS-3) shown in Fig. 6(c) and (d) should be
employed at the same time to obtain more data with wide-range
non-zero CFRs.

3.2. Correction of fuel ADF

Similar to the AXS correction, the fuel ADF can be easily adjusted
by adding a corrective DF as follows:

DFG;s ¼ DFSAG;s þ DDFG;s: (10)

However, there is a difference between Eqs. (6) and (10). That is, the
corrective DF can have a dependency on the surface direction as
well as the position of the FA.

If an FA (IFA0) is in the core interior, the thermal group correc-
tive DF for every surface is represented by a simple linear function:

DDFT;s ¼ aT ;sCFRT;s þ bT ;s: (11)

Note that the fast group correction is ignored because this group's
ADFs are quite accurate compared to those of thermal group. The
constant term, bT ;s is quite small compared to the first term due to
the relatively weak neighboring effect at the core interior. The co-
efficients of Eq. (11) can be obtained using the CS-0 model.

For a peripheral FA (PFA1) that has only one of its sides facing
toward the reflector, the corrective DF on two specific FA surfaces 2
and 3 is

DDFG;s ¼ aG;sCFRG;2 þ bG;s for s ¼ 2;3; (12)

where only surface 3 experiences the reflector and surface 2 is
located on the opposite side. In this case, only the leakage from the
opposite surface is involved in the DF correction. On the other hand,
the DF correction on surfaces 1 and 4, which are perpendicular to
the shroud, follows that for the inner core region. Therefore, the
function corresponding to surfaces 2 and 3 is determined using the
CS-1 model and the function to perpendicular surfaces is obtained
from the CS-0 model. Thus, the bG;s on surfaces 2 and 3 is much
larger than on surfaces 1 and 4 since the surrounding effect is quite
strong on the direction toward the shroud.

When an FA (PFA2) has two of its sides neighboring toward the
reflector, the corrective DF depends on the FA surface direction:

Table 3
Errors of ADF depending on leakage correction, energy group, surface direction, and FA position.

Leakage correction method Groupa and directionb ADF error (%)

IFA0 PFA1 PFA2

RMS Max. RMS Max. RMS Max.

Uncorrected F,1 0.28 0.56 0.19 0.30 1.59 2.56
F,2 0.53 0.98 1.65 3.05 1.98 3.09
F,3 0.53 0.95 3.54 6.38 3.90 5.90
F,4 0.30 0.60 0.19 0.30 2.99 4.49

T,1 0.49 0.79 0.35 0.49 3.56 3.92
T,2 1.02 1.48 3.02 3.71 4.65 5.02
T,3 0.98 1.47 0.71 2.22 2.40 3.12
T,4 0.58 0.89 0.35 0.49 2.68 3.74

B1 F,1 0.27 0.56 0.15 0.25 1.55 2.52
F,2 0.52 0.97 1.61 3.01 1.93 3.05
F,3 0.54 0.97 3.57 6.41 3.94 5.94
F,4 0.31 0.61 0.15 0.25 3.04 4.53

T,1 0.49 0.79 0.41 0.60 3.60 3.98
T,2 1.00 1.44 3.08 3.78 4.70 5.09
T,3 0.98 1.47 0.70 2.22 2.41 3.15
T,4 0.57 0.88 0.41 0.60 2.73 3.81

a F and T represent the fast and thermal energy group, respectively.
b The directions of each surface are given in Fig. 3.
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DDFG;s ¼
�
aG;sCFRG;s þ bG;sCFRG;3 þ gG;s for s ¼ 1;4
aG;sCFRG;s þ bG;sCFRG;4 þ gG;s for s ¼ 2;3 ; (13)

where surfaces 3 and 4 are adjacent to the reflector. Eq. (13) is a bi-

linear function of the leakage information on surfaces that are in
contact with the shroud as well as on a surface of interest. Likewise,
the constant term, gG;s is used to catch the strong neighboring ef-
fects. Both CS-2 and CS-3 models are used to functionalize the co-
efficients of Eq. (13).

3.3. DeCART2D/MASTER code system with the APEC method

The right hand side (RHS) of the red chained line in Fig. 1 shows
the new part added to the original DeCART2D/MASTER code system
by introducing the APEC method. As discussed in Sections 3.1 and
3.2, several sets of color-set models should be solved to deter-
mine the APEC correction functions for each FA. In the color-set
models used to determine the burnup-dependent coefficients of
the APEC correction functions, the FA of interest is constructed
using pin- and region-wise isotopic inventories at a certain burnup
to account for its burnup dependency. On the other hand, neigh-
boring FAs in the current work are fixed as a fresh state for
simplicity.

Fig. 6. Color-set models for the APEC method. (For interpretation of the references to color in this figure legend, the reader is referred to the Web version of this article.)

Fig. 5. Errors of ADF in burnup for FAs without any leakage correction.

Fig. 7. Flow chart of the APEC-assisted MASTER depletion calculation.

K. Lee et al. / Nuclear Engineering and Technology 51 (2019) 1195e12081200



An additional dataset is generated by collecting the correction
functions depending on the FA type and position. The size of the
newly added dataset is approximately 300 kbyte, which is less than
one-tenth of the original XS set. The correction function library is
used in core calculations, where the fuel GCs are corrected in-situ
by using the FA- and group-wise CFRs obtained from the actual
leakage information. To consider the actual burnup for each node,
the correction coefficients at a specific burnup are obtained by
linear interpolation between two nearest burnup points.

Fig. 7 shows the flow chart of the APEC-assisted MASTER
depletion calculation. As shown in this figure, the APEC XS and DF
corrections are applied right after preparing themacroscopic XSs to
be used in nodal calculation. It can be seen that no additional
iteration loop is required for the APEC leakage correction. Then the
existing burnup gradient correction is performed to catch the node-
interior XS variation by depletion. Thus, the APEC leakage correc-
tion scheme will not conflict with the burnup gradient correction
and will operate complementarily. In addition, it should be noted
that the APEC-based macroscopic XS correction can be imple-
mented in the MASTER code based on microscopic depletion cal-
culations. In this work, the 1-group reaction rates used in the
depletion calculation are formulated by using the raw microscopic
XSs. Thus, APEC is not involved in depletion calculations and only
corrects the macroscopic XSs required for steady state calculations.
It is important to establish the APEC correction concepts to be
consistent with the MASTER nodal calculations. Moreover, the
difference in computational costs between the conventional and
the new depletion schemes is negligible. In the APEC-assisted
MASTER calculation, the nodal leakage can be taken into account
in the middle of nodal analysis in determining the corresponding
GCs for each FA or node. Therefore, the ad hoc B1 method is no
longer necessary for the new MASTER code.

4. Numerical results and discussion

4.1. Benchmark problems

Theperformanceof theadvanced two-stepmethodwas tested for
the SMR core, which was aforementioned in Section 2.2, since the
accuracyof the two-stepmethod fora small-sizedreactor is relatively
low due to the large neutron leakage at the core boundary. Many
loadings of GDBA rods can make the problem more difficult to
analyze using the two-step method. Moreover, as shown in Fig. 8,
four variants [11] of the original SMR core that considered a hypo-
thetical fuel shuffle were also analyzed to demonstrate the applica-
bility of theAPEC function to various reload core design andanalyses.
In this work, the problemdomain for benchmarkingwas limited to a

Fig. 8. Configuration of the SMR variants.

Table 4
List of color-set calculations.

FA position FA of interest Color-set model Seta of FAs in color-set models

IFA0 A2 CS-0 (A2,A3), (A2,B1), (A2,B5), (A2,B6)

A3 CS-0 (A3,A2), (A3,B1), (A3,B5), (A3,B6)

B5 CS-0 (B5,A2), (B5,A3), (B5,B1), (B5,B6)

B6 CS-0 (B6,A2), (B6,A3), (B6,B1), (B6,B5)

PFA1 B2 CS-0 (B2,A3), (B2,B1), (B2,B6)

CS-1 (B2,A2), (B2,B2), (B2,B6)

PFA2 B1 CS-2 (B1,B1), (B1,B5)

CS-3 (B1,A2,B5), (B1,B2,A2)

B2 CS-2 (B2,B2), (B2,B5)

CS-3 (B2,A2,B5), (B2,B1,A2)

a (F1,F2) or (F1,F2,F3) in Fig. 6.
Fig. 9. APEC functions of an interior FA at BOC.
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2-dimensional (2-D) core with a fixed temperature of 600 K.

4.2. APEC correction at BOC

For the six FA types, standard lattice calculations, including
reference depletion and branch conditions, were performed to
generate not only the raw GCs without any leakage correction, but
also the conventional GCs corrected by the B1 method. In addition, a
direct WC calculation at a clean core state was performed to
generate the effective radial reflector XSs, which can be obtained by
dividing RXS into RDF. Moreover, the coefficients of the APEC
correction functions were determined by fitting the XS and DF
changes over the non-zero CFRs obtained from the additional lattice
calculations listed in Table 4. Fig. 9 shows the APEC functions for the
thermal group absorption XS andDF corrections of the B5-type FA at
BOC. As shown in our previous study, it is clear that the linear APEC
functions were properly determined when the color-set data were
employed and can match well with the reference ones.

There are 30 cases of color-set calculations, and it took about 2 h
to generate a set of APEC coefficients with a single core on a per-
sonal computer at the beginning of the cycle (BOC). Therefore, the
additional calculation burden for the generation of GC datasets
with non-zero CFRs for the APEC coefficient tabulation is inex-
pensive compared to the conventional lattice calculation costs.
Here, it took about 6 h to generate FA GCs including reference
depletion and various branch calculations, and it also took about 2 h

to prepare the radial reflector GCs.
In this paper, all of the DeCART2D lattice calculations, including

the direct WC calculation, were performed using a 47-group library
and a transport corrected P0 XS for anisotropic scattering treat-
ment. In addition, a default ray tracking option (two polar angles for
90�, eight azimuthal angles for 90�, and a ray-spacing of 0.02 cm)
was used, and a default convergence criterion of 10�4 was used for
both eigenvalue and fission sources to save on computing time.

To show the enhanced accuracy of the new DeCART2D/MASTER
code system, various two-step calculations were performed using
different types of two-group AXS and ADF. For the MASTER calcu-
lation, a default convergence criterion of 10�5 was used. All of the
cases were performed with a 4-box scheme, which divides an as-
sembly into 2 x 2 nodes. The MASTER solutions for each case were
compared with the DeCART2D reference values under the same
calculation condition. The tabularized dataset, including the APEC
correction function library for the original SMR core analysis, were
used without any further effort to analyze the variants.

A summary of the nodal calculation results for all benchmark
problems at BOC is provided in Table 5, and the comparison of FA-
wise powers is shown in Fig. 10. The AXS correction by APEC
significantly improved the nodal equivalence, even though the
conventional ADF was still employed. When both AXS and ADF
corrections by APEC were used, the nodal equivalence was more
enhanced than that shown in our previous study [11]. Fig. 11 shows
the errors in the FA-wise two-group XSs for the SMR core at BOC.
One can clearly observe that the APEC AXS correction works well,
regardless of the reaction type and FA position. On the other hand,
one can see that the B1-corrected AXSs differ completely from the

Table 5
Comparison of BOC calculation results for the SMR core problems.

Problem Analysis method Dr (pcm) DP (%)

RMS Max.

Original Direct WC 1.144213*

Two-step
Uncorrected 131.9 1.54 2.36
B1 �11.0 1.54 3.52
APEC1a 45.3 0.73 1.13
APEC2b 19.3 0.47 0.75

Variant-1 Direct WC 1.148352*

Two-step
Uncorrected 109.4 1.58 2.97
B1 �38.3 1.91 3.60
APEC1a 68.6 0.44 0.70
APEC2b 31.2 0.30 0.63

Variant-2 Direct WC 1.144312*

Two-step
Uncorrected 114.3 1.79 3.19
B1 �47.2 1.47 2.88
APEC1a 35.3 0.25 0.45
APEC2b 7.9 0.32 0.73

Variant-3 Direct WC 1.147995*

Two-step
Uncorrected 112.3 1.23 2.01
B1 �20.3 2.08 3.77
APEC1a 66.0 0.60 0.82
APEC2b 28.7 0.56 0.85

Variant-4 Direct WC 1.147402*

Two-step
Uncorrected 124.7 1.25 1.96
B1 �19.0 2.40 4.18
APEC1a 92.0 0.43 0.78
APEC2b 50.3 0.38 0.69

* Reference k-eff.
a APEC1: AXS only correction by APEC.
b APEC2: both AXS and ADF corrections by APEC.

Fig. 11. Errors in FA-wise macroscopic XSs for the SMR core at BOC.

Fig. 10. Errors in FA-wise powers for the SMR core at BOC.
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reference values since an unrealistic spectrumwas employed. Fig. 12
shows the error distribution of the APEC-corrected two-group ADFs
for the SMR core at BOC. It is clear that the ADF error was reduced
remarkably in all FA positions by the APEC leakage correction.

4.3. Application to depletion calculation

To demonstrate the applicability of the burnup calculation for
the new two-step procedure adopting the APEC corrections, the
depletion calculations for the aforementioned benchmark prob-
lems were performed up to 25 MWD/kgU with an increment of 0.5
MWD/kgU. The reference solutions at a certain burnup were ob-
tained by conducting the DeCART2D depletion calculations for the
2-D whole core domain. With the exception of the use of a
simplified nuclide chain in MASTER, the depletion module that
solved the burnup equation is essentially equivalent to that of
DeCART2D. However, since a large node of approximately 10 cm is
usually employed in the nodal calculations, there is a noticeable
difference in that the burnup gradient correctionwas introduced to
catch the intra-nodal XS variation. In the fresh core, all of the XSsFig. 12. Errors in FA-wise DFs for the SMR core at BOC.

Fig. 13. Burnup-dependent APEC functions of an interior FA at 25 MWD/kgU. Fig. 14. Comparison of depletion calculation results for the SMR core.
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Fig. 15. Errors in FA-wise powers for the SMR core.

Fig. 16. Errors in FA-wise macroscopic XSs for the SMR core at 14 MWD/kgU.

Fig. 17. Errors in FA-wise DFs for the SMR core at 14 MWD/kgU.
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were spatially constant within each node. At a burnup not equal to
zero, however, the macroscopic absorption and neutron production
XSs became smooth, which varied the interior of the nodes. This
consideration was applied immediately after those AXSs and ADFs
to be used in nodal calculation are updated using the APEC
correction functions.

For an interior FA (B5-type FA) mentioned in Fig. 9, the APEC
functions depending on the burnup for the thermal group ab-
sorption XS and DF corrections are shown in Fig. 13(a) and (b),
respectively. Although the APEC functions at a specific burnup seem
to be somewhat less accurate, it should be noted that the burnup of
the reference values does not exactly match that of the functions.
From these figures, it can be seen that the linear APEC correction
functions at a certain burnup are properly determined as well as at
BOC.

Our previous studies [10] showed that considering the SI shift at
BOC can yield further improvement, but its contribution is rather
marginal. Thus, the SI shift was not taken into account for simplicity

in this paper. It should be noted that the contribution in the
depleted situation will be reviewed later.

Fig. 14 shows the reactivity and the FA power RMS errors as a
function of burnup for the original SMR core problem for four
different APEC correction schemes during burnup. In this figure,
DXS and DDF designate the AXS and ADF correction functions,
respectively. The following "0" represents the burnup-independent
application, and the subsequent "(B)" represents the burnup-
dependent functions that were generated at ten burnup points (0,
0.5, 1, 3, 5, 7, 10, 15, 20, 25 MWD/kgU), which were the same as
those of the branch calculation. When the coefficients of the
burnup-dependent APEC functions were determined, it was
assumed that the FA of interest is considered to be burned and that
the surrounding FAs are considered to be fresh. The reactivity errors
in the burnupwere found to be dependent on the application of the
correction functions. The use of burnup-dependent correction for
both the AXS and ADF yielded a less accurate solution, even when
the burnup-independent functions were employed. It is noticeable

Fig. 18. Errors in FA-wise macroscopic XSs for the SMR core at 25 MWD/kgU.

Fig. 19. Errors in FA-wise DFs for the SMR core at 25 MWD/kgU.
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that in all cases when the APEC method was applied, the FA power
RMS errors for the entire core cycle were less than 0.5%, regardless
of the burnup dependency of the correction functions.

Fig. 15 shows the distributions of the FA power errors for the
SMR core at several representative burnups. Nomatter which APEC
correction scheme was used, it is very clear that the error is within
1% for the entire core burnup. At 14 MWD/kgU, which appears as a
peak in terms of the reactivity error, Figs. 16 and 17 show the errors
in the FA-wise two-group macroscopic XSs and DFs for the SMR
core, respectively. Figs. 18 and 19 give the error distribution of XSs
and DFs at the end of the cycle (EOC), respectively. As shown in
Figs. 16 and 18, one clearly observes that the APEC AXS corrections
are working reasonably regardless of the burnup. It is observed in
Figs. 17 and 19 that there are relatively large errors of raw ADFs at
the core periphery in particular compared to those in Fig. 12. As a
result, the error of the APEC-corrected ADFs at the exterior core did
not reduce as expected.

Fig. 20 through 23 show the reactivity and the FA power RMS
errors as a function of burnup for the SMR variants. It was discov-
ered that the behavior of the burnup-dependent errors in param-
eters of interest varies with the fuel loading. Compared to the
results of the SMR core shown in Fig. 14, it can be seen that the
variants have a slightly larger error in reactivity and a comparable
accuracy in terms of FA power than the original one. Fig. 24 sum-
marizes the depletion calculation results in terms of both the
reactivity and FA power RMS errors for each benchmark problem,
where different colored dots denote the average value in burnup,
and ‘þ’ indicates the associated standard deviation. It is clear that
the four different advanced two-step results were much closer to
the origin, which represented the exact nodal equivalence, than the
uncorrected and conventional results, which were widely far from
the origin. When the burnup-independent APEC functions were
used, the advanced two-step procedure yielded a less than 50 pcm
reactivity error and a 0.4% FA power RMS error.

Fig. 20. Comparison of depletion calculation results for the SMR variant-1. Fig. 21. Comparison of depletion calculation results for the SMR variant-2.
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5. Conclusions

With the aid of the APEC leakage correction, a new two-step
procedure was established for PWR core depletion analyses. The
new two-step method was realized in the commercial DeCART2D/
MASTER code system, in which the lattice-based burnup-depen-
dent XSs and DFs were corrected simultaneously with pre-
determined APEC functions. The performance of the APEC-assisted
two-step methodologies was evaluated with depletion analyses of
an SMR and its four variants. The results showed that the APEC
correction can enhance the nodal equivalence significantly in terms
of the neutron multiplication factor and nodal power distribution
with inexpensive additional calculations. The APEC corrections in
theMASTER nodal code did not cause numerical instabilities during
the core depletion. Although an additional cost was noticeable, the
cost was clearly affordable when considering the overall computing
costs for the typical PWR core design. We have confirmed that
predetermined APEC functions for the FAs can be utilized regard-
less of the core loading patterns without compromising the

Fig. 22. Comparison of depletion calculation results for the SMR variant-3. Fig. 23. Comparison of depletion calculation results for the SMR variant-4.

Fig. 24. Distribution of errors in terms of reactivity and FA power.
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accuracy. Another important finding of this work is that the APEC
functions for the BOC conditions can be applied to any core burnup
without any significant loss of accuracy in the solutions. It should
also be mentioned that the burnup-dependent correction of the
ADFs is more important than that of the XSs for the PWR core, and
the burnup-independent XS correction with the burnup-
dependent ADF correction may result in an efficient APEC correc-
tion for the PWR core. Based on the results, it is highly likely that
the new two-step procedure proposed here will be used as a new
standard PWR analysis and design tool. However, further de-
velopments and validation are necessary for practical applications
of the methods. In particular, an optimization of the burnup-
dependent color-set construction is required to improve its accu-
racy and performance.
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