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a b s t r a c t

A new moving-mesh Finite Volume Method (FVM) for the efficient solution of the two-dimensional
neutron diffusion equation is introduced. Many other moving-mesh methods developed to solve the
neutron diffusion problems use a relatively large number of sophisticated mathematical equations, and
so suffer from a significant complexity of mathematical calculations. In this study, the proposed method
is formulated based on simple mathematical algebraic equations that enable an efficient mesh move-
ment and CV deformation for using in practical nuclear reactor applications. Accordingly, a computa-
tional framework relying on a new moving-mesh FVM is introduced to efficiently distribute the meshes
and deform the CVs in regions with high gradient variations of reactor power. These regions of interest
are very important in the neutronic assessment of the nuclear reactors and accordingly, a higher accuracy
of the power densities is required to be obtained.

The accuracy, execution time and finally visual comparison of the proposed method comprehensively
investigated and discussed for three different benchmark problems. The results all indicated a higher
accuracy of the proposed method in comparison with the conventional fixed-mesh FVM.
© 2019 Korean Nuclear Society, Published by Elsevier Korea LLC. This is an open access article under the

CC BY-NC-ND license (http://creativecommons.org/licenses/by-nc-nd/4.0/).

1. Introduction

The neutron diffusion equation is the approximation of the
neutron transport equation and indicates that the neutron current
is proportional to the gradient of the neutron flux by considering a
diffusion coefficient. Although the calculation of the neutron
diffusion equation is simpler than the transport equation, the so-
lutions cannot always be determined analytically and numerical
approximation becomes essential for extracting quantitative solu-
tions. On this basis, many numerical methods of solving the
neutron diffusion equation have been introduced and among them,
the FVM is always considered as an efficient discretization method
if the number and the shape of CVs apply properly [1,2].

In terms of computational modeling, FVM usually concerns with
different discretization and partitioning schemes. The cell-centered
and vertex-centered are two major approaches for volume parti-
tioning. In the former case, solutions are assumed to be stored in

the center of the primal grid cell in contrast to the latter one in
which the solutions are assumed to be stored in the cell corner
positions [3,4].

Previous studies in the nuclear reactor engineering have usually
approached the neutron diffusion problems with the use of fixed-
meshes due to their simplicity of implementation. However, a
prerequisite for developing an efficient method of the neutron
diffusion calculations is the ability to apply different mesh density
resolution in regions of interest [5e9]. On this basis, some new
methods have been developed and among them, the moving-mesh
approach has priority on account of its new capabilities. To date,
different approaches for generating moving adaptive methods have
been introduced. It has been shown that the moving-mesh
computational framework relying on the ability of mesh move-
ment falls mainly into twomain groups: the location-basedmethod
and the velocity-based method. The location-based method con-
trols directly the location of mesh points whereas the velocity-
based method targets directly the time derivative of the mapping
or themesh velocity. Each of thesemethods can also be divided into
various sub-groups [10]. According to the proposed moving-mesh
methods, it has been shown that the key to the success of the
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proposed moving-mesh methods lies in a suitable choice of a mesh
density function and the dependency of the solution to the mesh
history [10,11]. To date, few neutron diffusion works have been
performed using the moving-mesh methods. In the following,
some of the most important works are briefly presented. In 2015, a
moving mesh method was developed for the numerical solution of
the equilibrium radiation diffusion equations in two dimensions. It
was shown that the method works well for radiation diffusion
equations and can produce numerical solutions of good accuracy
and stability. Due to the relatively considerable computational cost
of the method, a two-level mesh movement strategy was proposed
to increase the computational efficiency while maintaining a
comparable accuracy [12]. In another work, amoving-mesh scheme
based on local conservation was presented for a class of scale-
invariant second-order nonlinear diffusion problems with moving
boundaries that had the ability to preserve the scaling properties
and be exact at the nodes for initial conditions sampled from
similarity solutions. It was shown that superlinear convergence can
be achieved for different initial conditions. However, the drawback
of the method was that the accuracy of the solutions does not in-
crease consistently with decreasing the time step intervals for both
the porous medium equation (PME) and the simplistic glacier
equation (SGE) that have been considered in the work [13]. Ac-
cording to the aforementioned proposed moving-mesh methods,
they were developed for certain applications which are not related
to the efficient neutronic assessment of the nuclear reactor cores.
More importantly, almost all the aforementioned proposed
methods relying on the ability of mesh movement employs a
relatively large number of sophisticated mathematical equations
[10e13]. However, for practical applications in nuclear reactors the

computational cost, the complexity of implementation and so-
phisticated mathematical calculations associated with these
methods could be overwhelming. Accordingly, development of an
efficient neutron diffusion solver code for nuclear reactor applica-
tions that can move the meshes without any complexity of
implementation is highly recommended.

Themain aim of this study is to introduce a newmeshmovement
and CV deformation technique for the accurate and efficient solution
of the two-dimensional neutron diffusion equation. The proposed
method employs the gradient-based calculations to determine the
regions of interest. For the implementation of the stationary itera-
tive neutron diffusion equation based on the moved-meshes, the
discretization of the governing equations is performed regarding the
over-relaxed cell-centered non-orthogonal FVM. To evaluate and
assess the results of the calculations, including the power profile
and keff , three different benchmark problems are finally considered.
The main novelties of this work can accordingly be mentioned as:
development of a new moving-mesh method based on the FVM,
employing the over-relaxed cell-centered non-orthogonal method
for the development of the proposed moving-mesh method,
considering the gradient of power for the mesh movement and CV
deformation and finally, development of a new mechanism for the
boundary deformation of CVs. Apart from this fact that the proposed
method is a new method, there is not also any similar method for
the accurate and efficient neutron diffusion calculations by consid-
ering the gradient of power and using the moving-mesh method.
Additionally, the developed moving-mesh method in this work is
based on a very simple algebraic mathematical calculation that can
be considered for practical application of the nuclear reactor core
assessment.

2. Multi-group neutron diffusion equation

The General form of the steady-state, multi-group neutron
diffusion equation can be described as [1,2,14]:

where the terms from left to right are the removal, leakage, neutron
in-scattering and fission production, respectively. It should be
noted that Eq. (1) is a linear partial differential equation and can be
transformed into a set of algebraic equations based on different
discretization approaches. The finite volume scheme of the neutron
diffusion equations starts with the integral form of Eq. (1) as:
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where UP is the CV of cell P.

3. Mathematical formulation

The mathematical formulation for the discretization of the
neutron diffusion equation is presented in this section. On this basis,
this section of work has been divided into three different parts. The
mathematical approximations based on the midpoint rule are pre-
sented in the first part. In the second part, the procedure of leakage
term discretization is carried out in details regarding the over-
relaxed decomposition method. In the final part of this section,
the discretization of the removal, fission production and neutron in-
scattering terms of the neutron diffusion equation are considered.

3.1. The midpoint approximation

The midpoint approximation for the cell-centered FVM where
the parameters are stored in the center of the cells can be consid-
ered as follows:ð
Du

jðuÞdu ¼ jDu; (3)

in which j and u refer to an arbitrary function and independent
variable, respectively. The volume-averaged and the face-averaged
approximations of function j can be expressed as follows:

j ¼

ð
UP

jðUÞdU
ð
UP

dU
; (4)

ej ¼

ð
SP

jðsÞds
ð
SP

ds
; (5)

where j and ej denote the volume-averaged and face-averaged
approximation of function j, respectively. In the following, the
discretization procedure of the neutron diffusion equation is pre-
sented in details.

3.2. Leakage term discretization

In the case of leakage term, an approximation of the gradients at
the cell face of each CV requires to be determined. Considering the
divergence theorem, the integral of the divergence over the CV UP
will be as follows:

∭
Up

� div:
n
Dgðr Þgrad

�
fgðr Þ

�o
dU ¼ %

SP

� Dgðr Þgrad
�
fgðr Þ

�
:nds;

(6)

where n is the perpendicular vector to SP at each point, pointing
outward of the cell. Also, dU and ds indicate infinitesimal elements
of the volume and surface, respectively. The bonding surface SP can
be decomposed into F faces which are considered as Sf ; f ¼ 1; :::; F
(F ¼ 4 for two-dimensional rectangular geometries).

By considering the face-averaged diffusion coefficient using Eq.
(5), the leakage term of the neutron diffusion equation can be
expressed as follows:
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(7)

where n f is the perpendicular vector to S f for face f, cf is the center

of face f and efgðcf Þ is the face-averaged of the scalar fg over the face
f in point of cf . The coordinates of cf for each face can be obtained
using the arithmetic averaging between the coordinates of
the vertices of each corresponding face. Eq. (7) can finally be
written as:

In Eq. (8), computation of
n
grad ðefgðcf ÞÞ

o
needs to be consid-

ered in each shared interface if boundaries are non-orthogonal. For
determination of the gradient in the cell face, first, the gradients at
the cell center meshes should be obtained. For this purpose, the
Green-Gaussmethodwhich represents an intuitive and sound basis
for gradient calculation has been considered. Regarding the Green-
Gauss theorem, the average gradient of a scalar fg in a closed
volume UP can be obtained by:
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where S refers to the surface area. For a 2nd order scheme with
midpoint quadrature, the Green-Gauss method takes on the
following discrete form for a polyhedral:
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Up to this point, the average gradient of a linear function at the
rectangular cell centroid is presented exactly by Eq. (11). The spatial
gradient variations of the neutronic power for each CV can simply
be determined from the neutron flux gradient as:
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grad ðpowerPÞ ¼
XG
g¼1

grad
�
fg;P

�
E
X
fg;P

; (12)

where E is the constant fission energy released and grad ðpowerPÞ is
the gradient of power for CV P. To remove the impact of the absolute
total reactor power from the results, Eq. (12) can be divided by the
total reactor power (which can be considered as PowerTotal).

The next step is to deform the CVs regarding the spatial gradient
variations of the reactor power. Note, in this step, the neutron
diffusion equations should be derived and discretized regarding the
non-orthogonal FVM. This, however, requires some advanced

mathematical expression and consideration which have been pre-
sented and explained in the following.

The non-orthogonality of the FVM can be performed using the
decomposition of the face area vector into two separate ones. Up to
now, three main decomposition methods have been introduced
and developed, namely, theminimum correction approach [15], the
orthogonal correction approach [16] and the over-relaxed approach
[17]. It has been shown that the last proposed method has supe-
riority to the other ones [17e19]. On this basis, in the current study,
the discretization of the leakage term is performed regarding the
over-relaxed approach.

For obtaining the leakage term based on the over-relaxed
approach, first, the following figure should be considered:

In this figure, S f and d f represent, respectively, the face area
vector and a line connector between the centers of CVs. By
considering the face area vector as:

S f ¼ n f Sf ; (13)

one can rewrite Eq. (11) and obtain grad
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in which

S f ¼ k f þ D f ; (15)

where k f and D f denote non-orthogonal and orthogonal terms,
respectively. By considering Eq. (13), and substituting Eq. (15) into
Eq. (8) one can obtain the leakage term of the neutron diffusion
equation as:

For the sake of simplicity, eDgðcf Þ and efgðcf Þ will be written as
Dg;f and fg;f , respectively. The first right-hand term of Eq. (16) can
simply be obtained as:
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in which D f is considered as:
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In order to calculate
���D f

��� one can have:

To obtain
���S f

��� in Eq. (19) based on the non-orthogonal grid

approach, the following figure should be considered (see Fig. 1).
As is shown in Fig. 2, S f has been decomposed into the vector

components. So, it can be written as:

S f ¼ Sf ;xi þ Sf ;yj ; (20)

The orthogonal leakage term can then be given by:
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The next step should be devoted to the non-orthogonal part of
the leakage term (see Eq. (16)). The non-orthogonal term can be
expanded in x and y directions as follows:

where kf ;x and kf ;y refers to the non-orthogonal corrector factor for
face f in x and y direction, respectively, and are specified by:

kf ;x ¼ Sf ;x � Df ;x; (23)

kf ;y ¼ Sf ;y � Df ;y: (24)

Regarding the aforementioned equations, the discretized form
of the leakage term has been determined. The following section
deals with the discretization procedure of other diffusion equation
terms.

3.3. Discretization of the remaining neutron diffusion terms

The discretization of the remaining neutron diffusion terms is
considered in this section. In order to discretize the terms of
removal, neutron in-scattering and fission production of Eq. (2),

one can simply consider themidpoint rule (Eqs. (3), (4) and (5)) and
obtain:
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Fig. 1. The over-relaxed approach to the treatment of rectangular non-orthogonal
finite volume scheme.
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Fig. 2. Schematic view of the face area vector components.
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3.4. BCs for the deformed CVs

In the neutron diffusion approximation, the BCs are divided into
two groups, namely, Dirichlet BC and Von Neumann BC. The
Dirichlet BC prescribes a zero fixed value at the boundary (known
as zero flux BC) while the other one prescribes a fixed gradient at
the boundary [14]. Both of these BCs and the corresponding dis-
cretization methodology have been considered in the following.

Based on the over-relaxed gradient-based approach, a CV with a
boundary face can be illustrated as Fig. 3.

As is shown, the vector d f that already connects the centers of
the CVs herein connects the center of the neighboring CV to the
center of the boundary face.

To treat the gradient of a non-orthogonal mesh at the BCs, the
vector d n, between the center of the CV and normal to the face
needs to be determined and employed instead of d f . On this basis,
jd nj can be written by considering Fig. 3 as:

jd nj ¼ CosðaÞ
���d f

���: (28)

So, d n can simply be given by:

d n ¼ S f d f :S f���S f

��� ���S f

���: (29)

Note, the orthogonal component D f is equal to the face area
vector S f (see Fig. 3), and the non-orthogonal corrector factor k f no
longer required to be considered.

The leakage term of the neutron diffusion equation by consid-
ering Dirichlet B.C. can be given as:
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where
���D f

��� can be obtained from Eq. (19). In Eq. (30), fg;b is the flux

at the boundary face and has been assumed valid along the entire
boundary face. By considering fb ¼ 0, Eq. (30) can finally bewritten
as:
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In the following, the Von Neumann BC will be considered. The

Von Neumann B.C. is described as
n
� Dg;f S f :grad ðfg;b

�o
.

Regarding the reflective BC (grad ðfg;bÞ ¼ 0), one can assume that
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grad

�
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�o
¼ 0: (32)

However, in the case of the albedo BC (b) that defined as the
ratio between the current out of the reflecting region to the current
into the reflecting region [14], one can express that

�
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n
grad

�
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¼

���D f

����1
2
1� b

1þ b

	�
fg;p

�
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4. Mechanism and procedure of the mathematical
calculations

The proposed mechanism and procedure of the mathematical
calculations are presented in this section. The mathematical cal-
culations for the solution of the stationary neutron diffusion
equation are considered to be performed based on a new mesh
movement and CV deformation technique. Additionally, an initial
non-iterative gradient-based calculation needs to be carried out to
obtain gradient value at each CV. On this basis, the general calcu-
lation procedure for implementation of the proposed method can
be expressed as three different parts including the gradient-based
calculations, mesh movement in addition to the CV deformation
and finally stationary iterative neutron diffusion calculations. In the
following, the required explanations for the implementation of the
calculations have been presented in details.

4.1. Initial gradient-based calculations

The initial gradient-based calculations for the implementation
of the proposed method are presented in this section. In order to
determine the gradient variations of the reactor power at each CV,
the gradient of neutron fluxes should be calculated based on Eq.
(14). According to Eq. (14), in order to obtain the gradient of
neutron fluxes, the neutron flux solution for all neutron energy
groups is required to be determined. The solution of the neutron
fluxes can be determined using the iterative stationary neutron
diffusion calculation. The iterative solution strategy for the sta-
tionary neutron diffusion calculations has been described in the
literature [14]. After determining the gradient variations of the
neutron fluxes, one can simply obtain the gradient variations of the
reactor power using Eq. (12).

4.2. Mesh movement and CV deformation

The mechanism of mesh movement and CV deformation is
presented in this section. According to the proposed method, it has
been assumed that the mesh density resolution and CV deforma-
tion is performed with respect to the relative gradient variations of
the reactor power in the entire reactor core configuration.

The derived formulas in section 3 are based on the cell-centered
FVM and are assumed that this assumption is also valid in the case
of deformed CVs. In order to locate the moved-meshes in the
middle of the CVs, the boundaries of all CVs should also be moved.
For themovement of the cell boundaries, the coordinates of the two
vertices meshes that form a cell boundary should be obtained. For
this purpose, one can employ the coordinates of themoved-meshes
that have been determined in the earlier steps. The entire pro-
cedure of refinement, including the mechanism of mesh move-
ment, the cell boundary determination, and finally, the mesh pointFig. 3. CV of a non-orthogonal rectangular mesh with a boundary face.
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reconsideration is presented in the following.

Step 1. Mesh movement mechanism
The mechanism of mesh movement is the first step of the pro-

posedmoving-mesh FVM. In this step, themeshes should bemoved
based on the gradient variations of the reactor power. In the case of
2-D rectangular geometries, the new position of each cell center
meshes in the x-direction can be given by:

Xnew ¼ Xold þ
8<
:Xold � 1ngradfpowerP;xg

PowerTotal

o
9=
;; (34)

where Xold and Xnew are the position of the original (fixed) and new
(moved) meshes, respectively. In Eq. (34), grad fpowerP;xg is the
gradient power of CV P in the x-direction. Additionally, PowerTotal
indicates the total neutronic reactor power and is applied to
remove the dependence of the results on the reactor power. Simi-
larly, in the y-direction, one can have:

Ynew ¼ Yold þ
8<
:Yold � 1ngradfpowerP;yg

PowerTotal

o
9=
;: (35)

As is shown in Eqs. (34) and (35), the new cell center positions in
each direction are in reverse relation to the calculated relative
gradient of power in the same direction. To prevent any unwanted
large value which can be obtained based on a small value of the
denominator, a limitation is needed to be considered for the rising
of the parameter. In this study, the limitation of the denominator
was considered to be obtained based on the number of meshes that
exist in each region of the reactor with the same material compo-
sition (i.e. group constants). To be more precise, because at least
one mesh point should be located in each region of the reactor, so
the limitation of the mesh movement is considered based on the
number of meshes in each region and the complexity (dimensions
of each region) of the problem.

Step 2. Cell boundary determination
The cell boundary determination is the second step of the pro-

posed moving-mesh FVM. In order to implement the cell boundary
determination, the cell to cell refinement needs to be performed.
On this basis, it is required to start from one cell and then consider
the neighboring cells. The first cell is assumed to be the cell from
the bottom-left corner (cell (1,1) in Fig. 4). Note, the short segments
that are shown in Fig. 4, are the boundaries of the problem. Let
these segments consider fixed, so, the coordinates of the three
points of the cell (1,1) are known and the coordinate of only one
point requires to be obtained (white triangular point in Fig. 4). This
can simply be performed by the arithmetic averaging between four
surrounded cell-centered meshes which in the case of the afore-
mentioned cell, they are (1,1), (2,1), (1,2) and (2,2). The cell
boundary determination of the other CVs can similarly be per-
formed from left to right and then from bottom to top CVs.

Based on this step, the cell boundaries are moved and deformed
with respect to the position of the moved-meshes. More precisely,
although there is not any particular equation between the cell
boundaries and gradient variations of power, there is a direct
relationship between the density resolution of the CVs andmeshes.
Therefore, as can be observed later in the results section (section 5),
there should be higher CV resolutions in regions with higher
gradient variations of power.

It is interesting to note that one possible problem that can be
happened during the procedure of the cell boundary determination
is the overlapping of the cell centers with the cell boundaries. The

schematic view of this problem has been shown in Fig. 4 (Step 2),
where the right cell boundary is overlapped with the cell center
(1,1). As is mentioned previously, locating of the meshes in the
middle of the cells is important. This is the reason that the position
of the moved-meshes should be checked and reconsidered. The
mechanism of the mesh point reconsideration has been presented
in the next step.

Step 3. Mesh points reconsideration
The mesh point reconsideration is the last step of the proposed

moving-mesh FVM. In fact, after the movement of the entire cell
center meshes in the first step and cell boundary deformation in
Step 2, a new mesh movement should be carried out to solve the
possible overlapping problem that was discussed in Step 2. On this
basis, in this part of the work, the new coordinates of the moved-
meshes should be determined. This can be performed using the
arithmetic averaging of the cell coordinate vertices. As is shown in
Fig. 4 (Step 3), only by a simple arithmetic averaging of the four

Fig. 4. Stepwise refinement illustration of the proposed algorithm.
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coordinate vertices (where in the case of the cell (1,1) are the bot-
tom and left segments in addition to the triangle mesh point and
the left-bottom corner), the proper position of the cell center
meshes can be obtained.

4.3. Stationary iterative neutron diffusion calculations

The stationary iterative neutron diffusion calculations are
considered in this section of the study. According to the previous
discussion, the iterative neutron diffusion calculations are required
to be implemented after the process of the meshmovement and CV
deformation. The solution strategy and flow diagram of these cal-
culations can be found in the literature [14]. To reduce the execu-
tion time of the proposed method, the solution of the stationary
rough calculations from the first step that was based on the fixed-
meshes is applied as the initial guess on the accurate stationary
iterative neutron diffusion calculations based on the moved-
meshes. The procedure used to transfer the solution from the
fixed-meshes to the moved-meshes can be carried out based on the
interpolation between the results of fixed-meshes (including the
flux and power profiles). More precisely, owing to the fact that the
position of the moved-meshes is different from those of the fixed-
meshes, the solutions cannot be directly transformed and accord-
ingly an interpolation requires to be considered.

5. Results and benchmarking

Results and benchmarking of the proposed moving-mesh FVM
are presented in this section. It should be noted that the power
iteration method and MATLAB software have been considered for
the numerical calculation due to their simplicity of implementation
and efficiency. Based on the power iterationmethod, neutron fluxes
and keff are firstly considered as the initial guesses and then the
equations are solved to obtain the correct values of the neutron
fluxes and the corresponding keff . More precisely, the neutron flux
for each mesh point and neuron energy group is searched itera-
tively (known as an inner iteration) and after converging the re-
sults, keff is calculated based on the updated values of neutron
fluxes. If the relative difference of the new keff does not meet the
dedicated convergence criteria, the new keff is used again to obtain
new neutron fluxes (is called the outer iteration). This process will
be repeated until the results all converged according to the dedi-
cated values for the convergence criterion. In this work, 4E-5 and
1E-8 values are considered, respectively, as the inner and outer
convergence criterion. More details about the stationary iterative
calculations of the multi-group neutron diffusion equation can be
found in the literature [8,9and14].

The general procedure for implementation of the calculations
regarding the proposed moving-mesh FVM are summarized as the
following:

In the first step, the initial stationary iterative neutron diffusion
calculations are performed to obtain the neutron flux/power pro-
file. Then, the gradient-based calculations for the entire CVs are
carried out to obtain the gradient variations of the reactor power.
Following this, the mesh movement and CV deformation regarding
the proposed stepwise algorithm is implemented. In the last step,
the stationary iterative neutron diffusion calculations are per-
formed to obtain the power profile in addition to the corresponding
keff .

In order to check the performance of the proposed method,
three different well-known benchmark problems are considered.
The first benchmark problem is the IAEA reactor problem, the
second is the BWR fuel bundle problem, and finally, the third is the

BIBLIS reactor problem. The reactor core configurations, BCs and
the group constants of these benchmark problems can be found in
the literature [20].

For the solution of the benchmark problems, different arbitrary
arrays of 17 � 17, 36 � 36 and 34 � 34 CVs are employed for the
IAEA, BWR fuel bundle and BIBLIS problems, respectively. In order
to solve these benchmark problems based on the proposedmethod,
the gradient-based calculations are performed according to the
formulas that discussed in the previous sections. Figs. 5e7 show the
relative power gradient distribution for the IAEA, BWR fuel bundle
and BIBLIS benchmark problems, respectively.

After the gradient-based calculations, the meshes should be
moved and the CVs should be deformed using the proposed triple
stepwise algorithm. Figs. 8e10 show the visual mesh density res-
olution of the conventional FVM and the proposed moving-mesh
FVM.

Regarding Figs. 8e10, a significant difference of the mesh den-
sity resolution can be found between the two aforementioned
methods. Interestingly, it can be revealed that the meshes are
moved with respect to the gradient variations of the reactor power.
This result is quite revealing the capability of the proposed method
for the mesh movement and CV deformation based on the gradient
variations of the reactor power.

Tables 1e3 compare the results of keff between the conventional
FVM and the proposed moving-mesh FVM for the IAEA, BWR fuel
bundle and BIBLIS reactor test problems, respectively. The error of
calculations has been investigated using the Relative Percent Error
(RPEð%Þ) [8,9]. As Tables 1e3 show, there is a considerable differ-
ence between the error of calculations. More precisely, these tables
reveal that the solutions based on the proposed method are more
accurate compared with the conventional FVM. Tables 1e3 also
compare the results of the execution times between the proposed
moving-mesh FVM and the conventional FVM. Regarding the fact
that execution time varies depending upon the computer, pro-
gramming language and programming style in use, the relative
execution time is considered for facilitating comparison between
the proposed moving-mesh FVM and the conventional fixed-mesh
FVM. Accordingly, the relative execution time of the proposed
method with respect to the execution time of the orthogonal FVM
has been presented in Tables 1e3. As is observable from these ta-
bles, there is no significant difference between the execution time
of the two aforementioned methods. The reasons for the small

Fig. 5. Calculated relative power gradient distribution for the IAEA benchmark
problem.
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difference of the execution time are investigated in section 5.1.
The results of the relative power distribution for the IAEA, BWR

fuel bundle and BIBLIS reactor benchmark problems are presented
in Figs. 11e13, respectively. Note that to obtain the power values,
first, the normalization of the neutron fluxes proceeds as follows
[8,9and20]:

1
UCore

ð
UCore

X
g
n
X
fg

fgdU ¼ 1: (36)

Then, the calculated fluxes are employed to obtain the assembly
powers [20]. The reference data for the IAEA benchmark problem is
based on the results in reference [20]. It also should be noted that
due to the lack of power values in the reference for the BWR fuel
bundle problem, the reference solution of the relative power values
has been obtained using the thermal and fast flux distribution
which has been reported in the literature [20]. In the case of BIBLIS
reactor benchmark problem, the reference data is the results that
have been presented in the published work [21].

As is observable in Figs.11e13, the results based on the proposed
FVM have higher accuracy when compared to the conventional
orthogonal FVM. Moreover, as is shown in Figs. 11e13, the accuracy
of the calculations is more evident in the regionswith high gradient
variations of the reactor power. A possible explanation for these
results might be related to the higher mesh density resolution in
these regions compared to the other regions. Another important
point in Figs. 11e13 are related to the non-orthogonal shape of CVs
and orthogonal shape of reactor zones. To be more precise, the
material zones in nuclear reactors are generally in orthogonal
shapes (as is also the cases of the benchmark tests employed in this
paper), however, the CVs based on the proposed method are in
non-orthogonal shapes. On this basis, for facilitating consistent
accuracy between the results of the conventional FVM and pro-
posed moving-mesh FVM, the volume averaging technique was
employed accordingly to Fig. 14:

As is observable in Fig. 14, regarding the volume averaging
technique the value of each CV that are located in each zone of the
reactor is taking into account with respect to its volume ratio to the
volume of the corresponding zone. This technique was considered
for presenting the results of power distribution in Figs. 11e13 for
making comparison between the results obtained from the afore-
mentioned methods.

Fig. 6. Calculated relative power gradient distribution for the BWR fuel bundle
benchmark problem.

Fig. 7. Calculated relative power gradient distribution for the BIBLIS benchmark
problem.

Fig. 8. Fixed (a) and moved (b) meshes of the IAEA benchmark problem.
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5.1. Execution time investigation

Regarding the fact that the execution time varies depending

upon the computer, programming language and programming
style in use, the relative execution time is considered for facilitating
comparison between the proposed moving-mesh FVM and

Fig. 9. Fixed (a) and moved (b) meshes of the BWR fuel bundle benchmark problem.

Fig. 10. Fixed (a) and moved (b) meshes of the BIBLIS benchmark problem.

Table 1
Comparison of the calculated keff and the relative execution time for the IAEA benchmark problem.

Method keff RPEð%Þ Relative Execution Time

The proposed moving-mesh FVM 1.02968 0.00874 1.03
The conventional fixed-mesh FVM 1.02994 0.03399 …

keff reference solution is 1.02959 [20].

Table 2
Comparison of the calculated keff and the relative execution time for the BWR fuel bundle benchmark problem.

Method keff RPEð%Þ Relative Execution Time

The proposed moving-mesh FVM 1.08560 0.00921 1.06
The conventional fixed-mesh FVM 1.08613 0.05804 …

keff reference solution is 1.0855 [20].
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conventional fixed-mesh FVM. The execution time in this work was
considered based on the total time consumed from the point at
which the input data have been read and initialize to the point that
the solution of the calculations has been determined. The results of
the execution time from Tables 1e3 show that the solution based
on the proposed method requires a little more time to be executed
than the other method due to the extra initial gradient-based cal-
culations for the mesh movement and CV deformation. However, it
is apparent from Tables 1e3 that there were no significant differ-
ences between the results of the execution times. It is also inter-
esting to elaborate on the discussion by detailed comparisons of the
number of outer and inner iterations between calculations with
and without moving-mesh method. In the case of IAEA problem, it
is found that the inner and outer iterations are, respectively, 167
and 49 for the conventional FVM, and 175 and 49 for the proposed
method. In the case of the BWR problem, the inner and outer it-
erations are, respectively, 251 and 86 for the conventional FVM, and

262 and 88 for the proposed method. And finally, for the BIBLIS
benchmark problem, the inner and outer iterations are obtained,
respectively, 248 and 81 for the conventional FVM, and 260 and 82
for the proposed method. Regarding the number of iterations it can
be observed that an explanation for the small difference between
the execution times of the conventional FVM and the proposed
method is due to the small difference between the total number of
iterations. Additionally, it can be seen that the proposed method
has almost the same number of outer iteration with the conven-
tional FVM. This is due to the fact that the solution of the keff which
were obtained initially using the fixed-meshes are then employed
as the initial guess of the subsequent iterative neutron diffusion
calculations based on the moved-meshes. In the case of inner
iteration, it can be seen that the proposed method has higher
number of inner iterations compared to the conventional FVM for
each benchmark problems. This is due to the fact that the neutron
flux values for the moved-meshes are almost different from the

Table 3
Comparison of the calculated keff and the relative execution time for the BIBLIS benchmark problem.

Method keff RPEð%Þ Relative Execution Time

The proposed moving-mesh FVM 1.02530 0.01756 1.04
The conventional fixed-mesh FVM 1.02598 0.08389 …

keff reference solution is 1.02512 [21].

Fig. 11. One-fourth view of relative power distribution in the IAEA benchmark problem.
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values which transferred from the initial solution based on the
fixed-meshes owing to the changes of mesh positions. Accordingly,
more inner iterations are required for converging the neutron flux
values. One additional explanation for the higher computational
cost of the proposed method compared to the conventional FVM is
due to the extral gradient-based calculations of the proposed
method. However, because the gradient-based calculations are not
based on a iterative process, it does not take considerable execution
time in comparison with the other parts of the calculations. Taking
into account of these explanations, there should not be consider-
able difference of computational cost between the conventional
FVM and proposed moving-mesh method.

5.2. Further array investigation

Further array investigation of the proposed method has been
considered in this section. Accordingly, by way of example, a

further array investigation of the last benchmark problem is
considered in the following.

In order to investigate the accuracy comparison of the proposed
method and the conventional FVM for the BIBLIS benchmark
problem, three different arrays of CVs are considered. As Fig. 15
shows, the calculated keff for the arrays of 17 � 17, 34 � 34,
51 � 51 and 68 � 68 CVs has been considered.

Fig. 15 shows that the proposed FVM has more accurate results
than the conventional FVM for all considered arbitrary arrays.
Importantly, Fig. 15 reveals that there is a correlation between the
difference of accuracy of the methods and the total number of CVs.
In fact, by increasing the total number of CVs, the difference be-
tween the results of the two methods decreases. A possible
explanation for this might be that the difference in the CV density
resolution between the reactor regions decreases when the num-
ber of CVs increases.

Fig. 12. One-fourth view of the relative power distribution in the BWR fuel bundle benchmark problem.
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5.3. Performance assessment

In this paper, the accuracy of the proposed method for the po-
wer distribution along with the keff was investigated. It was shown
that the proposed moving-mesh FVM is highly accurate. Moreover,
the execution time in addition to the inner and outer iterations of
the proposed method was considered and compared with the
conventional FVM. It was revealed that not only the proposed
method is highly accurate, but also is efficient. In order to check the
performance of the proposed moving-mesh FVM, further array
investigation was performed and compared to the conventional
FVM. The results of the comparison indicated that the performance
of the proposed method is more acceptable than the conventional
FVM. The visual mesh density comparison between the proposed
moving-mesh FVM and the conventional FVM also was shown that
the mechanism of mesh movement and CV deformation based on
the gradient variations of the reactor power is highly effective. In
the case of programming effort, the use of the proposed moving-
mesh FVM requires to introduce and calculate some extra param-
eters. More precisely, it requires some specific programming efforts
which are not included in developing of the conventional FVM.
However, it also should be noted that the proposed moving-mesh
FVM developed based on a very simple algebraic mathematical
equations which its complexitites are not comparable to the pre-
vious proposedmoving-meshmethods. Themajor advantage of the
proposed newmoving-meshmethod accordingly appears to be due
to highly accurate and efficient solution in addition to the simplicity
of implementation.

From another point of view, the proposed moving-mesh FVM
showed that it enables the mesh movement and CV deformation
based on very simple algebraic mathematical equations. Unlike the
fixed-mesh approach, this feature allows an efficient form of
diffusion calculation for neutronic assessment of nuclear reactor

Fig. 13. One-fourth view of relative power distribution in the BIBLIS benchmark problem.

Fig. 14. Schematic view of the CVs position in each reactor zone regarding the pro-
posed method.

Fig. 15. RPEs of the calculated keff based on orthogonal and proposed moving-mesh
FVM for arrays of 17 � 17, 34 � 34, 51 � 51 and 68 � 68 CVs.
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cores. Additionally, it is interesting to point out that the proposed
moving-mesh FVM can be employed for different applications.
More precisely, the proposed method can move meshes and
deform CVs based on different parameters (only by changing Eqs.
(34) and (35)).

6. Conclusion

The objective of this paper was to develop a new moving-mesh
FVM for enhancing the accuracy of the two-dimensional neutron
diffusion calculations. On this basis, the proposed method formu-
lated for the first time based on a new mesh movement and CV
deformation technique regarding the spatial gradient variations of
the reactor power. The regions with high gradient variations of
reactor power almost considered as important regions in the
neutronic assessment of the nuclear reactors. So, a higher accuracy
of the calculations is almost required to be determined for the
reactor core analysis.

The general procedure for implementation of the proposed
method was expressed as three different parts including gradient-
based calculations, mesh movement in addition to CV deformation
and finally stationary iterative neutron diffusion calculations. Using
the power iteration method, the keff along with the spatial reactor
power distribution was calculated. The results were benchmarked
against the exact results for IAEA, BWR fuel bundle and BIBLIS
benchmark problems and then compared with the conventional
fixed-mesh FVM. The accuracy of the proposed moving-mesh FVM
was also assessed and checked for other arrays of CVs. In all cases,
the results showed a higher accuracy of the proposed method than
the conventional FVM, particularly in the regions with high
gradient variations of the reactor power, where the accuracy of the
power densities improved remarkably. The results also indicated
that there was no significant difference in execution time between
the proposed moving-mesh FVM and the conventional FVM. This
was due to the simplicity of the proposed equations for the mesh
movement and CV deformation in addition to the efficient pro-
cedure of implementation. Possible future works can include
applying of this method for transient calculations by taking into
account the fuel depletion in which the power gradient varies with
the time evolution and can cause the time-dependent mesh
movement and CV deformation.

Appendix A. Supplementary data

Supplementary data to this article can be found online at
https://doi.org/10.1016/j.net.2019.02.011.
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