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a b s t r a c t

It is well known that the variance of tally is biased in a Monte Carlo calculation based on the power
iteration method. Several studies have been conducted to estimate the real variance. Among them, the
batch method, which was proposed by Gelbard and Prael, has been utilized actively in many Monte Carlo
codes because the method is straightforward, and it is easy to implement the method in the codes.
However, there is a problem when utilizing the batch method because the estimated variance varies
depending on batch size. Often, the appropriate batch size is not realized before the completion of
several Monte Carlo calculations. This study recognizes this shortcoming and addresses it by permitting
selection of an appropriate batch size.
© 2019 Korean Nuclear Society, Published by Elsevier Korea LLC. This is an open access article under the

CC BY-NC-ND license (http://creativecommons.org/licenses/by-nc-nd/4.0/).

1. Introduction

Monte Carlo (MC) calculations based on the power iteration
method cause biases in the variance of a tally [1]. One of the reasons
for bias of variance is an assumption used in MC calculations. In
general, with MC calculations, all particles are assumed to be in-
dependent [2]. This assumption utilizes a simple mathematical
expression for the variance of a tally. However, in the power iter-
ation method, neutrons in adjacent cycles are correlated as neu-
trons that are generated from the fission sites created in the
previous cycle. If the variances of a tally were calculated without
consideration of these correlations, the estimated variances would
be biased. There have been several studies to estimate the real
variance of a tally. Among them, the batch method [3] is the most
widely used method as it is straightforward and is easily imple-
mented in MC codes. However, there are problems in using the
batch method. As stated in the previous study [1], it is difficult to
have knowledge of the appropriate batch size before the comple-
tion of MC eigen value calculations.

The purpose of this study is to provide an appropriate batch size
for efficient estimation of the real variance before the completion of
MC eigenvalue calculations. To achieve this goal, a novel approach

was proposed by considering a correlation between cycles. To apply
the proposed approach, real variance estimations were performed
using simple problems for verification.

2. Theoretical background

2.1. Monte Carlo power iteration method

The power iteration method is used for the MC eigenvalue
calculation of nuclear systems [4]. The power iteration method is
expressed as follows:

StðrÞ ¼ 1
kt�1

ð
St�1ðrÞF

�
r/r’

�
dr’; (1)

where StðrÞ is the distribution of the fission source of position r in
the t-th cycle, k is the eigenvalue, and Fðr/r’Þ is the fission neutron
kernel. There are two main reasons to use the power iteration
method in the MC eigenvalue calculation. The first is to determine
the fission source distribution of the nuclear system. Because the
fission source distribution is unknown, an initial fission source of
the power iterationmethod is assumed. The assumed fission source
distribution converges to the fundamental eigenfunction as the
cycle progresses.

A second reason to use the power iteration method is to prevent
the infinite sampling of MC calculations caused by the fission
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reaction. If the fission reaction occurs, the site of fission is stored in
the power iteration method. After transportation of all neutrons in
a cycle, the neutrons of the next cycle are sampled from the site
stored in the previous cycle. If the fission neutrons are immediately
sampled instead of being stored at the fission site, due to consec-
utive fission generations, the sampling of neutrons may not end but
instead proceed infinitely.

The power iteration method was introduced to compute
eigenvalue calculations in the MC method. The real variance
problem is inherent to the power iteration method. In general, all
neutrons of MC calculations are assumed to be independent [2].
This assumption allows a simple expression for calculation of the
variance. The variance of a tally in the MC calculation is expressed
as follows [1]:

s2
�
Q
�
¼ 1

NM
s2
�
Qij
�þ 1

ðNMÞ2
X
i;j

X
i’;j’si;j

cov
�
Qij;Qi’;j’

�
; (2)

where Qij is the MC estimate tally value from j-th particle at active
cycle i, N is active cycles, M is neutrons per cycle, s2ðQÞ is the
variance of the mean of tallies, and covðQij;Qi’j’Þ is the covariance
between Qij and Qi’j’. If the assumption that all neutrons are inde-
pendent is adopted, covariance term in Eq. (2) would be ignored.
This assumption does not cause problems in fixed source MC
calculation. However, in the MC calculation based on the power
iteration method, neutrons are correlated with the neutrons in

adjacent cycles as they are sampled from fission sites in the pre-
vious cycle. Therefore, the estimated variance can be biased from
the real variance.

There have been several studies aiming to solve the biased
variance problem. Among them, the batch method is the most
widely used method for estimation of real variance as it is
straightforward and easily implemented in MC code.

2.2. The batch method

The batch method was proposed by Gelbard and Prael [3]. The
primary idea of the batchmethod is to combine several consecutive
cycles into one batch. The tally of the batch is determined by
averaging tallies of cycles in the batch. An estimated real variance is
determined by calculating the variance of the batch tallies. The
estimated variance of a tally by the batch method is expressed as
follows [5]:
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(3)

where Q is the mean tally, Qi is a tally of the i-th cycle, N is the
number of total cycles, and L is the batch size. The batch size rep-
resents the number of consecutive cycles in a batch. The batch size

is a parameter of variance; therefore, setting an appropriate batch
size is important. It is well known that the estimated variance ap-
proaches the real variance as the batch size is increased. However,
to secure statistical reliability, the batch size cannot always be
increased. Big batch sizes reduce the number of batches and lessens
the statistical reliability because of the small number of samples.
The conventional method to determine the real variance by the
batch method is as follows. Several calculations are conducted by
increasing the batch size. If the estimated variance is then, satu-
rated, the variance is considered to be the real variance. Although
the real variance can be estimated through this method, it is
inefficient.

3. New approach to determine batch size

In this study, a new method was introduced to determine the
appropriate batch size efficiently. The developed method de-
termines the cycle gap of the batch size if cycle-to-cycle correlation
is negligible with the cycle gap. As described previously, the real
variance problem is caused by the cycle-to-cycle correlation of the
power iteration method. Cycle-to-cycle correlation is decreased as
the cycle gap broadens. This property is in linewith the fact that the
estimated variance of the batch method approaches the real vari-
ance if the batch size is bigger.

The cycle-to-cycle correlation coefficient is calculated as follows
[2]:

where rk is the correlation coefficient between cycles with a k cycle
gap, N is the entire number of active cycles, and Xi is the tally of the
i-th cycle. The cycle-to-cycle correlation decreased as the cycle gap
increased. A correlation close to zero indicates that the cycle-to-
cycle correlation is negligible.

As described in Eq. (4), it is necessary towait until completion of
the MC eigenvalue calculation to determine the correlation. For
example, to know the cycle-to-cycle correlation coefficient be-
tween the 1st and 100th cycles, users should wait until all neutrons
of the 100 cycles are transported. To determine batch size effi-
ciently, conventional approach to compute correlation coefficient is
inappropriate. Different approaches to assess cycle-to-cycle corre-
lation were required.

Instead of calculating the correlation coefficient, the probability
of fission was introduced to determine the appropriate cycle gap.
The fission probability matrix (FPM), which is defined as a square
matrix composed of the probability of generation of a neutron, was
used [6]. Like the fission matrix, to use FPM, the system is divided
into several spatial grids. The component of FPM P(i, j) denotes the
probability of a neutron born in the i region causing a fission re-
action in the j region. By combining the concept of FPM and the
concept of the power iteration method, P(i, j) can be interpreted as
the probability that a neutron born in the i region causes the birth
of neutrons in the j region of the next cycle, as illustrated in Fig. 1.
Using FPM, the probability that a neutron born in i region causes
the birth of neutrons in the j region after two cycles can be
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calculated as follows:

P2ði; jÞ ¼ Pði;1Þ � Pð1; jÞ þ Pði;2Þ � Pð2; jÞ þ/þ Pði;nÞ � Pðn; jÞ
(5)

where the superscript of P2ði; jÞ indicates that the gap is two cycles,
and n denotes the total number of fission matrix grids, as is shown
in Fig. 2. Likewise, the probability that a neutron born in the i region
produces neutrons in the j region after k cycles can be written as
follows:

Pkði; jÞ ¼
Xn
l¼1

h
Pk�1ði; lÞ � Pðl; jÞ

i
; (6)

where superscript k denotes the cycle gap, and n denotes the total
number of fission matrix grids. If k is equivalent to one, then P1ði; jÞ
is equivalent to FPM, Pði; jÞ. Pkði; jÞ is defined as the fission cumu-
lative probability (FCP). In Eq. (6), Pk�1ði; lÞ and Pðl; jÞ are bigger than
zero and less than one, thus, FCP could converge as the cycle gap
increases. This means that the sampling contribution of the
neutron born in a region to other regions will be constant after
sufficient cycles in the power iterationmethod. This is similar to the
property that the cycle-to-cycle correlation will converge as the
cycle progresses. In this study, the cycle gap where FCP converges is
thought to be the appropriate batch size for estimation of real

variance. However, FCP is not always converged. For example, in the
case of harmonic series, it meets all conditions of FCP but it is one of
divergent series. The proposed method cannot be applied to find
appropriate batch size for the case where FCP is divergent.

4. Verification

New approach was applied to several real variance problems to
verify the proposed method. To verify the FCP method in various
cases, various tally region sizes were used in following problems.
The reference real variance of each casewas calculated by the direct
sampling method. In the direct sampling method, several tally
outputs are computed by changing the random seed of inputs [7]. It
takes long times, but high accuracy is expected if significant
number of samples are used with the direct sampling method. In
the following problems, 300 samples were used for the direct
sampling method.

To generate FCP, FPM was obtained from MC eigenvalue calcu-
lation. The more particles are used, the more accurate FPM can be
obtained. In this study, for the efficient calculation of FPM, MC
calculations were conducted until relative error of less than 1% was
obtained at the highest fission probability region. After generation
of FPM by utilizing McCARD [8], FCP was computed by MATLAB [9]
scripts.

4.1. Simple uranium pin cell

A simple uranium pin cell was designed as shown in Fig. 3 [10].
The diameter of the pin cell was 10 cm, and the height of the pin cell
was 100 cm. The pin cell was composed of only uranium 235 with a
density of 10 g/cm3. To make FPM, the pin cell was divided into 10

Fig. 1. Fission probability matrix used to describe the behavior of neutrons in the
power iteration-based MC

Fig. 2. Description of fission cumulative probability.

Fig. 3. Geometry of U-235 pin cell.

Fig. 4. Fission probability matrix of U-235 pin cell.
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regions. FPM was obtained with 100,000 particles, as shown in
Fig. 4. FCP was computed by Eq. (6) and depicted in Fig. 5. As shown
in Fig. 5, FCP of each region converged as the cycle progressed. It
seemed that all FCPs converged around 200 of cycle gap.

To determine whether FCP converged, the relative error of FCP,
ek was defined as follows:

ek ¼
FCPk�1 � FCPk

FCPk
(7)

where ek is the relative error of FCP with the cycle gap k, and FCPk
denotes the FCP at cycle gap k. To set criterion to determine
whether FCP converged, sensitivity studies were conducted. The
batch sizes corresponding to 0.1, 0.01, 0.001 and 0.0001 of relative
error of FCP were computed respectively. The variances of tally
were calculated using those batch sizes and compared to the real
variance. Relative error of FCP of pin cell is shown in Fig. 6. The
batch size corresponding 0.1, 0.01, 0.001, and 0.0001 of relative
error of FCP were 10, 50, 200, and 300 respectively.

The flux of each region was tallied for verification of the sug-
gested batch size. Apparent variances of tallies were computed
with the batch method by changing the batch size. Apparent vari-
ances with different batch sizes were compared to the reference
real variance, which was calculated by the direct sampling method.
In the MC calculation, the particle number per cycle was 10,000. To
exclude convergence problem of fission source distribution, suffi-
cient inactive cycles were used. The inactive cycle was 140, and
active cycle was 12,000. Dominance ratio of this problem was

Fig. 5. Fission cumulative probability of U-235 pin cell.

Fig. 6. Relative error of fission cumulative probability of the U-235 pin cell.

Table 1
Ratio of apparent variance to real variance dependent on batch size of pin cell problem.

Tally Region Flux 
� 10�4

particle

! Real Standard Deviation
ð� 10�6Þ

Apparent to Real Variance Ratio (%)

Batch Size
1

10 50 200 300

1 2.632 2.324 5.58 40.86 70.76 95.39 95.55
2 5.715 4.397 4.21 36.49 67.58 89.22 97.48
3 8.259 5.088 4.29 35.12 67.67 88.09 89.28
4 10.07 4.52 5.42 38.23 68.52 90.29 103.23
5 11.01 2.966 8.91 51.92 82.73 97.73 103.41
Average 5.68 40.52 71.05 92.14 97.79

Fig. 7. Geometry of the rectangular cuboid problem.

Fig. 8. Two types of mesh of the rectangular cuboid problem.
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0.96695. In Table 1, the ratio of apparent variance to real variance is
shown. The values of the symmetrical regions were skipped to
simplify the table. If the batch method was not used, the apparent
variance was less than 10% of the real variance, which is a signifi-
cant difference. As the batch size increased, the estimated variances
approached the real variance. For the batch size of 200, of which
relative error of FCP was 0.001, the apparent value was about 92% of
the real variance.

4.2. Simple rectangular cuboid

The FCP method is applied to a simple rectangular cuboid
problem. The geometry is shown in Fig. 7. The cuboid is composed
of 94.6% enriched uranium and the density is 18.77 g/cm3. The
proposed method was applied to this problemwith 3by3 mesh and
6by6 mesh respectively to see the effect of grid size of tally region.

The usedmeshes are shown in Fig. 8.100,000 particles were used to
generate FPM. Dominance ratio of this problem was 0.77148. FPM
with 3by3 meshes is shown in Fig. 9. Fig. 10 and Fig. 11 respectively
show FCP and relative of FCP with 3by3 mesh. For the 3by3 mesh
case, the batch size where 0.1, 0.01, 0.001, and 0.0001 of relative
error of FCP were 10, 20, 32, and 40 respectively. By changing batch
size, apparent variances of tally were computed and listed in
Table 2. The values of the symmetrical regions were skipped. FPM
with 6by6meshes is shown in Fig.12. Fig.13 and Fig.14 respectively
show FCP and relative error of FCP with 6by6 mesh. The batch size
where 0.1, 0.01, 0.001, and 0.0001 of relative error of FCP were 12,
32, 50, and 70 respectively. By changing batch, apparent variances
of tally were computed and listed in Table 3. In the MC calculations,
100 inactive cycles were used for the convergence of fission source
distribution. 10,000 particles per cycle were utilized in MC calcu-
lation. 4000 active cycles and 7200 active cycles were used for 3by3
and 6by6 case respectively. For each case, number of active cycle
was set to obatin a sufficient number of batches to ensure statistical
reliability.

In both cases, the apparent variances for batch sizes with rela-
tive error of FCP of less than 0.001 were similar to about 90% of real
variance. As shown in this example, if different tally regions were
set in the same system, the required batch size determined by the
new method would be changed. Even if a large number of tally
regions are set, the newmethod could provide a batch size for each
tally region. However, too many tally regions require a long time to
make accurate FPM. Few tally regions cannot give detail informa-
tion. To obtain better results efficiently, careful consideration to set
tally regions is needed.

Fig. 10. Fission cumulative probability of the rectangular cuboid problem with 3by3
mesh.

Fig. 11. Relative error of fission cumulative probability of the rectangular cuboid
problem with 3by3 mesh.

Fig. 9. Fission probability matrix of the rectangular cuboid problem with 3by3 mesh.
Table 2
Ratio of apparent variance to real variance dependent on batch size of cuboid
problem with 3by3 mesh.

Tally
Region

Flux 
� 10�4

particle

! Real Standard
Deviation
ð� 10�6Þ

Apparent to Real Variance Ratio (%)

Batch Size
1

10 20 32 40

1 5.716 1.227 23.8 78.1 92.1 101.2 100.4
2 9.415 1.437 35.8 83.1 90.6 91.3 95.9
5 15.49 1.261 25.5 80.8 92.2 97.4 97.0
Average 28.4 80.7 91.6 96.6 97.8
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4.3. Three Thick, one-dimensional slabs

The developed method was applied to one of the OECD/NEA
benchmark problems, three one-dimensional slabs [11]. The ge-
ometry of the system is described in Fig. 15. The problem was
composed of three parts; two uranyl solution units and water. In
this study, the thickness of units was 20 cm and thickness of water
was 10 cm. To make FPM, the uranyl solutions were divided into 5
regions each. FPM was computed and described in Fig. 16. 50,000
particles were used to generate FPM. FCP was calculated by Eq (6)
and is depicted in Fig. 17. The relative error of FCP is shown in
Fig. 18. Apparent variances were computed with batch size of 10,
50, 80, and 100. In theMC calculation, the particle number per cycle
was 5000 which was more than the particle number stated in the
benchmark problem guide. To exclude convergence problem of
fission source distribution, sufficient inactive cycles were used. The

inactive cycle was 100 and active cycle was 8000. Dominance ratio
of this problem was 0.90866. Fission reaction rates of each region
were tallied. The reference real variance was computed by the
direct sampling method. The results are listed in Table 4. The values
of the symmetrical regions were skipped. If the batch method was
not used, the estimated variancewas about 20% of the real variance.
The apparent variance approached the real variance as the batch
size increased. The estimated variances weremore than 90% similar
to the real variance if the batch size was 80 where relative error of
FCP was about 0.001.

4.4. Small reactor

A hypothetical small reactor quarter core was designed to apply
the developed method. The geometry of the system is shown in
Fig. 19. The fuel assembly was composed of 15 by 15 fuels. To
calculate FPM, the system was divided into 13 regions as shown in
Fig. 20. FPM was calculated using 390,000 particles. FPM of small
reactor problem is shown in Fig. 21. FCP is shown in Fig. 22. Relative
error of FCP is shown Fig. 23. For the verification, MC calculations
were conducted using 4500 particles per cycle. The inactive cycle
was 60 and the active cycle was 8000. Dominance ratio of this
problem was 0.8473. Apparent variances with batch size 10, 32, 50
and 80 were calculated. Variances dependent on batch size are
listed in Table 5. The apparent variance was less than 25% of the real

Fig. 12. Fission probability matrix of the rectangular cuboid problem with 6by6 mesh.

Fig. 13. Fission cumulative probability of the rectangular cuboid problem with 6by6
mesh.

Fig. 14. Relative error of fission cumulative probability of the rectangular cuboid
problem with 6by6 mesh.

Table 3
Ratio of apparent variance to real variance dependent on batch size of cuboid
problem with 6by6 mesh.

Tally
Region

Flux 
� 10�4

particle

! Real Standard
Deviation
ð� 10�7Þ

Apparent to Real Variance Ratio (%)

Batch Size
1

12 32 50 72

1 2.739 6.397 37.1 86.0 92.6 91.5 95.9
2 5.166 10.35 31.1 79.3 91.6 91.7 94.0
3 6.505 12.48 33.9 85.0 97.3 100.8 97.8
7 5.164 10.18 33.4 86.6 93.5 104.8 102.7
8 9.779 15.09 31.3 86.4 98.2 103.2 102.5
9 12.30 17.03 30.9 78.2 88.3 95.5 91.9
15 15.48 16.19 40.3 89.3 95.2 93.8 92.3
Average 34.0 84.4 93.8 97.8 96.7
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variance without the batch method. The apparent variance
approached the real variance as batch size increased. If a batch size

of 50 was used, the apparent variance was about 95% of the real
variance.

5. Discussion and conclusion

In this study, a new approach to determine appropriate batch
size for the batchmethodwas proposed. FPMwas introduced, and a
novel concept, FCP was defined for determination of batch size. As
shown in the previous section, it was possible to determine
appropriate batch size for the real variance by convergence of FCP.
Empirically, if the relative error of FCP is less than 0.001, FCP seems
to be sufficiently converged.

The advantage of the proposed method is its versatility. General
MC transport codes include a fission matrix module and batch
method module. FPM could be obtained from the fission matrix.
The batch size can be determined by the FCP, which could be ob-
tained by the simple matrix calculation. Therefore, the proposed
method could be easily implemented and used without modifica-
tion of the source code in general MC codes. Also, the proposed
method is efficient to determine batch size. For example, if the
calculation of correlation coefficient was used in the problem of
Section 4.3 to determine 80 of batch size, MC calculations should be
conducted until completion of 220 cycles (140 inactive cycles and
80 active cycles) to tally correlation coefficient. It would take about
10 min by a computer with Intel Core i7-4770. If new method was
used, it would take about 1 min to generate FPM and less than 10 s
to compute FCP byMATLAB to determine batch size. The calculation
efficiency difference between the conventional method and the

Fig. 15. Geometry of the three thick, one-dimensional slabs problem.

Fig. 16. Fission probability matrix of the three thick, one-dimensional slabs problem.

Fig. 17. Fission cumulative probability of three thick, one-dimensional slabs problem.

Fig. 18. Relative error of fission cumulative probability of three tick, one-dimensional
slabs problem.
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new method would be greater as the required batch size increases.
The goal of this study was focused on how to bundle several

active cycles into one batch. No consideration was given to the
number of neutrons per cycle. If the number of neutrons per cycle is
not sufficiently used, undersampling effect occurs [12]. It causes the
inaccurate results of MC calculation.We assumed that the sufficient
number of neutrons per cycle to avoid the undersampling effect
was already known to focus on the determination of batch size.
Also, as FCP is computed by FPM, the statistical uncertainties in FPM
are propagated in the calculation of FCP. This would affects deter-
mining batch size. As the focus of this study was to assess whether
FCP can be used to derive appropriate batch size, this study did not
address how small statistical uncertainty of FPM was needed for
reliable results. Further researches about optimizing neutron
numbers per cycle and propagation study of statistical uncertainty
of FCPwould be helpful to set optimized batch size for the Gelbard’s
batch method.

Although several problems were solved to apply the FCP

Table 4
Ratio of apparent variance to real variance dependent on batch size of three thick, one-dimensional slabs problem.

Tally Region Fission Reaction Rate 
� 10�6

particle

! Real Standard Deviation
ð� 10�9Þ

Apparent to Real Variance Ratio (%)

Batch Size
1

10 50 80 100

1 1.184 3.606 25.7 59.7 83.7 95.7 98.3
2 2.514 7.424 19.3 57.9 82.2 96.0 97.0
3 3.288 9.431 17.1 55.6 80.6 91.4 96.4
4 3.553 9.104 18.3 57.2 82.4 88.6 96.0
5 3.834 7.972 22.6 60.7 82.8 86.3 98.5
Average 20.6 58.2 82.3 91.6 97.2

Fig. 19. Geometry of the small reactor.

Fig. 20. Grid numbering of the fission probability matrix of the small reactor.

Fig. 21. Fission probability matrix of the small reactor.
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method, the new method was not applied to large-scale problems
such as BEAVRS benchmark [13]. Problems with large-scale and
high dominance ratio require a lot of particles per cycle to avoid
undersampling and a lot of cycles as they converge slowly. As batch
method is inefficient for those problems, users should be careful to
utilize new method to the large-scale problems.

The real variance problem occurs via several causes. However, in
this study, only the cycle-to-cycle correlationwas considered. Thus,
it was difficult to derive the best optimized conditions to address
the real variance problem. However, the guideline for the batch
size, which was burdensome to determine in the previous studies,
can be provided by the proposed method. This would contribute to
efficient calculation of reliable variance in the MC codes based on

the power iteration method.
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Fig. 22. Fission cumulative probability of the small reactor.

Fig. 23. Relative error of fission cumulative probability of the small reactor.

Table 5
Ratio of apparent variance to real variance dependent on batch size of the small
reactor problem.

Tally
Region

Flux 
� 10�6

particle

! Real Standard
Deviation
ð� 10�8Þ

Apparent to Real Variance Ratio (%)

Batch Size
1

10 32 50 80

1 7.312 2.258 25.5 85.0 99.5 101.0 105.7
2 14.63 3.289 24.4 81.3 98.3 100.7 100.8
3 13.76 4.101 21.5 71.9 91.5 99.1 101.3
4 7.203 2.942 19.6 70.9 89.1 90.1 91.3
6 28.61 4.125 26.2 76.8 90.8 95.2 95.4
7 24.66 4.703 21.6 73.4 90.1 95.7 92.5
8 10.62 3.923 17.7 64.1 82.3 85.5 84.1
11 16.32 3.418 24.8 77.7 89.6 94.1 94.5
Average 22.7 75.1 91.4 95.2 95.7
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