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ON THE CURVATURE THEORY OF A LINE TRAJECTORY

IN SPATIAL KINEMATICS

Rashad A. Abdel-Baky

Abstract. The paper study the curvature theory of a line-trajectory of

constant Disteli-axis, according to the invariants of the axodes of moving
body in spatial motion. A necessary and sufficient condition for a line-

trajectory to be a constant Disteli-axis is derived. From which new proofs
of the Disteli’s formulae and concise explicit expressions of the inflection

line congruence are directly obtained. The obtained explicit equations

degenerate into a quadratic form, which can easily give a clear insight into
the geometric properties of a line-trajectory of constant Disteli-axis with

the theory of line congruence. The degenerated cases of the Burmester

lines are discussed according to dual points having specific trajectories.

1. Introduction

The study of the curvature theory of rigid body motions in spatial kine-
matics, which is the study of intrinsic properties of path trajectories, has been
a subject of extensive research interest in the past years. The development
of curvature theory is important in synthesizing path-generation mechanisms,
i.e., a mechanism such that a point or a line in one of its members of that
mechanism generates a path having the same intrinsic properties as those of a
prescribed path. There exists a vast literature on the subject including several
monographs, for example [5, 8–11,13].

In spatial kinematics, the trajectories of oriented lines embedded in a moving
rigid body are generally ruled surfaces. The curvature theory of line trajectories
seeks to characterize the shape of the trajectory ruled surface and relate it to the
motion of a body carrying the line that generates it. Important contributions
to the curvature theory can be found for instance in [7, 12–17]. The geometry
of ruled surfaces has been widely applied in design and manufacturing of the
products and many other areas such as motion analysis and simulation of rigid
bodies and model-based object recognition systems [7, 12, 14–17]. The study
of line trajectories of general rigid body motions consists of two parts: The
orientation of the moving line defines a cone. The intersection of the cone
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with a unit sphere, centered at the apex of the cone, defines a spherical curve
known as the spherical image or indicatrix of the line trajectory. The location
of the moving line, with respect to a reference point, is defined by a space curve
known as the directrix of the line trajectory.

Rather unexpectedly dual numbers have been applied to study the motion
of a line-trajectory in spatial motion; they seem even be the most appropriate
apparatus for this end. In screw and dual number algebra, the E. Study’s map
concludes: The set of all oriented lines in Euclidean 3-space E3 is in one-to-one
correspondence with set of points of the dual unit sphere in the dual 3-space
D3. More details on the E. Study’s map and screw calculus can be found in
[1–4,6].

In the present work, based on E. Study’s map, the instantaneous invariants
of the relative motion between two dual unit spheres are used for deriving ex-
pressions for the velocity and the acceleration of point trajectories (dual curve).
The curvature properties of line trajectories are calculated in terms of the in-
variants that describe kinematics of the relative motions of two rigid bodies.
The invariants of a line trajectory and their properties are represented by that
of the axodes for deriving a new proof of the Disteli formulae. Then by using
E. Study’s map two line congruences which are the locus of dual points having
specific trajectories and their special cases are discussed by using the invari-
ants of the axodes. Hence, this paper studies the 1st and 2nd order differential
behaviour of the motion of a rigid body in space using “dual numbers”, in
particular the properties of the ruled surface traced out by a straight line.

2. Elements of screw calculus

There is a tight connection between spatial kinematics and the geometry of
line in three-dimensional Euclidean space E3. Therefore we start with recall-
ing the use of appropriate line coordinates: An oriented line L in the three-
dimensional Euclidean space E3 can be determined by a point p ∈ L and a
normalized direction vector x of L, i.e., ‖x‖ = 1. To obtain components for L,
one forms the moment vector

(1) x∗ = p× x

with respect to the origin point in E3. If p is substituted by any point

(2) q = p+µx, µ ∈ R

on L, then Eq. (1) implies that x∗ is independent of p on L. The two vec-
tors x and x∗ are not independent of one another; they satisfy the following
relationships:

(3) 〈x,x〉 = 1, 〈x∗,x〉 = 0.

The six components xi, x
∗
i (i = 1, 2, 3) of x and x∗ are called the normalized

Plűcker coordinates of the line L. Hence the two vectors x and x∗ determine
the oriented line L.
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The set of dual numbers is

(4) D = {X = x+ εx∗ |x, x∗ ∈ R, ε 6= 0, ε2 = 0}.
This set is a commutative ring under addition and multiplication. This set
cannot be a field under these operations, because 0 + εx∗ has no multiplication
inverse in D. But this ring has a unit element according to multiplication. A
dual number X = x+εx∗ is called proper if x 6= 0. An example of dual number
is the dual angle subtended by two skew lines in the 3-dimensional Euclidean
space E3 and defined as Θ = ϑ + εϑ∗ in which ϑ and ϑ∗ are, respectively, the
projected angle and the minimal distance between the two lines.

For all pairs (x,x∗) ∈ E3 × E3 the set

(5) D3 = {X = x + εx∗, ε 6= 0, ε2 = 0}
together with the scalar product

(6) 〈X,Y〉 = 〈x,y〉+ ε(〈y,x∗〉+ 〈y∗,x〉)
forms the dual 3-space D3. Thereby a point X = (X1, X2, X3)t has dual coor-
dinates Xi = (xi + εx∗i ) ∈ D. The norm is defined by

(7) 〈X,X〉 12 := ‖X‖ = ‖x‖ (1+ε
〈x,x∗〉
‖x‖2

).

In the dual 3-space D3 the dual unit sphere is defined by

(8) K = {X ∈D3 | ‖X‖2 = X2
1 +X2

2 +X2
3 = 1}.

Definition of dual unit sphere gives us that all points X of K must satisfy two
equations;

(9) x21 + x22 + x23 = 1, x1x
∗
1 + x2x

∗
2 + x3x

∗
3 = 0.

Via this we have the following map ([7,14–17]) (E. Study’s map): The set of
all oriented lines in the Euclidean 3-space E3 is in one-to-one correspondence
with the set of points of dual unit sphere in the dual 3-space D3. The rep-
resentation of directed lines in E3 by dual unit vectors brings about several
advantages and from now on we do not distinguish between directed lines and
their representing dual unit vectors.

2.1. One-parameter dual spherical motions

Consider two dual unit spheres Km and Kf . Let O be the common center and
two orthonormal dual coordinate frames {O; E1,E2,E3} and {O; F1,F2,F3}
be rigidly linked to the dual unit spheres Km and Kf , respectively. We suppose
that {O; F1,F2,F3} is fixed, whereas the elements of the set {O; E1,E2,E3}
are functions of a real parameter t ∈ R (say the time). Then we say that
dual unit sphere Km moves with respect to the fixed dual unit sphere Kf . This
motion is called a one-parameter dual spherical motion and will denoted by
Km/Kf . If the dual unit spheres Km and Kf correspond to the line spaces Hm

and Hf , respectively, then Km/Kf corresponds to the one-parameter spatial
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motion Hm/Hf . Therefore Hm is the moving space with respect to the fixed
space Hf . We also introduce a further dual unit sphere Kr generated by the
right-handed dual system {O; R1,R2,R3} which is defined below.

It is well known that there is an instantaneous screw axis (ISA) for the
one-parameter spatial motion Hm/Hf . At any instant t ∈ R, the ISA traces
a moving axode πm in Hm, and fixed axode πf in Hf . By the first order
instantaneous invariants of the motion Km/Kf we take R1(t) = r1(t) + εr∗1(t),

as the ISA of the motion Hm/Hf , and R2(t) := r2(t) + εr∗2(t) = dR1

dt

∥∥dR1

dt

∥∥−1

as the common normal of two separated screw axes. A third dual unit vector is
defined as R3(t) = R1 ×R2. This frame is called the relative Blaschke frame,
and the corresponding lines intersect at the common striction (central) point
S of the axodes πi (i = m, f). The dual arc length dSi = dsi + εds∗i of the
axodes is

(10) dSi =

∥∥∥∥dR1

dt

∥∥∥∥ dt = Pdt.

Since P = p + εp∗ contains only first derivatives of R1(t), it is a first order
property of the motion Km/Kf , in particular is its dual speed. We designate
dS = ds + εds∗ to represent dSi, since they are equal to each other. The
common distribution parameter of the axodes reads

(11) λ(s) :=
ds∗

ds
=
p∗

p
.

Applying E. Study’s map: In each position of the motion the axodes have the
ISA of the position in common; that is the moving axode contact with the fixed
axode along the ISA in the first order at any instant t [1–4]. If dash is denote
derivation with respect to S, then the derivative equation of the dual spherical
motion Kr/Ki is:

(12) Kr/Ki :

 R
′

1

R
′

2

R
′

3

 = Ωi ×

 R1

R2

R3

 ,

where

(13) Ωi := ωi + εω∗
i = ΣiR1 + R3

is referred to as the Darboux vector of the moving Blaschke frame. The dual
function Σi = γi + εγ∗i (i = m, f) is the dual geodesic curvatures of the axodes
πi (i = m, f), that means is defined by

(14) Σi = γi + ε(Γi − µγi) = det(R1,R
′

1,R
′′

1 ).

The functions γi(s), Γi(s) and λ(s) are called the curvature (construction)
functions of the axodes.
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Now let us suppose that the relative Blaschke frame is fixed in Km. Then
its displacement with respect to Kf is

(15) Km/Kf :

 R
′

1

R
′

2

R
′

3

 = Ω×

 R1

R2

R3

 ,

where

(16) Ω := Ωf−Ωm = ΩR1

is referred to as the relative Darboux vector of the moving Blaschke frame.
‖Ω‖ = Ω = ω+ εω∗ = γr + ε (Γr − λγr) is the relative dual geodesic curvature.
It follows ω = γf − γm and ω∗ = Γf − Γm − λ (γf − γm) are the rotational
angular speed and translational angular speed of the motion Hm/Hf , as well
they are both invariants in kinematics, respectively.

Hence, the following corollary can be given [1–4].

Corollary 1. During the motion Hm/Hf , at any instant t, the pitch of the
motion can be expressed as;

(17) h(s) :=
ω∗

ω
=

Γf − Γm

γf − γm
− λ.

In order to leave out the pure translational motions we shall suppose that
ω∗ 6= 0. Moreover we exclude zero divisors ω = 0. In this work we shall
study only nontorsional motions, so that the axodes are non-developable ruled
surfaces (λ 6= 0).

2.2. A line trajectory and its moving frames

During the one-parameter spatial motion Hm/Hf , each fixed line X of the
moving space Hm, generally, generates a ruled surface in the fixed space Hf

will be denoted by (X) and its generator in Hm by X. Then, we may write

(18) X =XtR, X =

 X1

X2

X3

 =

 x1 + εx∗1
x2 + εx∗2
x3 + εx∗3

 , R =

 R1

R2

R3

 .

The derivative X
′

of X fixed in Km is [3]:

(19) X
′

= Ω×X, Ω = ΩR1.

Hence, the dual arc length dU = du+ εdu∗ of X(S) is:

(20) dU =
∥∥∥X′

∥∥∥ dS = Ω(1 + ελ)
√

1−X2
1ds.

The second derivative of X
′′

with respect to S is

X
′′

= Ω× (Ω×X) + Ω
′
×X = −Ω2X + 〈Ω,X〉Ω + Ω

′
×X

= X3ΩR1 − (X2Ω2 +X3Ω
′
)R2 + (X2Ω

′
−X1Ω−X3Ω2)R3.(21)
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In order to research of the properties of (X), the Blaschke frame {O; X(S),
T(S), G(S)} of X(S) is established as

(22) X = X(S), T(S) = X
′
∥∥∥X′

∥∥∥−1

, G(S) = X×T.

Likewise the Blaschke formula of X = X(S) is:

(23)
d

dU

 X
T
G

 =

 0 1 0
−1 0 Σ
0 −Σ 0

 X
T
G

 ,

where

(24) Σ = γ + εγ∗ = γ + ε(Γ− γµ) =
X1Ω(1−X2

1 ) +X3

Ω(1−X2
1 )

3
2

is called the dual geodesic curvature of the dual curve X = X(U). The dual
unit vectors X, T, and G corresponds to three concurrent mutually orthogonal
lines in Euclidean 3-space E3. Their point of intersection is the central point
C on the ruling X. G(S) is the limit position of the common perpendicular to
X(S) and X(S + dS), and is called the central tangent of the ruled surface at
the central point. The locus of the central points is called the striction curve.
The line T is called the central normal of X at the central point. As we have
for the tangent vector of striction curve C(u) [2–4]:

(25)
dC

du
= Γx + µg.

The functions γ(u), Γ(u) and µ(u) are called the curvature functions or con-
struction parameters of the ruled surface.

The Serret-Frenet frame is made up of the lines {T,N,B} where B is the
binormal and N is the principal normal. The Serret-Frenet frame and the
Blaschke frame are separated by a dual angle, Φ = ϕ + εϕ∗. Using this dual
angle, the relative orientation is given by:

(26)

 T
N
B

 =

 0 1 0
− sin Φ 0 cos Φ
cos Φ 0 sin Φ

 X
T
G

 .

It is obvious that B is the Disteli-axis (curvature axis or evolute) of the ruled
surface (X). The dual arc length derivative of the Serret–Frenet frame is gov-
erned by the relations:

(27)
d

dU

 T
N
B

 =

 0 K 0
−K 0 T
0 −T 0

 T
N
B

 ,

where

(28)
K := k + ε

γ(Γ− γµ)

k
=
√

1 + Σ2, T := − 1

K2

dΣ

dU
= −dΦ

dU
,

Σ := γ + ε(Γ− µγ) = cot Φ = cotϕ− εϕ∗(1 + cot2 ϕ),



ON THE CURVATURE THEORY OF A LINE TRAJECTORY 339

K and T are called curvature function and the dual torsion function, respec-
tively.

3. Curvature theory of a line trajectory

When a rigid body undergoes constrained motion in the Euclidean 3-space
E3, the ruled surface (X) is referred to as the line trajectory. Since, all
kinematic-geometric properties can then be described with the invariants of
the axodes of the one-parameter spatial motions Hm/Hf . Then, the line tra-
jectories may are related to these invariants.

Eq. (19) implies that X
′

is dual vector orthogonal to both Ω and X. If
Θ = ϑ+ εϑ∗ is the dual angle between Ω and X, then we can write:

(29)
∥∥∥X′

∥∥∥ = Ω sin Θ.

Then there exists a common perpendicular L of R1 and T (see Figure 1).
Therefore, with the selected sense of rotation angles, one can write:

(30) X = cos ΘR1 + sin ΘL.

Also, the dual angle Ψ = ψ + εψ∗ made by the dual unit vectors R3 and T
leads to

(31) L = cos ΨR2 + sin ΨR3.

Hence, we can write out the components of X in the following form:

(32) X = cos ΘR1 + sin Θ (cos ΨR2 + sin ΨR3) ,

where the dual angles Ψ = ψ + εψ∗, and Θ = ϑ + εϑ∗ with ψ∗, ϑ∗ ∈ R,
0 ≤ ψ ≤ 2π, and 0 ≤ ϑ ≤ π. Hence, using the Eqs. (24), and (28), the dual
geodesic curvature function Σ = Σ(U), and the dual torsion function T = T (U)
of the dual curve X = X(U) are obtained as

(33)

Σ = cot Θ +
sin Ψ

Ω sin2 Θ
,

T = −Ω [3 cos Θ sin Ψ + (Ω− Σm) sin Θ] cos Ψ− Ω
′
sin Θ sin Ψ

Ω2K2 sin3 Θ
.

A similar set of coordinates may be used to identify the Disteli-axis by the
equation

(34) B = cos ΘcR1 + sin ΘcL.

3.1. The Disteli formulae

The Euler-Savary equation in planar kinematics relates the position of a
point to the position of its center of curvature and is the basis for a graphical
construction yielding one given the other [5,8,9]. In 1914, Disteli [6] succeeded
in determining a curvature axis for the generating line of a ruled surface and
extended the planar construction of Euler-Savary equation to a line trajectory
in spatial kinematics. Although the Disteli formulae of a line trajectory had



340 R. A. ABDEL-BAKY

Figure 1

been introduced by [1–4, 7], some notations should be cleared. We shall give
a new method to have new Disteli formula of spatial kinematics by means of
dual distance approximations. This means we seek the oriented line X in the
moving space Hm which at a constant dual distance from a given oriented line
Y in the fixed space Hf . So, we consider the dual angle ρ̃ = ρ+ ερ∗ of two the
dual unit vectors Y, and X

(35) ρ̃ = cos−1 (〈Y,X〉) ,

such that Y, and ρ̃ remain constant up to the second order at S = S0, i.e.,

(36) ρ̃
′
| S = S0 = 0, X

′
| S = S0 = 0,

and

ρ̃
′′

| S = S0 = 0, X
′′

| S = S0 = 0.

We have for the first order

(37) 〈X
′
,Y〉 = 0,

and for the second order properties

〈X
′′

,Y〉 |= 0.

Then, ρ̃ will be invariant in the second approximation if and only if Y is the
Disteli-axis B of (X), that is,

(38) ρ̃
′

= ρ̃
′′

= 0⇔ Y=
X

′ ×X
′′

‖X′ ×X′′‖
=±B.

Hence, by a direct calculation, the following corollary can be given.

Corollary 2. During the motion Hm/Hf , at any instant t, B = B(S) is a

constant dual vector if and only if Σ
′

= 0.
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According to this corollary, and from Eq. (26), the generators of (X) are

inclined at a constant dual angle to the Disteli-axis if and only if Σ
′

= 0.
Thus locally the ruled surface (X) is traced during a one-parameter spatial
motion of pitch h(s) about the constant Disteli-axis B, by the line X located
at a constant distance ϕ∗ and constant angle ϕ relative to B. This implies
the striction curve of (X) is a cylindrical curve. The constant Disteli-axis
conditions can be described by the following corollary.

Corollary 3. During the motion Hm/Hf , at any instant t, (X) is a constant
Disteli-axis ruled surface if and only if the following holds

(39) Σ
′

= 0⇔ dγ

ds
= 0, and

dΓ

ds
= γ

dµ

ds
.

On the other hand, substituting Eqs. (19), and (21) into Eq. (38), we have

(40) ±B = Ω2

[[
Ω(1−X2

1 ) +X1X3

]
R1 +X3X2R2 +X2

3R3∥∥X′ ×X
′′∥∥

]
.

Thus, from Eqs. (34), and (40), one finds that:

(41)
Ω(1−X2

1 ) +X1X3

cos Θc
=

X2X3,

sin Θc cos Ψ
=

X2
3

sin Θc sin Ψ
.

Combining Eqs. (18), (32), and (41), we have:

(42) cot Θc − cot Θ =
Ω

sin Ψ
.

This is exactly dual extension of the Euler-Savary equation from ordinary spher-
ical kinematics (compare with [1–4,7]). So, we arrive by means of the real and
dual parts of Eq. (42), as

(43)

cotϑc − cotϑ =
ω

sinψ
,

ϑ∗

sin2 ϑ
− ϑ∗c

sin2 ϑc
=

ω

sinψ
(ψ∗ cotψ − h) .

The above equations are defined as the Disteli formulae of a line trajectory in
spatial kinematics. Now, the properties of the Disteli formulae of line trajectory
are investigated in detail. According to Figure 1, the sign of ϑ∗ (+ or −) in
the above equation indicates that the position of X is located on the positive
or negative direction of the central normal T at the central point C. Since
the central points of the line’s trajectories are on the normal plane, when
the direction of their generators are defined by the dual unit vector X with
dual angle (Θ,Ψ) with respect to the fixed axode according to Eq. (32), the
Disteli formula can be displayed in the plane Sp{R1,T}. Hence, any arbitrary
point C(ψ∗, ϑ∗) on the plane Sp{R1,T} is defined as central point of the
line trajectory whose generators is the oriented line X and the radius can be
calculated by the second expression of Eq. (43); Figure 1 shows its length which
is the line segment from the point P to the point C on the plane Sp{R1,T}.
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Moreover, the vector from P to C is in the direction of T if ϑ∗ > 0 and in the
opposite direction of T if ϑ∗ < 0. In addition, the central point C(ψ∗, ϑ∗) may
be on the Disteli axis B if ϑ∗ = ϑ∗c , and on the ISA if ϑ∗ = 0. In the latter case
the central point C(ψ∗, θ∗) can be determined by letting ϑ∗ = 0 in the second
expression of Eq. (43) which is simplified as a linear equation

(44) L : ψ∗ =

(
−ω cosψ

sin2 ϑc

)
ϑ∗c + h tanψ.

Eq. (44) is linear in the position coordinates ψ∗and ϑ∗c of the Disteli’s axis B.
Therefore, for a one-parameter spatial motion Hm/Hf the lines in a given fixed
Disteli-axis in Hm-space lie on a plane. The line L will change its position if
the parameter ϑ∗c is defined as a different value, but ψ = constant. However,
a family of line envelope a curve on the plane Sp{R1,T}. Meanwhile, the
position of the plane is different if the parameter ψ of a line has different value,
but ϑ∗c = constant. Therefore, the set of all lines L defined by Eq. (44) is a line
congruence for all values of (ψ∗, ϑ∗c). These results provide a simple geometrical
means for the geometrical properties of the Disteli formulae of a line trajectory.

On the other hand, we can derive another dual version of the Euler-Savary
equation as follows: As shown in Fig. 1, the dual spherical radius of curvature
Φ meets equation Φ = Θc −Θ. Then, we have the identity

(45) cot Θc = cot(Φ + Θ).

Combining the two Eqs. (42), and (45), we have:

(46) cot Φ− cot Θ =
sin Ψ

Ω sin2 Θ
.

By separating the real and the dual parts, respectively, we get:

(47) cotϕ− cotϑ =
sinψ

ω sin2 ϑ
,

and

(48) ϕ∗ =
sin2 ϕ

ω sin2 ϑ
{(ω + 2 cotϑ sinψ)ϑ∗ + h sinψ − ψ∗ cosψ} .

These equations are new Disteli formulae for spatial motion; the first expression
reveals the relationship between the positions of the line (generator) in the
moving space Hm and the Disteli-axis B corresponding to a line trajectory.
The second one describes the distance from the line X to the Disteli-axis B.
The striction point C(ψ∗, ϑ∗) may be on the ISA if ϑ∗ = 0 (ϕ∗ = ϑc) and on
the Disteli-axis B if ϕ∗ = 0 (ϑ∗c = ϑ∗).

3.2. Line congruences

According to E. Study’s map, four independent parameters defining an ori-
ented line (line complex), so it is possible to intersect any two of line complexes
and obtain a finite number of lines (line congruence) with associated properties.
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The intersection of two independent linear congruences represents a differen-
tiable family of straight lines in Euclidean three-space E3 which we call a ruled
surface. We are interesting to research the geometrical properties and kine-
matics of the line trajectory (X). So, we arrive by means of the real and dual
parts of Eq. (33), at

(49) x(ϑ, ψ)= (cosϑ, sinϑ cosψ, sinϑ sinψ) ,

and

(50) x∗(ϑ, ϑ∗, ψ, ψ∗) =

 −ϑ∗ sinϑ
ϑ∗ cosϑ cosψ − ψ∗ sinψ sinϑ
ϑ∗ cosϑ sinψ + ψ∗ cosψ sinϑ

 .

Let y(y1, y2, y3) denote a point on the oriented line X. We can write:

(51) y(ϑ, ϑ∗, ψ, ψ∗, v)= x× x∗ + vx, v ∈ R,

which represent four parameter family of oriented lines. This four parameter of
family of lines composes of ruled surfaces y(ϑ, ψ0, ψ

∗
0 , ϑ

∗
0, v), y(ϑ∗, ψ0, ψ

∗
0 , ϑ0, v),

y (ψ, ϑ0, ψ
∗
0 , ϑ

∗
0, v), and y (ψ∗, ψ0, ϑ0, ϑ

∗
0, v) in Hf -space. Here ψ0, ψ

∗
0 , ϑ

∗
0, and

ϑ0 are real constants.

3.2.1. Inflection line congruence. At every instant, in the motion Hm/Hf ,
the locus of line trajectories with Σ = 0 is spatial equivalent of the well-known
inflection circle in planar kinematics [1–3, 5, 8, 9]. In this instance the line
trajectories lie on a dual great circle up to the second order, that is,

(52) Σ = 0⇔ γ + ε(Γ− µγ) = 0⇔ γ = 0, and Γ = 0.

From Eq. (25) it may be implied that the striction curve of a line trajectory
of in the inflection congruence will have a tangent orthogonal to its generator.
Note that the striction point is the origin of the relative Blaschke frame, i.e.,
S = 0, see Fig. 1. In this instant, the lines X, T and B constitute the Blaschke
frame and are intersected at the striction point C of the ruled surface X =
X(S). Namely, Φ = 0⇔ ϕ∗ = 0, and ϕ = π/2.

Identification of lines of the inflection line congruence. In order to
identify the lines of the inflection line congruence, from Eqs. (33), and (52), we
have:

(53) Ω sin Θ cos Θ + sin Ψ = 0.

The real part of Eq. (53) identifies the inflection cone for the spherical part of
the motion Hm/Hf , and is given by

(54) C : ω sinϑ cosϑ+ sinψ = 0.

Associated with the direction of a line X on the inflection cone C there is a
plane π defined by the dual part of Eq. (53). The plane π is given by

(55) π : ω∗ sin 2ϑ+ 2ωϑ∗ cos 2ϑ+ 2ψ∗ cosψ = 0.
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Therefore, the inflection line congruence consists of a set of planes π, each of
which is associated with a direction of the inflection cone C. If Eq. (54) is
solved with respect to ϑ, we get:

(56) sin 2ϑ = −
(

2 sinψ

ω

)
, and cos 2ϑ = ± 1

ω

√
ω2 − 4 sin2 ψ.

Substituting this into Eq. (55) we obtain the equation

(57) π : h sinψ ∓
√
ω2 − 4 sin2 ψϑ∗ − ψ∗ cosψ = 0.

Equation (57) is linear in the position coordinates ψ∗and ϑ∗ of the oriented
line X. Therefore, for a one-parameter spatial motion Hm/Hf the lines in a
given direction fixed in Hm-space lie on a plane. As shown in Fig. 2, the angle
ψ identifies the central normal T, thus Eq. (57) defines two lines L+ and L−

in the plane spanned by T and the ISA (L+, and L− are corresponding to
the inflection circle in planar kinematics). If the distance ϑ∗ along the central
normal T from the ISA, is taking as the independent parameter, then Eq. (55)
may be written

(58) π : ψ∗ = ∓
√
ω2 − 4 sin2 ψ

cosψ
ϑ∗ + h tanψ.

We remark that L+ (or L−) will change its position if the parameter ϑ is
defined as a different value, but ψ = constant. Meanwhile, the position of the
plane π is different if the parameter ψ of L+ (or L−) has different value, but
ϑ = constant. Therefore, the set of all lines L+, and L− defined by Eq. (58) is
the inflection line congruence for all values of (ψ∗, ϑ∗).

Figure 2

Now, the properties of the inflection line congruence are investigated in
detail. According to Figure 2, the two lines L+, and L− are intersected with
the ISA at distance h tanψ. For the direction ψ = 0 these lines passing through
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the origin (S = 0) and achieve their minimal slope is ±ω. For ψ = π/2, these

lines are parallel and on either side of the ISA at distance h/
√
ω2 − 4. For

ω < 1 the two values of ϑ (+ or −) can always be determined and the two lines
L+, and L− are defined. If ω = 1, and ψ = 0, then Eq. (58) becomes:

(59) π : ψ∗ = ±ϑ∗.
If ω > 1, then there is a range of values of ψ for which ϑ and ϑ∗ are undefined.
(In fact we have imposed sinψ < (ω/2).) Denoting by ϑ∗+ is the value of ϑ∗ in
Eq. (58) associated with the positive sign of the values of ϑ∗, we can write:

(60) ϑ∗+ =
1√

ω2 − 4 sin2 ψ
(ψ∗ cosψ − h sinψ) .

The substitution of Eq. (60) into the second expression of Eq. (43) yields

(61)
ϑ∗c

sin2 ϑc
− ϑ∗

sin2 ϑ
=

(
ω
√
ω2 − 4 sin2 ψ

sin2 ψ

)
ϑ∗+.

This equation identify the position coordinate ϑ∗c of the Disteli axis of the line
trajectory belongs to the inflection line congruence; Fig. 1 shows its length
which is the line from point P to Ct on the plane Sp{T,R1}.
An explicit equation of the inflection line congruence. If Eq. (54) is
solved with respect to ψ, we get:

(62) ψ = − sin−1

(
ω sin 2ϑ

2

)
.

By substituting the above equation into the real part of Eq. (32), we obtain

(63) x(ϑ)=

(
cosϑ,

√
1− ω

4

2
sin2 2ϑ sinϑ,−1

2
ω sin 2ϑ sinϑ

)
; 0 ≤ ϑ ≤ π,

which represent the inflection curve of the spherical part of the motion Hm/Hf ,
see Figure 4. In view of Eqs. (49)-(51), (58), and (62), we obtain the equation
of the inflection line congruence

(64)

y1 = ψ∗ sin2 ϑ+ v cosϑ,

y2 = ϑ∗ sin−1

(
ω sin 2ϑ

2

)
− 1

2

√
4− ω2 sin2 2ϑ(ψ∗ cosϑ− v) sinϑ,

y3 =
ϑ∗

2

√
4− ω2 sin2 2ϑ+ (ψ∗ cosϑ− v) sinϑ sin−1

(
ω sin 2ϑ

2

)
,

ψ∗ = ∓2ω

√
1− sin2 2ϑ

4− ω2 sin2 2ϑ
ϑ∗ − ω∗ sin 2ϑ√

4− ω2 sin2 2ϑ
; v, ϑ∗ ∈ R.

This line congruence composes of the ruled surfaces y(ϑ, ϑ∗0, v), and y (ϑ∗, ϑ0, v).
So, if we choose ω = ω∗ = 0.5, and ϑ∗ = 0, then Eq. (64) represents a ruled
surface in this inflection line congruence. The graph of the ruled surface is
shown in Figure 3; v ∈ [2, 2].
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Figure 3 Figure 4

3.2.2. Torsion line congruence. At every instant, in the motion KmKf , the

locus of points with T = 0 (Σ
′

= 0) is the dual cubic of stationary curvature of
spherical kinematics; the osculating circle have contact of at least third order
with the curve X = X(U), that is,

(65) T = 0
(

Σ
′

= 0
)
⇔ dγ

du
= 0, and

dΓ

du
= γ

dµ

du
.

In this instance the line trajectories is the set of lines which maintain the same
dual angle with respect to their Disteli axis B to the third order. For this reason
the set of all lines in the moving space Hm is called torsion line congruence. This
line congruence given by the intersection of two line complexes, the condition
T = 0 is equivalent to the two conditions τ = 0, and τ∗ = 0 each of which is a
line complex. In a similar way, substituting T = 0 into the second expression
of Eq. (33), we have:

(66) cot Θ = A csc Ψ +B sec Ψ,

where

(67) A(u) = a+ εa∗ =
3

Σm − Ω
, B(u) = b+ εb∗ =

3Ω

Ω′ .

If Eq. (66) is solved with respect to the angle Θ, then

(68) Θ = cot−1 (A csc Ψ +B sec Ψ)

is obtained. Thus, the torsion line congruence is parameterized by Ψ as:

(69) X(Ψ)=
1√

1 + (A csc Ψ +B sec Ψ)2
(A csc Ψ +B sec Ψ, cos Ψ, sin Ψ) ,

where 0 ≤ ψ ≤ 2π, and ψ∗ ∈ R. The parametric representation of the spherical
torsion curve is

(70) x(ψ)=
1√

1 + (a cscψ + b secψ)2
(a cscψ + b secψ, cosψ, sinψ) ,
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Figure 5 Figure 6

which represent the spherical part of the motion Hm/Hf , see Figure 5. Simi-
larly, there are associated plane of lines with each direction of the torsion cone,
defined by the dual part:

(71) c1y1 + c2y2 + c3y3 + d = 0,

where c1, c2, c3, and d are functions of the invariants of the motion Hm/Hf .
As in above discussion, we may assume that A csc Ψ + B sec Ψ = 1, then Eq.
(51) represents a ruled surface as:

y(ψ, v) = (
a∗ cosψ + b∗ sinψ

a sinψ − b cosψ + cos 2ψ
, v cosϑ, v sinϑ), v ∈ R.

If we take ψ ∈ [6π/5, 9π/5], a = 0.9, a∗ = 0.09, b = b∗ = 0.09, and v ∈ [−1, 1]
then we immediately obtain a ruled surface in the torsion line congruence; see
Figure 6.

3.2.3. Ball lines. At every instant, in the motion KmKf there are some points

having Σ = 0, and T = 0 (or Σ
′

= 0). These points yield the dual spherical
analogs of the Ball points of planar and spherical motions [5, 8, 9]. The inter-
section lines of inflection and torsion line congruences are Ball ruled surfaces
In this instance the line trajectories maintain their central tangent G to the
third order and satisfy Eqs. (53), and (65), that is,

(72) F1 cos8 Θ + F2 cos6 Θ + F3 cos4 Θ + F4 cos2 Θ + F5 = 0,

where

(73)

F1 = −Ω4,
F2 = Ω4 − 2Ω3A,
F3 = 2Ω3A− Ω2(B2 +A2 + 1),
F4 = Ω2(B2 +A2)− 2ΩA,
F5 = −A2.

Eq. (73) has eight solutions for the parameter Θ and then eight Ball ruled
surfaces can be determined. But due to the sign of ϑ∗(+ or −) in the above
equation indicates that the positions of the Disteli axis B is located on the
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positive or negative direction of the central normal T of a line trajectory (X)
at the striction point C. It means at most four Ball ruled surfaces can be found
at any instant.

3.2.4. Burmester lines. At every instant, in the motion KmKf , there are some

points having T
′

= 0 (this equivalent to Σ
′′

= 0). In this instance the line
trajectories is the set of lines which maintain the same dual angle with respect
to their Disteli axis B to the fourth order, that is,

(74) Σ 6= 0, Σ
′
6= 0, Σ

′′
= 0.

Then, we have the condition Σ
′′

= 0 or:

(75)
(1 + tan2 Ψ)[A2(2− Σm

A
) +A2(

B

3A
− A

′

A2
) tan Ψ +B2(1− B

′

B2
) tan2 Ψ

+B2(Σm −A) tan3 Ψ−B2 tan Ψ] + tan2 Ψ = 0.

Therefore, the Burmester lines (ruled surfaces) are given by the intersection

of the torsion line congruence of Eq. (65) and the line congruence of Σ
′′

= 0.
Since the parameters A, B and their derivatives have definite values, the above
equation is a sixty algebraic equation, the number of roots does not exceed six.
Therefore, there exist at most six Burmester ruled surfaces in the moving body
in spatial motion.

If a Ball ruled surface is at the same time a Burmester ruled surface, the
line trajectory is a helicoid. Such ruled surface may be called Ball-Burmester
ruled surface, since the number of Ball ruled surfaces cannot be more than
four, the maximum number of the helicoids can be four. For their parametric
representations, the polynomials in Eqs. (72), and (75) should have a common
solution. For this reason, the resultant of these polynomials should be zero.
This equation depending on the coefficients of both these polynomials is an
existing condition of these Ball-Burmester ruled surfaces.

4. Conclusion

Mathematical techniques used in E. Study’s map have been shown to be
suitable for the study of geometry and kinematic of a line trajectory. Interest-
ingly, the results somewhat illustrate the analogies between geometry of curves
and line trajectories in E3. Based on the axodes, the curvature theory for a line
of a rigid body in one-parameter spatial motion is revealed. The Euler-Savary
analogue of a line trajectory is established, and the inflection and torsion line
congruences are revealed. Hopefully these results will lead to a wider usage
of the geometric properties of the ruled surfaces traced by lines embedded in
spatial mechanisms.
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