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a b s t r a c t

Fluidelastic instability is a key issue in steam generator tube bundles subjected in cross-flow. With a low
flow velocity, a large amplitude vibration of the tube observed by many researchers. However, the
mechanism of this vibration is seldom analyzed. In this paper, the mechanism of cross-flow effects on
fluidelastic instability of tube bundles was investigated. Analysis reveals that when the system reaches
the critical state, there would be two forms, with two critical velocities, and thus two expressions for the
critical velocities were obtained. Fluidelastic instability experiment and numerical analysis were con-
ducted to obtain the critical velocity. And, if system damping is small, with increases of the flow velocity,
the stability behavior of tube array changes. At a certain flow velocity, the stability of tube array reaches
the first critical state, a dynamic bifurcation occurs. The tube array returns to a stable state with con-
tinues to increase the flow velocity. At another certain flow velocity, the stability of tube array reaches
the second critical state, another dynamic bifurcation occurs. However, if system damping is big, there is
only one critical state with increases the flow velocity. Compared the results of experiments to numerical
analysis, it shows a good agreement.
© 2018 Korean Nuclear Society, Published by Elsevier Korea LLC. This is an open access article under the

CC BY-NC-ND license (http://creativecommons.org/licenses/by-nc-nd/4.0/).

1. Introduction

The tube bundles of steam generators are subjected to several
types of flow induced vibrations. Especially, when the cross flow
reaches a certain critical velocity, the fluid-elastic forces may result
in fluid-elastic instability, which may eventually lead to steam
generator safety issues and substantial standstill costs due to un-
planned out age. Hence, fluid-elastic instability of tube bundles has
attracted a great effort of investigation by many researchers, and
the main research methods can be divided into two categories:
experimental study and theoretical analysis. In 1982, Lever and
Weaver [1] developed a simple theoretical model from first prin-
ciples for fluid-elastic instability in heat exchanger tube bundles,
which was verified by a series of experiments. At the same year,
Chen and Jendrzejczyk [2] performed and experimental and
analytical study of tube rows in liquid cross-flow to verify the ex-
istence and transition between velocity mechanism and displace-
ment mechanism at the intermediate valued of mass-damping
parameter. The jump phenomenon is demonstrated in experiment

by varying tube damping. The tests of a comprehensive program
underway at the Chalk River Laboratories to study vibration of tube
bundles subjected to two-phase cross-flow using Freon vapor-
liquid mixtures were carried out by Pettigrew and Taylor et al.
[3]. And fluid-elastic instability, turbulence-induced vibration, and
damping were discussed. Based on this study, Pettigrew and Taylor
[4] performed a series of experiments done on tube bundles of
different geometries subjected to two-phase cross-flow simulated
by air-water mixtures. And they discussed the effects of tube
bundle geometry on vibration excitation mechanisms such as fluid-
elastic instability and random turbulence. A series of systematic
researchwork had been conducted byMureithi and Nakamura et al.
in three important aspects of fluid-elastic instability: two-phase
fluid damping and added mass under prototypical conditions [5];
the nature of unsteady fluid forces leading to fluid-elastic insta-
bility [6], and the fluid-elastic instability mechanism [7]. Their
analysis indicated that fluid-elastic instability occurred at all two-
phase flow test conditions. In homogeneous flow, instability was
clear and well defined. In non-homogeneous flow, turbulence and
intermittency obscured the appearance of clear instability. In all
cases, instability occurred in the lift direction.

In 2005, a two-phase test loop was conducted by Pettigrew and
Mureithi et al. in EcolePolytechnique Montreal, which was* Corresponding author.
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designed to analyze the fluid-elastic instability of tube array in two-
phase flow. Based on this experimental set-up, lots of experimental
studies were carried out in recent years. Pettigrew, Zhang and
Mureithi [8] performed lots of experimental measurements of
detailed vibration excitation forces in tube bundles subjected to
two-phase cross flow to understand the underlying vibration
excitation mechanisms. An experimental program was undertaken
with a rotated-triangular array of tubes subjected to air-water flow,
and both the dynamic lift and drag forces were measured with
strain gauge instrumented tube [9e12]. They found that these
forces are significantly larger in the drag direction. They also found
that the quasi-periodic drag and lift forces are generated by
different mechanisms which have not been observed before. Based
on the experimental studies, Zhang and Mureithi et al. developed
two semi-analytical models for correlating vibration excitation
forces to dynamic characteristics of two-phase flow in a rotated
triangular tube bundle for a better understanding of the nature of
vibration excitation forces. One model was developed to correlate
the void fraction fluctuation in the main flow path and the dynamic
drag forces. The other one was developed for correlating the
oscillation in thewake of the tubes and the dynamic lift forces. Each
model can predict the corresponding forces relatively well. Having
previously verified the fluid force model under two-phase flow,
numerical calculations were performed using Connors model and
quasi-steady model by Sawadogo and Mureithi [13], respectively.
The computation results showed significant and important differ-
ences between the Connors model and the two-phase flow based
quasi-steady model. In order to extend the existing theoretical
models for fluid-elastic instability to two-phase flow, experimental
and numerical analysis were conducted, respectively, by Sawadogo
and Mureithi [14,15], both the unsteady model and quasi-steady
model were used to calculate the critical velocity. The authors
proposed a new formulation of the added mass as a function of the
void fraction. This formulation takes into consideration the reduc-
tion of the void fraction around the tubes in a rotated triangular
tube array and yields better agreement with the experimental data.

In recent years, a similar two-phase test loop was made to
simulate air-water two-phase flow in Korea Atomic Energy
Research Institute. The fluid-elastic instability of two different ar-
rays of straight tube bundles in air-water flow were investigated by
Chung and Chu [16,17]. They found that the damping ratio was very
dependent on the void fraction, and for a low void fraction flow, the
fluid-elastic instability could be predicted by using Connors’
equation. However, the fluid-elastic instability in a high void frac-
tion flow was quite different. They [18] also found that the tube
vibration characteristics of the rotated square array tube bundle in
the two-phase flow conditionwere quite different from those of the
normal square array tube bundle with respect to the vortex shed-
ding induced vibration.

In China, efforts have been toward the fluid-elastic instability of
tube bundle in cross flow. Xia and Wang [19] developed an
improved model to analyze the fluid-elastic vibration of a single
flexible tube surrounded by rigid tubes subjected to cross flow.
Wang and Dai et al. [20]. Studied the instability and nonlinear dy-
namics of planar motions of a tube array subjected to cross flow.
Their theoretical results indicated that, with increasing initial axial
load and flow velocity, the system may lose stability either via
flutter or via buckling.

In 2017, a two-phase test loop was conducted in Nuclear Power
Institute of China and some experiments have been conducted in
this test loop [21]. In these experiments a large amplitude vibration
of the tube in the lift direction before the flow velocity reaches the
critical velocity was observed, which is similar to the experimental
data of Ricciaridi and Pettigrew et al. [22]. This large amplitude
vibration was also been observed by Zhang [11] and Chung [18],

respectively. However, the mechanism of this large amplitude vi-
bration of the tube is seldom analyzed. In this study, we investi-
gated the eigenvalue problem of the fluid-elastic instability of the
tube bundle in considering of cross-flow effects. The experimental
analysis and numerical calculations indicate that the tube array
considering cross-flow effects may have two critical velocities, the
lower critical velocity is controlled by damping mechanism, which
was observed in the aforementioned experiments, and the higher
one is controlled by stiffness mechanism.

2. Mechanism analysis

Since fluidelastic instability occurs mainly in the lift direction, it
was decided to focus on modeling the tube vibration in this di-
rection. When a harmonic motion is applied to the tube, the force
per unit length acting on the tube in the lift direction may be
expressed as [6]:

F ¼
�
u2

�
mþ rD2

2
Cma

�
þ iu
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2
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rD2

2
Cs

�
y0e
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Where y0e
iut is the displacement of the tube; Cma, Cda and Cs are the

fluid add mass, damping and stiffness coefficients, respectively; m
is the tube mass per unit length; D is the diameter of the tube; U
and r are the flow velocity and fluid density, respectively.

Considering a single degree-of-freedom system as shown in
Fig. 3, the equation of motion of the tube subjected to the unsteady
fluid force in the lift direction may be written as:
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Where mt, dt and kt are the mass, the damping and stiffness co-
efficients of the tube per unit length, respectively;mf, df and kf are
themass, the damping and stiffness coefficients of the fluid per unit
length, which may be written as:
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Where rg, and rL are the gas phase density and liquid phase density,
respectively; b is the fluid homogeneous void fraction; D, De are the
tube diameter and pitch between tubes, respectively; U∞ is the flow
free stream velocity; ris the density of two-phase flow; u is the
angular frequency of the tube; CF∞ and Фf are unsteady fluid force
coefficient magnitude and corrected fluid force phase, respectively.

The fluid force coefficients magnitude and corrected fluid force
phase would be changed with increasing the flow free stream ve-
locity, which were analyzed by Sawadogo and Mureithi. The fluid
force coefficients magnitude and corrected fluid force phases are
constant at a certain flow free stream velocity, which can be ob-
tained from the experiments. They can be expressed as:

CF∞ ¼ CFðU∞Þ
Ff ¼ FFðU∞Þ (6)

Therefore, the fluid force affects the tube systemparameters and
the effect increases with the flow free stream velocity. In this sec-
tion, we investigate the influence mechanism of the fluid force on
fluid-elastic stability of the tube.
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The state variable x may be expressed as:

x ¼ y
:

(7)

Then, we obtain:
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Here, the parameters are given as:
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The characteristic equation is:

l2 þ a1lþ a2 ¼ 0 (10)

Here, the parameters are given as:
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The stability condition of the trivial solution in Equation (8) is
that the real parts of the two characteristic value roots are less than
zero. According to the Routh-Hurwitz criterion, the necessary and
sufficient condition for real part of the eigenvalue to be negative is:

a1 >0; a1a2 >0 (13)

The necessary and sufficient condition for asymptotic stability of
the trivial solution of Equation (8) is that the real part of the
eigenvalue is less than zero. In the critical state, the real part of
eigenvalue is equal to zero.

Suppose that the complex root of the characteristic equation
(10) is:

l ¼ aþ ib (14)

Where a and b are real numbers.
Substituted Equation (14) into the characteristic equation (10),

and the real and imaginary parts are separated. Then, we obtain:

a2 � b2 þ a1aþ a2 ¼ 0
2abþ a1b ¼ 0

(15)

When the real part of the eigenvalue l is equal to zero, the
stability of the tube at equilibrium position is in the critical state,
and a dynamic bifurcation (Hopf bifurcation) occurs. Accordingly,
Equation (15) becomes:

a21a2 ¼ 0 (16)

The solution of Equation (16) is:

a1 ¼ 0 (17)

Or:

a2 ¼ 0 (18)

Substituted Equation (11) into Equation (17), the critical speed of
flow can be calculated from Equation (19), which is called the
critical velocity A.

dt � 1
2
rU2

∞CFðU∞Þsin½FFðU∞Þ�
�

u ¼ 0 (19)

Substituted Equation (12) into Equation (18), the critical speed
of flow can be calculated from Equation (20), which is called the
critical velocity B.

kt � 1
2
rU2

∞CFðU∞Þcos½FFðU∞Þ� þ u2mf ¼ 0 (20)

The aforementioned analysis indicates that at a certain flow
velocity, the fluid force causes the real part of the eigenvalues of the
characteristic matrix to be zero and reach the critical state. This
velocity is called the critical velocity. The critical velocity has often
been used in the fluid-elastic analysis of the tube bundles. This
results in the tube system having a motion of limited cycle under
disturbance instead of decaying to zero. The analysis in this section
shows that there would be two critical states of this system, which
we propose as the damping mechanism and stiffness mechanism.

In the next two sections, the two expressions for the two kinds
of critical velocity corresponding to the two critical states of the
tube system considering cross-flow effects are derived by numer-
ical calculations and experiments, respectively.

3. Experimental set-up

To verify the correctness of the theoretical analysis in last sec-
tion, a comparative experimental study on fluid-elastic instability
induced by cross-phase flow was conducted. In fluid-elastic insta-
bility test, two different tube arrays were manufactured, which
were installed in the two-phase test loop, as shown in Fig. 1,
respectively. According to the test requirements, we built two
loops, one is a water loop and another is an air loop. The max rated
flow of the water loop is 1200 m3/h, the max rated flow of the air
loop is 2760� 2m3/h, themax operating pressure of the two-phase
test loop is 1.6 MPa, and the max operating temperature of the test
loop is 80 �C. All measurements were conducted at room temper-
ature (approximately 20 �C).

The goal of this test is to explore the instability mechanism of
the tube at a low flow velocity. So the total system damping of
model 1 was designed to be much smaller than the one of model 2,
which means that there may be an unstable state of model 1 with a
low flow velocity. The experimental test section, which has a
rectangular cross section, consisted of 53 flexible tubes, shown in
Fig. 2. The two tube arrays are rotated triangular tube arrays
composed of seven columns of tubes, which are all arranged in
fifteen rows, shown in Fig. 3. Model 1 is a rotated triangular tube
array of pitch-to-diameter ratio P/D ¼ 1.48, the diameter of the
tubes is D¼ 0.01745 m, and the tube length is 0.305 m. Model 2 is a
rotated triangular tube array of P/D ¼ 1.40, the diameter of tubes is
D ¼ 0.012 m, and the tube length is 0.305 m. All tubes of the two
models are fixed in the test section, respectively. The tubes were
limited to move in one direction since they were supported with a
flexible cantilever beam, shown in Fig. 4. The tube natural fre-
quency in air was around 40 Hz in lift direction and 80 Hz in drag
direction. In order to obtain the strains of the tubes at lift direction,
strain gauges were mounted on the tubes near the clamped end for
vibration measurement.

The response signals were collected and analyzed by LMS soft-
ware to get the dynamic parameters. The experimental instruments
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are shown in Fig. 5, Fig. 5 (a) is data acquisition system, Fig. 5 (b) is
the dynamic strain indicator.

4. Numerical results and comparison with experiments

To analyze the instability mechanism of the tube at the low flow
velocity, the numerical calculation and tests were performed with
the two tube arrays, respectively. Fig. 6 shows strain amplitude of

Fig. 1. Two-phase test loop.

Fig. 2. Test section.

Fig. 3. Array configuration.

Fig. 4. Flexible tube.
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the instrumented tubes of model 1, which was measured in the
experiments. And the unit of the strain is mε. A clearly defined
instability occurs at 1.05 m/s with an abrupt increase in strain
amplitude. But at the lower flow velocity near 0.65 m/s, the strain
amplitude starts to increase and reaches a local maximum value
near 0.9 m/s. Then, the strain amplitude decreases to near zero
rapidly near 1.05 m/s. Fig. 7 shows the variation of the real part of
the conjugate eigenvalue of the tube of model 1. It is obvious that
the real part of the conjugate eigenvalue increases with the flow
velocity. It passes through the horizontal zero line, the tube system
reaches a critical state, at the critical velocity A. The value of critical
velocity A is 0.68 m/s, which is the same as that measured in the
test with model 1. With the increase of the flow velocity, the real
part of the conjugate eigenvalue gradually decreases, and passes
through the horizontal zero line again near 0.95 m/s, which means
that the tube system returns to a stable state. When the flow ve-
locity is near 1.07 m/s, the tube system reaches another critical
state, which we proposed as the critical velocity B. Based on the
results of tests and numerical calculations, it is obvious that model

1 has two critical velocities, one is near 0.68 m/s, the other one is
near 1.07 m/s.

Fig. 8 shows strain amplitude of the instrumented tubes of
model 2. It is apparently that strain amplitude increases abruptly
near 0.55 m/s, which is the only critical velocity of model 2. Unlike
the results of model1, the real eigenvalue of model 2 gradually
decreases with flow velocity at a low flow velocity, shown in Fig. 9.
It does not intersect with the zero horizontal line. Thus, the tube
system never reaches the first critical state. In this case, the
expression in Equation (19) is positive at the low flow velocity, and
the critical velocity A cannot be calculated. When the flow velocity
is near 0.62 m/s, the tube system reaches the critical state, which
we proposed as the critical velocity B.

5. Conclusions

In order to facilitate obtaining the fluidelastic instability
mechanism of the tube bundles, a tube system considering cross-
flow effects is adopted in this paper. The intrinsic mechanism of

Fig. 5. Experimental instruments: (a)data acquisition system; (b)dynamic strain indicator.

Fig. 6. RMS strain amplitude in the lift direction of model 1 versus flow pitch velocity.
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the fluid force effects on the motion stability of the tube array, at
the low flow velocity, was revealed. Also, the formula for calcu-
lating the critical flow velocity was derived.

The fluidelastic instability of a tube array considering the cross-
flow effects was analyzed by numerical calculations and experi-
ments, respectively. The results indicate that when the system
damping of a tube array is small, the flow velocity reaches a certain
value, the fluidelastic stability of the tube array reaches a critical

state, and the first dynamic bifurcation occurs. However, with the
increase of the flow velocity, the tube system would return to a
stable state. The fluid-elastic instability occurs again as the flow
velocity keeps increasing, which was called as the second dynamic
bifurcation. In this case, these are two critical velocities corre-
sponding to the critical states, which were proposed as critical
velocity A and critical velocity B. When the system damping of a
tube array is big, there would be only one dynamic bifurcation, and

Fig. 7. Changing curve of the real part of the conjugate eigenvalue of model 1.

Fig. 8. RMS strain amplitude in the lift direction of model 2 versus flow pitch velocity.
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the tube system never reaches the first critical state. The analysis
has demonstrated that the lower critical velocity is controlled by
damping mechanism and the higher one is controlled by stiffness
mechanism.
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