
Case studies on the probabilistic characteristics of ultimate strength of
stiffened panels with uniform and non-uniform localized corrosion
subjected to uniaxial and biaxial thrust

Jinju Cui a, b, 1, Deyu Wang a, b, *, 2, Ning Ma a, b, 3

a State Key Laboratory of Ocean Engineering, Shanghai Jiao Tong University, Shanghai, China
b The Collaborative Innovation Center for Advanced Ship and Deep-Sea Exploration, Shanghai, China

a r t i c l e i n f o

Article history:
Received 30 August 2016
Received in revised form
11 February 2018
Accepted 15 February 2018
Available online 22 March 2018

Keywords:
Bi-axial ultimate strength
Bottom structures
Uniform corrosion
Non-uniform localized pitting corrosion
Probabilistic characteristics

a b s t r a c t

Based on Nonlinear Finite Element Analysis (NFEA), this paper focuses on the bi-axial ultimate strength
of typical bottom structures under corrosion. On one hand, uniform and not simultaneous corrosion
across different structures is introduced, and surrogate models by Gaussian Process (GP) are built for
both longitudinal and transverse cases individually, and corresponding probabilistic characteristics are
investigated; meanwhile, corrosion effects on interaction between bi-axial stresses at ultimate state are
studied. On the other hand, non-uniform localized pitting corrosion of normally distributed circular
shapes is introduced, and different pitting corrosion densities are considered; structural bi-axial ultimate
strengths under pitting corrosion are studied, and the results are compared with that from equivalent
uniform corrosion; the probabilistic characteristics of structural ultimate strength in life cycle are
studied; finally, the ultimate strength under randomly distributed pitting corrosion is compared with
results from normally distributed pitting and uniform corrosion under various boundary conditions.
© 2018 Society of Naval Architects of Korea. Production and hosting by Elsevier B.V. This is an open access

article under the CC BY-NC-ND license (http://creativecommons.org/licenses/by-nc-nd/4.0/).

1. Introduction

Corrosion takes place and can be a significant source of ship
structural strength degradation. Many researchers have devoted to
corrosion growth models regarding to available statistics, e.g.
several researchers supposed corrosion follows a linear decrease of
plate thickness with time (Guedes Soares and Garbatov, 1996; Sun
and Bai, 2003; Wirsching et al., 1997), which means constant
corrosion rate is adopted throughout the whole life cycle; Funda-
mental investigation on the corrosion mechanism of the unpro-
tected steel specimen has been made by Melchers (Melchers, 1995,
1997, 1998, 1999), and he has extended original linear and bilinear
models (Southwell et al., 1979) and introduced second statistical

moment; Yamamoto and Ikegami (1998) studied the degradation of
coating and pitting corrosion of ship's hull, and a consistent
corrosion model is proposed and verified, where the corrosion
progress consists three stages: degradation of paint coatings, gen-
eration of pitting point, and progress of pitting point, and corre-
spondingly three probabilistic models regarding paint coating life,
transition time from active to progressive pitting points and
progress of pitting points are proposed; Paik et al. (1998) developed
probabilistic corrosion rate estimation model for longitudinal
members of bulk carriers, where coating life is assumed following
Normal distribution while corrosion rate is assumed following
Weibull distribution, thus the wear of plate thickness due to
corrosion can be expressed as a power function of the time (year)
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after the corrosion starts, and finally verifications have been made
according to collected corrosion data; Guedes Soares and Garbatov
(1999) proposed a nonlinear corrosion model which assumes
corrosion doesn't happen until coating life is over, and the Proba-
bility Density Function (PDF) can be determined by adopting
Weibull or Log-normal distribution assumptions (Garbatov et al.,
2007; Guo et al., 2008); Qin and Cui (2003) proposed a new
corrosion model which could better describe the corrosion process
of actual steel structures under corrosive environment, where
corrosion rate is assumed to follow the Weibull distribution with
ship age, and finally the four-parameter corrosion model is ach-
ieved, which is proved to be more generous than previous models
by Melchers (1999), Paik et al. (1998), and Guedes Soares and
Garbatov (1999) while the latter models can be regarded as the
special case of the former, whereas the model is only tested on
corrosion of sample steel plated elements due to lack of practical
ship structures corrosion data.

By making comparisons between above corrosion models, we
can find that in the corrosion models proposed by Southwell et al.
(1979) and Melchers (1995, 1997, 1998, 1999), the corrosion pro-
tection system (CPS) was not considered while in the corrosion
models proposed by Paik et al. (1998) and Guedes Soares and
Garbatov (1999), the CPS was considered, and they have assumed
that the corrosion protection is fully effective in the life of CPSwhile
progressive corrosion follows after CPS failure, i.e. no interaction
between the CPS and the environment was considered. However, in
reality, the CPS such as coating will deteriorate gradually and the
corrosion may start as pitting corrosions before the CPS loses its

complete effectiveness (Yamamoto and Ikegami, 1998). Based on
above phenomenon, in the corrosionmodels by Qin and Cui (2003),
the gradual degradation of CPS in considered, and thus three stages
are introduced, i.e. (1) no-corrosion stage when CPS is fully effec-
tive; (2) corrosion accelerating stage when pitting corrosion hap-
pens and progresses; (3) corrosion decelerating stage after
maximum corrosion rate is reached at the end of the second stage.
Finally, four-parameter corrosion model is derived, and its flexi-
bility is verified by matching corrosion data of sample steel plate,
whereas its application is unknown due to lack of practical corro-
sion data in ships.

In addition to corrosive environments, bi-axial compression
exists in the bottom structures and can be a major cause of struc-
tural failure. The corresponding ultimate strength is a critical

Nomenclature

CSR Common Structural Rules
DNV Det Norske Veritas
FYH Fujikubo/Yanagihara/Harada formula
GP Gaussian Process
IACS International Association of Classification

Societies
MCS Monte Carlo Simulation
MIGA Multi-Island Genetic Algorithm
MPC Multi-Point Constraint
MSE Minimum Square Error
NFEA Nonlinear Finite Element Analysis
PDF Probability Density Function
PULS Panel Ultimate Limit State, DNV GL program

Fig. 1. “1/2 þ 1þ1/2 span & 1/2 þ 1þ1/2 bay” model. Fig. 2. Initial deflection modes (a. global; b. local thin-horse; c. tripping).
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problem in practical structural designs, and many researchers have
investigated into this, e.g. Fujikubo and Yao (1999) studied the
elastic buckling strength by introducing torsional rigidity to
simulate the interaction between stiffener and plate; An extensive
study was made on the ultimate strength of continuous plates and
continuous stiffened panels under combined transverse thrust and
lateral pressure (Fujikubo et al., 2005a, 2005b); Tanaka et al. (2014)
compared the ultimate strength results of stiffened panels with
several existing methods, such as CSR (IACS, 2006), PULS (DNV,
2005) and FYH (Harada, 2004; Harada et al., 2004, 2007), and
concluded that the PULS and FYH method can give good estima-
tions. Taking corrosion into consideration, Paik et al. (2004)
investigated the ultimate strength characteristics of steel plate el-
ements with pit corrosion wastage and under in-plane shear loads,
and derived closed-form formulas. Wang et al. (2015) studied the
behavior of steel stiffened plates subjected to weld-induced
grooving corrosion using NFEA, and conclude that grooving
corrosion can cause a significant reduction in ultimate strength.

In this paper, based on computer program Abaqus and original
programs of initial deflection generation and periodic boundary
condition setting, the bi-axial ultimate strength of bottom struc-
tures in a typical 5100 TEU container ship under corrosion is
studied. Due to the lack of relevant corrosion statistical data in
container ships, the corrosion model for bulk carriers by Guedes
Soares and Garbatov (1999) is employed instead with corrosion
parameters derived from practical statistics data (Garbatov and
Guedes Soares, 2009). On one hand, uniform and not simulta-
neous corrosion across different structures is introduced, and sur-
rogate models by Gaussian Process (GP) are built for bi-axial
ultimate strengths individually, and corresponding ultimate
strength probabilistic characteristics are investigated, and the
interaction relations of bi-axial loads at ultimate state are studied
considering corrosion effects. On the other hand, non-uniform
localized pitting corrosion is introduced, and corresponding ulti-
mate strength is studied, and the relationship between ultimate
strength and corrosion depths and densities is studied considering
perforation, and the probabilistic characteristics and biaxial inter-
action relation of ultimate strength are studied, and relationships
between ultimate strength and residual minimum sectional area

are compared for both normally/randomly distributed pitting and
uniform corrosion.

2. Ultimate strength of stiffened panel under bi-axial loads

In ship structures, stiffened panel is one of the typical local
structures in practical design and analysis. Extensive studies have
been witnessed during the past decades (Fujikubo et al., 2005a,
2005b; Fujikubo and Yao, 1999; Guedes Soares and Gordo, 1996;
Tanaka et al., 2014; Ueda and Yao, 1985; Xu et al., 2013). These
studies include influences of boundary conditions, initial de-
flections and residual stresses on the ultimate strength, while the
loads range from the pure longitudinal thrust to combination of bi-
axial thrust and lateral pressure.

According to previous research (Xu et al., 2013; Tanaka et al.,
2014), the analysis models can be divided into four kinds

Table 1
Coefficients of corrosion model in bottom plates.

d∞(mm) tc(year) tt(year) a b c

1.42 3.17 14.14 7.16 �11.60 7.41

Fig. 3. Illustration of corrosion variables in the stiffened panel model.

Fig. 4. Comparison between surrogate models and NFEAs of ultimate strength in: (a)
longitudinal; (b) transverse thrust.

Fig. 5. Localized pitting corrosion modelling.
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according to modeling extent in each direction along longitudinal
girders and transverse frames, i.e. the “1/2 þ 1/2 span & 1/2 þ 1/2
bay”, “1/2 þ 1/2 span & 1/2 þ 1þ1/2 bay”, “1/2 þ 1þ1/2 span & 1/
2 þ 1/2 bay” and “1/2 þ 1þ1/2 span & 1/2 þ 1þ1/2 bay” models.

In this paper, we studied the ultimate strength of bottom stiff-
ened panel under bi-axial thrust, which can be regarded as a sub-
model derived from the hull girder hogging. Because angle bar
stiffeners are used in the ship structures, the “1/2þ1þ1/2 span& 1/
2 þ 1þ1/2 bay” model is adopted to capture both symmetric and
asymmetric modes. The model is illustrated in Fig. 1, where x, y and
z denote transverse, lateral and longitudinal directions respectively,
and the origin locates at the intersection between longitudinal
girder ‘GH’ and transverse frame ‘AB’. Periodic boundary conditions
are assigned on paired boundaries by Multi-Point Constraints
(MPCs) as follows, where u, v and w denote the translational dis-
placements in x, y and z directions respectively; qx, qy and qz denote
the rotational displacements:

8>><
>>:

u12 ¼ u34; v12 ¼ v34;w12 uniform; w34 uniform
qx;12 ¼ qx;34; qy;12 ¼ qy;34; qz;12 ¼ qz;34
v14 ¼ v23;w14 ¼ w23;u14 uniform; u23 uniform
qx;14 ¼ qx;23; qy;14 ¼ qy;23; qz;14 ¼ qz;23

(1)

At locations of longitudinal girders (‘EF’ and ‘GH’) and transverse
frames (‘AB’ and ‘CD’), simply supported boundary condition is
adopted which allows edges free to be pulled in (Xu et al., 2013;
Tanaka et al., 2014):

8<
:

vAB ¼ vCD ¼ vEF ¼ vGH ¼ 0
qz;AB ¼ qz;CD ¼ 0
qx;EF ¼ qx;GH ¼ 0

(2)

As discussed by Ueda and Yao (1985), due to welding procedure,
both initial deflections and residual stresses exist in ship structures;
they also investigated the modes and magnitudes of initial de-
flections according to measured results. We also follow the con-
clusions that only the magnitude of the stable deflection mode in
post buckling influences the ultimate strength, and thus the pro-
posed modes components with magnitudes are adopted while the
residual stresses are not considered.

Generally, three types of initial deflections exist, i.e. global, local
thin-horse and trippingmode. The global mode can be expressed as
follows with coordinate system and displacements as shown in
Fig. 1.

vglobal ¼ vmax;G sin
�pz
a

�
sin

�px
B

�
(3)

where vmax;G is the magnitude of global deflection which lies
between �0.0007a and 0.0006a according to Yao et al. (1998), and
0.0006a is adopted in this paper; a is the distance between two
adjacent transverse frames; B is the distance between two adjacent
longitudinal girders.

The local thin-horse mode of initial deflection can be expressed
as:

Fig. 6. Four Levels of Normally Distributed Pitting Corrosion with 2, 4, 6 and 10 Pits between Adjacent Stiffeners for (a) ~ (d) respectively (pit diameter 40mm).

Fig. 7. PDF of Uniform Corrosion and Equivalent Uniform Corrosion Truncation for
Pitting (pit diameter 40mm).

J. Cui et al. / International Journal of Naval Architecture and Ocean Engineering 11 (2019) 97e118100



vlocal ¼ vmax;L

�����
XN
i¼1

vi;L sin
�
ipz
a

�
sin

�px
b

������ (4)

where vmax;L is the maximum magnitude which should be the

smaller one of 0:1b2t and 6mm (Smith et al., 1988; Tanaka et al.,
2014), and a 20% difference is made for adjacent local plates to
generate irregularity so that numerical stable results are obtained;
b is the stiffener spacing; N is the total number of local modes
included; vi;L is the magnitude for each component; t is the plate
thickness and b is the slenderness ratio of local plate defined as:

b ¼ b
t

ffiffiffiffiffiffi
sY
E

r
(5)

where sY and E are the yield stress and Young's modulus,
respectively.

The tripping mode of initial deflection for stiffeners can be
expressed as:

utripping ¼ umax;T
y
H
sin

�pz
a

�
(6)

where H is the height of the stiffener; umax;T is the magnitude
between �0.00125a and 0.00135a according toYao et al. (1998),
and �0.001a is adopted in this paper.

The above three initial defection modes are illustrated in Fig. 2
(a)~(c), which are scaled by 30e100 for clear exhibition.

3. Nonlinear uniform corrosion

Nonlinear uniform corrosion is considered in this paper based
on the corrosion model by Guedes Soares and Garbatov (1999), so
the mean value and standard deviation of corrosion depth at time t
can be outlined as follows (t > tc):

MeanðdðtÞÞ ¼ d∞

�
1� exp

�
� t � tc

tt

�	
(7)

StDevðdðtÞÞ ¼ a logðt � tc � bÞ � c (8)

where dðtÞ denotes the corrosion depth; d∞ denotes the long term
corrosion depth; tc denotes the coating effective life; tt denotes the
transition period; a, b, and c are coefficients determined by statis-
tics. Table 1 shows the corrosion coefficients for bottom plates in
bulk carriers (Garbatov and Guedes Soares, 2009). Due to the lack of
relevant corrosion statistics for container ship structures, the above
data is adopted in the following analyses.

The probability density function (PDF) can be determined by
adopting Weibull or Log-normal distribution assumptions
(Garbatov et al., 2007; Guo et al., 2008). As a case study, and noting
the discrepancies are small for the exceeding probabilities below
20%, we adopted the Log-normal distribution in this paper. The PDF,
mean and variance can be expressed as follows, where m and s are
location and scale parameter, respectively.

Fig. 8. Six levels of randomly distributed pitting corrosion.
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f ðx;m; sÞ ¼ 1ffiffiffiffiffiffi
2p

p
sx

exp

"
� ðln x� mÞ2

2s2

#
for x>0 (9)

Mean ¼ exp
�
mþ 1

2
s2

�
(10)

Var ¼
h
exp

�
s2

�
� 1

i
exp

�
2mþ s2

�
(11)

In order to study the difference of corrosion across different
structures in bottom panel and its influences on the ultimate
strength, three corrosion depths variables are considered for the
stiffened bottom panel, as shown in Fig. 3. If we define x1ðTÞ; x2ðTÞ
and x3ðTÞ as the corrosion depths for corresponding structures in
Fig. 3 at age T, then they can be treated as random variables which
follow the nonlinear corrosion models by Guedes Soares and
Garbatov (1999). Both local plates and stiffeners are subjected to

corrosion. The correlation between the corrosion depths variables
is also considered. According to the Log-normal distribution as-
sumptions for corrosion depths variables, lnðx1ðTÞÞ; lnðx2ðTÞÞ and
lnðx3ðTÞÞ follow Normal distributions individually, so in order to
introduce the correlation between them we can assume
thatflnðx1ðTÞÞ; lnðx2ðTÞÞ; lnðx3ðTÞÞ g � NðМ ; SÞ, i.e. if we mark
YT ¼ ½lnðx1ðTÞÞ lnðx2ðTÞÞ lnðx3ðTÞÞ� then PDF of Y is

f ðY jМ ;SÞ ¼ 1

ð2pÞ3=2jSj1=2
exp

�
� 1
2
ðY �МÞTS�1ðY �МÞ

�

(12)

where М and S are the mean and variance of vector variable Y
respectively:

where m1; m2 and m3 are the individual mean value while s1; s2
and s3 are the individual standard deviation for
lnðx1ðTÞÞ; lnðx2ðTÞÞ and lnðx3ðTÞÞ, respectively; c12; c13 and c23
denote the correlation between each variables.

To study the ultimate strength behaviors when the structures
are subject to nonlinear corrosion, Monte Carlo Simulation (MCS) is
employed. On one hand, MCS results are based on hundreds of
thousands of simulations to guarantee the accuracy; on the other
hand, NFEAs are time consuming, so more efficient surrogate
models are necessary. The Gaussian Process (GP) model is hence
employed, detailed implementations of which are as shown in
Appendix.

For the ultimate strength under corrosion in this paper, surro-
gate model by GP is accurate enough with 216 (6� 6� 6) initial
samples. The ultimate stress is normalized to s� by yield stress:

Fig. 10. Stress vs. strain curves for longitudinal and transverse cases.

Fig. 9. Stress distributions at ultimate state under (a) longitudinal and (b) transverse
thrust.

8>>><
>>>:

М ¼ ½m1 m2 m3�T

S ¼

2
64
s211 s212 s213
s221 s222 s223
s231 s232 s233

3
75 ¼

2
4s1

s2
s3

3
5 �

2
4 1 c12 c13
c12 1 c23
c13 c23 1

3
5 �

2
4s1

s2
s3

3
5
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s� ¼ s

sY
(13)

A series of randomly generated samples are selected for com-
parison between surrogate models and NFEA results as shown in

Fig. 4. Apparently predictions by GP approaches the ‘x ¼ y’ curve
better than linear regression; furthermore, the uncertainty in GP
model is very small (variance of ~1e-4 level) which also indicates
high confidence level, which again validates its application in MCS.

Correlations between corrosion are studied in MCS, and

Fig. 11. Comparison of different corrosion models and the influences on ultimate strengths.
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Fig. 12. Comparison of different boundary conditions in longitudinal ultimate strength
analysis for corroded structures.

Fig. 13. Comparison of different boundary conditions in transverse ultimate strength
analysis for corroded structures.
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correlationmatrix S is determined asmentioned before. IfS ¼ RTR,
and Y �M ¼ RTZ, then PDF for Normal distributions can be written
as follows.

f ðY jМ ;SÞ ¼ 1

ð2pÞ3=2jSj1=2
exp

�
� 1
2

�
ZTR

��
RTR

��1�
RTZ

��

¼ 1

ð2pÞ3=2jSj1=2
exp

�
� 1
2

�
ZTZ

��

(14)

Apparently,

f ðY jМ ;SÞjdYj ¼ 1

ð2pÞ3=2jSj1=2
exp

�
� 1
2

�
ZTZ

��
jdYj (15)

where jdYj means the volume of cuboid defined by diagonal vector
of ðdy1;dy2;dy3Þ. Note the volume relations during transformation,

jdYj ¼ jJj,jdZj (16)

where J is the Jacobian matrix, i.e. J ¼ RT ¼
(

vyi
vzj

)

1�i;j�3

; dZ is the

vector in Z space for dY.
By S ¼ RTR, we can calculate determinant of Jacobian matrix as

jJj ¼ ��RT �� ¼ jSj1=2, thus Z follows standard normal distributions:

f ðYjМ ;SÞjdYj ¼ 1

ð2pÞ3=2
exp

�
� 1
2

�
ZTZ

��
jdZj ¼ f ðZjO3; I3ÞjdZj

(17)

So inMCS, we firstly generate samples of Z, then transform them
into Y , and finally obtain the corrosion samples.

Htun et al. (2013) have studied the correlations of non-uniform
corrosion in structures and results indicate high correlations be-
tween neighboring locations. However, no investigation has been

Fig. 14. Comparison between MCS and Log-normal for (a) longitudinal; (b) transverse ultimate strength at 10 year age with correlation of 0.5.
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made for uniform corrosions. As a case study, correlations ranging
from 0 to 1 are covered in this paper. We assume that c12 ¼ c13 ¼
c23 ¼ C. For each combined case an amount of 1eþ06 (100� 100�
100in the 3-dimensional case) samples are generated in MCS, and
the results are normalized as

U0
S ¼ US

US;ori
(18)

where US and US;ori are the ultimate strength under corrosion
samples and intact structures, respectively.

To study the probabilistic distributions of ultimate strength
under corrosion, the relative loss 1� U0

S is used. For each combined
case, the MCS results are analyzed as follows.

mS ¼
Xm
j¼1

sj
m

(19)

s2S ¼ 1
m� 1

Xm
j¼1



sj � mS

�2 (20)

where m is amount of samples; sj is the jth sample; mS and s2S are
the estimation of mean and variance values.

4. Nonlinear non-uniform localized corrosion

On one hand, normally distributed localized pitting corrosion is
considered and is modeled as shown in Fig. 5, where the corrosion
is modeled as circular shape. The diameter is chosen to be 40mm
for normally distributed localized pitting corrosion throughout the
paper which lies within 25e80mm as demonstrated by Paik et al.
(2004). To guarantee the mesh quality and represent the curva-
ture features, more than 10 mesh seeds are applied on circular
boundaries. Meanwhile, measures such as aspect ratio checking are
taken to guarantee mesh quality. The thickness variationwithin the
corroded area is not considered. The corrosions are considered on
one side of the shell surface, e.g. corrosion lies on the outside of
bottom panel plate which reflects the main damage by sea water,
and thus eccentricity is the maximum which can be regarded as a
conservative way for ultimate strength assessments.

To represent different severities for pitting corrosion, we
adopted several levels of pitting densities besides different corro-
sion depths, as shown in Fig. 6. Thus, the slight, intermediate and
severe corrosion scenarios are all covered for investigation into the
relationship between ultimate strength and corrosion densities.
Considering perforation as the limit state of pitting corrosion, we
also include it in the study.

The equivalent uniform corrosion depth can be derived as fol-
lows, and we assume it follows the model by Guedes Soares and
Garbatov (1999).

tc;ufm ¼ Npr2tc;pit
A

(21)

where tc;pit and tc;ufm are the pitting corrosion depth and equivalent
uniform corrosion depth, respectively; A is the total area of stiff-
ened panel; r denotes the pitting corrosion radius (20mm in this
case); N denotes the total number of pitting.

In Fig. 7, the line of 2, 4, 6 and 10 pits means the maximum
equivalent uniform corrosion depth at pitting perforation which
can be regarded as the limit of pitting corrosion. It's evident that the
equivalent uniform corrosion depth of perforation with 6 and 10
pits can serve as truncation corrosion depths in the 20-year life

cycle. To unveil effects of corrosion density, we investigate both
above pitting corrosion patterns in the following probabilistic
characteristics analyses.

On the other hand, randomly distributed pitting corrosion
throughout the whole stiffened panel is investigated for compari-
son purposes, and different sizes are considered to reflect the
merging between pits. To study the influence of corrosion sever-
ities, six levels of randomly distributed pitting corrosion (assumed
as perforation in this paper) are studied, where perforation can be
regarded as the limit state of pitting while variation in pitting depth
is not considered for the randomly distributed pitting corrosion.
The corrosion patterns are shown in Fig. 8.

Fig. 15. Comparison of (a) mean and (b) standard deviation of ultimate strength loss
between longitudinal and transverse cases.
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5. Results and discussion

A typical stiffened bottom panel from 5100 TEU is selected for
the case study. Because container ship structural arrangements are
determined largely on the container scantlings, the structures in
container ships are similar. So the studies of the stiffened panel in
this paper can be helpful for other container ships. The main
scantlings of the stiffened panel are: panel plate thickness of
21mm; stiffeners' sections of bulb flat HP340X12; stiffener spacing
of 840mm; stiffener span of 3160mm. For simplicity, the bulb flat
stiffeners are modeled as angle bars. The material is steel with
315MPa yield stress.

(1) Results of uniform corrosion

Fig. 9 (a) and (b) shows the stress distributions immediately at
longitudinal and transverse ultimate strengths for intact structures,
respectively. Fig. 10 shows the average stress vs. average strain

curves for both cases, which shows the ultimate strength in lon-
gitudinal case approaches yield stress while that for transverse case
is almost half.

For comparisonwith previous corrosionmodels, we selected the
linear and bi-linear corrosion model proposed by Southwell et al.
(1979), and the results of corrosion are shown in Fig. 11, from
which we can see that linear and bi-linear model may overestimate
corrosion at early stage but underestimate it in long terms
compared with the non-linear corrosion model in current case,
correspondingly the ultimate strength (both longitudinal and
transverse) under linear and bi-linear corrosion models will be
underestimated at early stage and overestimated in long term.
Furthermore, the nonlinear corrosion model can consider the
coating protection more practically.

To study the ultimate strength behaviors when the structures
are subjected to corrosion, a series of NFEAs are performed. Note
that periodic boundary condition for “1/2 þ 1þ1/2 span & 1/
2 þ 1þ1/2 bay”model assumes that completely same deformations

Fig. 16. Coefficients: (a) mðCÞ; (b) ttðCÞ; (c) aðCÞ; (d) bðCÞ; (e) cðCÞ for the probabilistic prediction model of longitudinal and transverse ultimate strengths.
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develop at both longitudinal edges and also at both transverse
edges. This boundary condition is reasonable when structural
configuration has a repeated nature under same load conditions,
and it's better than symmetric boundary conditions because it can
capture both symmetric and asymmetric collapse modes. However,
there is the case when the edge panels have significantly different
thicknesses, while their deformation is constrained to be the same

at the edges, so we must clarify that the periodic boundary con-
dition is based on assumption that structure configuration repeats
itself transversely beyond the model extent. Furthermore, different
boundary conditions are based on different assumptions of struc-
ture configurations not only within but also beyond the current
model extent, and it's meaningful to study its influence on the ul-
timate strengths of stiffened panels considering the complicated
practical engineering situations. So we carried out the investigation
anyway, where two different boundary conditions are studied, i.e.
the periodic and symmetric boundary conditions at transverse ends
of the model. Applying different corrosion depths (which consider
typical corrosion differences and limits) as shown in Fig. 12 and
Fig. 13, we can conclude that differences between boundary con-
ditions are negligible in longitudinal case; while differences in
transverse case are significant, so appropriate boundary conditions
should be carefully chosen according to practical situations. Based
on assumptions as described earlier, however, we adopt the peri-
odic boundary condition for the rest part of this study.

Based on surrogate models by GP and sampling methods illus-
trated earlier, we can easily carry out the MCS considering corro-
sion. Take the ultimate strength behaviors at 10th year with
correlation of 0.5 as an example, the results for longitudinal and
transverse cases are shown in Fig. 14 (a) and (b), respectively. It's
evident that the corrosion samples follow corrosion models accu-
rately, and the ultimate strength losses also agree well with Log-
normal distributions in both cases. Additionally, we should note
that the proposedMCS - GP surrogatemodels technique is a unified
method. By summarizing MCS data at different stage of life cycle
and with different correlations, we can finally obtain the statistical
mean value and standard deviation value for ultimate strength
losses. For clear exhibition, Fig. 15 shows the resulting discrete
mean and standard deviation values respectively. Apparently, both
mean and standard deviation values of ultimate strength loss in-
crease nonlinearly with ship age in both cases; meanwhile, the
mean values of ultimate strength loss in longitudinal case is not as
sensitive to correlations as that in transverse cases; contrarily, the
standard deviations of ultimate strength loss in longitudinal case is
more sensitive to correlations than that in transverse case. Expla-
nations can bemade as follows: on one hand, the sectional area loss
in longitudinal thrust case can be regarded as the weighted average
of three corrosion thicknesses and it largely determines the ulti-
mate strength loss, but the mean values of sectional area loss are
independent with corrosion correlations; on the other hand, the
mean value of loss in minimum sectional area in transverse thrust
case decreases with increased corrosion correlations and hence the
transverse ultimate strength, so the mean values of ultimate
strength loss in longitudinal case is not as sensitive to correlations
as that in transverse cases. With increased corrosion correlations,

Fig. 17. Interaction relationships between longitudinal and transverse stresses at ul-
timate state (intact structure).

Fig. 18. Bi-axial stress interactions under uniform corrosion.

Table 2
Relationships of pit depth, equivalent uniform corrosion depth and minimum residual sectional area.

Pit depth
(mm)

Equivalent uniform corrosion
(mm)

Minimum residual sectional area (m2,
longitudinal)

Minimum residual sectional area (m2,
transverse)

2 Pits 4 Pits 6 Pits 10 Pits 2 Pits 4 Pits 6 Pits 10 Pits 2 Pits 4 Pits 6 Pits 10 Pits

0 0 0 0 0 0.132 0.132 0.132 0.132 0.133 0.133 0.133 0.133
1 0.008 0.031 0.058 0.173 0.131 0.131 0.130 0.129 0.132 0.131 0.131 0.130
2 0.015 0.061 0.116 0.346 0.131 0.129 0.128 0.126 0.131 0.130 0.129 0.127
4 0.031 0.123 0.232 0.692 0.129 0.127 0.125 0.120 0.130 0.128 0.126 0.121
6 0.046 0.184 0.348 1.039 0.128 0.124 0.121 0.114 0.129 0.125 0.122 0.114
8 0.061 0.246 0.464 1.385 0.127 0.122 0.118 0.108 0.128 0.122 0.119 0.108
10 0.077 0.307 0.580 1.731 0.125 0.119 0.114 0.101 0.126 0.120 0.115 0.102
12 0.092 0.368 0.696 2.077 0.124 0.117 0.111 0.095 0.125 0.117 0.112 0.096
15 0.109 0.437 0.839 2.487 0.123 0.114 0.106 0.088 0.123 0.114 0.106 0.087
18 0.127 0.506 0.981 2.897 0.121 0.111 0.102 0.081 0.121 0.110 0.101 0.078
21 0.144 0.575 1.124 3.307 0.120 0.108 0.098 0.074 0.119 0.106 0.096 0.069
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the scattering or uncertainty in terms of loss in minimum sectional
area increases for longitudinal thrust case, while the influence is
not significant for transverse thrust case, resulting in the phe-
nomenon that the standard deviations of ultimate strength loss in
longitudinal case is more sensitive to correlations than that in
transverse case.

Based on above MCS results, and inspired by the corrosion's
mathematical expressions, we can assume that the mean value and
standard deviations of relative ultimate strength loss 1� U0

S under
nonlinear corrosion are in similar forms with corrosion. Taking the
effect of correlation also into consideration, we can assume:

Mean
�
1� U0

S

�
ðtÞ ¼ mðCÞ,

�
1� exp

�
� t � tc

ttðCÞ
�	

(22)

StDev
�
1� U0

S

�
ðtÞ ¼ aðCÞ,logðt � tc � bðCÞÞ � cðCÞ (23)

We studied the relations between the above coefficients and
correlation C as shown in Fig. 16. It's evident that the coefficients
follow nearly linear relations with C. We also note that the co-
efficients relationships are quite different for longitudinal and
transverse cases. Due to the nonlinearities in NFEAs and hence
ultimate strength, transition period ttðCÞ are smaller than that in
corrosion models (14.14 years), especially for the longitudinal case.

We have also investigated the ultimate strength of stiffened
panels subject to bi-axial loads simultaneously. For intact structure
without corrosion, the interaction between bi-axial loads (both
compression and tension) at ultimate state can be found in Fig. 17. It
is evident that: For bi-axial compression scenarios (1st quadrant in
Fig. 17), the interaction between longitudinal and transverse loads
at ultimate state exhibits as two independent linear curves (derived
by Minimum Square Error (MSE)), indicating weak coupling effect;
for the case of longitudinal tension and transverse compression, the

interaction matches well with the Von Mises Yield condition (as
shown in Eq. (24)) for transverse loads below pure transverse ul-
timate strength, while coincides with the linear curves developed
in the 1st quadrant otherwise; As to the cases of transverse tension
(3rd and 4th quadrant), the interactionmatches with the VonMises
Yield condition, and we also note an interesting phenomenon that
the ultimate strength at pure transverse tension exceeds yield
stress, which can be explained by the existence of longitudinal
stiffeners which resist the free shrinkage of panel plate, i.e. longi-
tudinal tensional stress exists in the panel plate and the combina-
tion of bi-axial stresses satisfying Von Mises Yield condition is
corresponding to yield points in 3rd quadrant (transverse tension
exceeds yield stress).

�
s0x

�2 � s0x,s
0
y þ

�
s0y

�2 ¼ 1 (24)

Considering corrosion and assuming C ¼ 1, a series NFEAs are
carried out to investigate the ultimate strength interaction. The
results are shown in Fig. 18, and the bi-axial interaction curves
exhibits as a family of parallel enclosed curves. Additionally, it's
evident that the interaction between bi-axial compressive stresses
at ultimate state remains small even under severe 10mm corrosion
(both bi-axial compressive ultimate stresses are independent to
each other unless reaching ultimate value).

(2) Results of non-uniform localized corrosion

On one hand, the ultimate strength behaviors of stiffened panel
under normally distributed pitting corrosion are investigated. To
study the influences of factors such as pitting density and depth, a
series of NFEAs are carried out with perforation included. The re-
lationships of pitted depth, equivalent uniform corrosion depth and
minimum residual sectional area for each number of pitted

Table 3
Stress Distributions immediately at Ultimate Strength (normally distributed perforation).
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Fig. 19. Ultimate state stress distributions of stiffened panel under pitting corrosion.

Fig. 20. Longitudinal ultimate strength stressestrain curve before perforation.

Fig. 21. Longitudinal ultimate strength stressestrain curve after stiffener web
perforation.

Fig. 22. Relationship of longitudinal ultimate strength and pitting depth under
different pitting densities.
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corrosion are shown in Table 2.
Taking 10 pits corrosion as an example, the NFEA results are

shown in Fig. 19. Figs. (a) and (b) show the stress distribution
immediately at longitudinal and transverse ultimate strength
respectively, with pitting depth 1mm; Figures (c) and (d) show the
results of 12mm pitting depth where perforation in the stiffener
web is reached; Figures (e) and (f) show the results of 21mm
pitting depth where perforation in both stiffener web and panel
plate are reached. Apparently, the damage of structural integrity
results in reduction of effective sectional area and hence ultimate
strength.

The resulting stresses vs. stain curves under different pitting
depths are shown in Fig. 20 and Fig. 21, before and after perforation
respectively, where ‘cor’means the corrosion depths of each pit, i.e.
the corroded or reduced depth of each pit. Taking pitting densities
and depths into consideration, a series of NFEAs are carried out and
the results are shown in Fig. 22 and Fig. 23, where the pit diameters

Fig. 23. Relationship of transverse ultimate strength and pitting depth under different
pitting densities.

Fig. 24. Relationship of (a)Longitudinal and (b) Transverse Ultimate Strength vs.
Equivalent Uniform Corrosion Depth for Pitting under Different Pitting Densities.

Fig. 25. Relationship of (a)Longitudinal and (b) Transverse Ultimate Strength vs.
Pitting Densities.
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are 40mm as described earlier. It's evident that relationships be-
tween ultimate strength and pitting depth are approximately
linear. On the other hand, we have studied the ultimate strength
reduction in terms of equivalent uniform corrosion depth under
different pitting densities. The results are shown in Fig. 24, and also
note that truncations correspond to perforations by pitting. It's
interesting that results in Figs. 22e24 show: (1) On one hand, in
terms of pitting corrosion depths, increased pitting densities will
result in degradation of ultimate strength; (2) On the other hand, in
terms of equivalent uniform corrosion depths, decreased pitting
densities will result in degradation of ultimate strength. The
deterioration of ultimate strength reaches maximum when the
localization of pitting corrosion reaches maximum under same
corrosion volumes, which should be related to the residual mini-
mum sectional area. Naturally, we can infer that uniform corrosion
which can be regarded as corrosion with maximum pits is con-
servative to quantify the ultimate strength loss. We also studied the
relationship between ultimate strength and pitting densities as
shown in Fig. 25, and both longitudinal and transverse ultimate
strengths decrease approximately linearly with pitting densities
within current pitting density scope. We should note that
maximum pitting corresponds to uniform corrosion.

Based on the linear regression models derived above, we can
study the probabilistic features of ultimate strength loss under
corrosion. Fig. 26 (a) and (b) show the resulting PDFs of longitudinal
and transverse ultimate strength loss under pitting corrosion
respectively, and Fig. 26 (c) shows the mean values of ultimate
strength loss for ageing corroded structures, where pitting den-
sities of 6 and 10 are considered. We can see that the ultimate
strength loss grows rapidly with ship age; on the other hand,
pitting density with 6 corresponds to larger ultimate strength loss
probabilities, which can be explained by the conclusions before. It's
evident that appropriate pitting densities in pitting corrosion
should be adopted for specific scenarios.

We have also investigated the interaction relationships between
longitudinal and transverse loads at ultimate states. Taking pitting
corrosionwith 10 pits as an example, the results for different pitting
depths are shown in Fig. 27. The ultimate strengths are normalized
by yielding stress. We can see that with different pitting corrosion
depths, the ultimate strength limits exhibit as a family of parallel
curves. Meanwhile, the longitudinal ultimate strengths are not
sensitive to transverse loads unless they approach the transverse
ultimate strengths; transverse ultimate strengths decrease slightly
and almost linearly with longitudinal loads until longitudinal ulti-
mate strengths are approached. We can conclude that longitudinal
and transverse ultimate strengths are relatively independent with
each other under pitting corrosion.

Based on results of above normally distributed pitting corrosion,
we can conclude that ultimate strengths are almost proportional
with minimum sectional area, thus the following formula can be
adopted in estimation of residual ultimate strength:

U0
Pitting ¼ U0

Intact,
ACorroded
AIntact

(25)

where U0
Pitting and U0

Intact are normalized ultimate strengths:

U0
Pitting ¼ UPitting

sYAIntact
and U0

Intact ¼ UIntact
sYAIntact

; ACorroded and AIntact are the

minimum sectional area of corroded and intact structures,
respectively.

Ultimate strength analyses of randomly distributed pits are
carried out to compare with normally distributed pitting corrosion
and to validate the proposed ultimate strength prediction formula.
The results are shown in Fig. 28, where slight, medium and severe
corrosion for longitudinal and transverse cases are included.

Fig. 26. Pdf for loss of normalized (a) longitudinal/(b) transverse ultimate strength and
(c) Mean values under 6 and 10 pits density.

Fig. 27. Interaction between Bi-axial stresses at ultimate state.
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Additionally, the results of uniform corrosion (maximum pitting
density) are also adopted for comparison. The comparison results
for uniform corrosion, normally distributed pitting corrosion and
randomly distributed pitting corrosion are shown in Fig. 29. We can
conclude that: the proposed formula in Eq. (25) can well predict
and slightly underestimate the ultimate strength for both normally
distributed and randomly distributed pitting corrosion; however, it
overestimates the ultimate strength for uniform corrosion. It can be
explained that the structural deterioration reaches maximumwith
uniform corrosion under same minimum sectional areas. Thus,
uniform corrosion is conservative in ultimate strength predictions
in terms of minimum sectional area.

(3) Comparison between different corrosionmodels and loading
conditions

Previously, we have discussed the influences of boundary con-
ditions on ultimate strengths under uniform corrosion, especially at
limit corrosion states which should be strictly prevented in prac-
tice. In this section, we will further investigate the resulting dif-
ferences between different corrosion models and boundary
conditions in both longitudinal and transverse loading conditions.
For comparison purposes, we have carefully chosen such corrosion
models that result in almost equivalent corrosion volumes. Thus,
the effects of corrosion volumes are negligible, and corrosion

Fig. 28. Ultimate state stress distributions of stiffened panel under randomly distributed non-uniform pitting corrosion.

Fig. 29. Comparison of ultimate strength results under uniform corrosion and non-uniform corrosion.
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volume are moderate compared with previous limit corrosion
states, thus the comparison is representative and more practical.

On one hand, we investigated the longitudinal case. Four typical
corrosion models are adopted, i.e. the simultaneous uniform
corrosion (same values for previous x1, x2 and x3), stepped uniform
corrosion (different values for previous x1, x2 and x3), normally
distributed perforation corrosion and randomly distributed perfo-
ration corrosion. Additionally, different boundary conditions are
compared, i.e. the periodic and symmetric boundary conditions
(symmetric boundary conditions are applied only on transverse
ends for uniform corrosion models (both simultaneous and step-
ped), while periodic boundary conditions are applied for longitu-
dinal ends due to continuous material distribution in longitudinal
direction). The results are shown in Fig. 31eFig. 34 and Tables 3e6.
We should note that no specific boundary condition can cover all
situations in corrosion cases especially for non-uniform corrosion,
because the material distributions are asymmetric and discontin-
uous. The differences between periodic and symmetric boundary
conditions are small for each corrosion model.

Fig. 30. Flow chart for capturing new samples in GP surrogate model.

Fig. 31. Results of normally distributed perforation corrosion. Fig. 32. Results of randomly distributed perforation corrosion.

Fig. 33. Results of simultaneous uniform corrosion (x1¼ x2¼ x3¼1.08mm).
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On the other hand, the transverse case has also been investi-
gated correspondingly. The results can also be found in
Fig. 31eFig. 34 and Tables 3e6. Apparently, the differences between
periodic and symmetric boundary conditions are small for each
corrosion model, and the differences lie within the post-ultimate
strength stages.

The out-of-plane deformations immediately at the ultimate
strength for various corrosion models under different boundary
conditions and loading conditions are shown in Table 7. It is evident
that the deformations are maximum for the randomly distributed
perforation corrosion cases compared with other corrosion models
in this case study.

6. Conclusions

Based on Abaqus and original programs that generate initial
deflection and periodic boundary conditions, we have investigated
the ultimate strength of a typical bottom stiffened panel in
container ship under both uniform and non-uniform localized
pitting corrosion. The probabilistic characteristics and bi-axial in-
teractions are also investigated; we have also investigated the
relationship between ultimate strength and normally distributed
pitting corrosion parameters, where perforation is included; the
case of randomly distributed pitting corrosion is also studied; ef-
fects of boundary conditions under different types of corrosion are
also investigated.

The following conclusions can be drawn:

(1) Based on the Log-normal distribution assumptions for uni-
form corrosion, the resulting ultimate strength losses for
both longitudinal and transverse case matches well with
corresponding Log-normal distributions.

(2) Both mean values and standard deviations of ultimate
strength loss increase nonlinearly with ship age in both
longitudinal and transverse cases; meanwhile, the mean
values of ultimate strength loss in longitudinal case is not as
sensitive to correlations as that in transverse cases;
contrarily, the standard deviations of ultimate strength loss
in longitudinal case is more sensitive to correlations than
that in transverse case.

(3) Prediction model by Eqs. (22) and (23) matches well with the
MCS results by employing a series of almost linear co-
efficients. The coefficients relationships are quite different
for longitudinal and transverse cases.

(4) Coupling between longitudinal and transverse loads at ulti-
mate state under bi-axial compression is very small for both

Fig. 34. Results of stepped uniform corrosion (0, 1.08, 2.16mm for x1~x3 respectively).

Table 4
Stress Distributions immediately at Ultimate Strength (randomly distributed perforation).
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Table 5
Stress Distributions immediately at Ultimate Strength (simultaneous uniform corrosion).

Table 6
Stress Distributions immediately at Ultimate Strength (stepped uniform corrosion).
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uniform and non-uniform corrosion. For other bi-axial loads,
Von Mises Yield condition can well illustrate the limit state.
Bi-axial interaction exhibits as a family of parallel enclosed
curves under corrosion.

(5) Both longitudinal and transverse ultimate strengths decrease
approximately linearly with normally distributed pitting
depths and densities. Deterioration of ultimate strength
reaches maximum with pits localization of same corrosion
volumes.

(6) In terms of residual minimum sectional area, Eq. (25) can
well predict and slightly underestimate the ultimate strength
for both normally and randomly distributed pitting corro-
sion; however, it overestimates the ultimate strength for
uniform corrosion.

(7) Surrogate models by GP exhibits good accuracy and effi-
ciency; GP-MCS combination can be useful in similar engi-
neering problems.

(8) Differences between periodic and symmetric boundary
conditions are small unless corrosion are severe.
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Appendix

Generally, we can assume that the accurate function can be
divided into two parts of preliminary estimation and GP function,
as demonstrated by Sacks et al. (1989):

FðxÞ ¼ pðxÞkþ GðxÞ (26)

where p() and k are the terms and coefficients utilized in the esti-
mation, and G() is the GP introduced. According to literature, rough
estimations may lead to very small q in the correlation function and
hence ill-conditioned matrices. Thus, the linear regression is
employed. The covariance is defined by

covðGðxÞ;GðyÞÞ ¼ s2G exp
�
�
Xn

i¼1
qiðx� yÞ2

�
(27)

where s2G is a scale factor denoting the GP variance; qi denotes the
correlation between points x and y of the ith dimension, and n
denotes the dimension of the design space. We can see that the
correlation between points increases when the two points ap-
proaches each other, and vice versa.

We also assume that the GP values at samples s1, s2,…, sm follow
the Gaussian distribution, i.e.

fGðs1Þ;Gðs2Þ;/;GðsmÞg � NðM;SÞ (28)

where M ¼ ðm1;m2;/;mmÞT, and mi ¼ 0 denotes the mean value of
GðsiÞ; S ¼ ðCðsi; sjÞÞm�m denotes the correlation matrix between
samples, and Cðsi; sjÞ ¼ covðGðsiÞ;GðsiÞÞ.

Based on above assumptions and maximum likelihood predic-
tion hypothesis, both s2G and qi can be determined. Thus, the sur-
rogate model by GP with uncertainty can be derived as follows (Cui
et al., 2014).

F
�
ðxÞ ¼ pðxÞkþ CT

xS
�1ðFm � pmkÞ (29)

The corresponding variance of prediction is

s2
F
�
ðxÞ

¼ s2G � CT
xS

�1Cx (30)

where Fm ¼ ðFðs1Þ; Fðs2Þ;/; FðsmÞÞT; pm ¼ ðs1; s2;/; smÞT;

Cx ¼ ðCðs1; xÞ;Cðs2; xÞ;/;Cðsm; xÞÞT :
By somemathematical calculations, we can find several features

through the above two formulas: predictions at the target point x
decreases to zero as x approaches sample points; current samples
can be accurately predicted, i.e.

F
�
ðsiÞ ¼ FðsiÞ (31)

s2
F
�
ðsiÞ

¼ 0 (32)

Samples are important in GP methods to guarantee both
exploration of thewhole design space and exploitation in particular
areas, so the points for true response function calculation (NFEA in
this case) should be rationally captured as shown in Fig. 30. At every
step after initiation, the design point with the maximum uncer-
tainty in the design space is selected as the newly-added sample,
and then NFEA is carried out. Finally, when the uncertainties are
within accepted range, the samples are completed. The optimiza-
tions in the process are carried out with original Multi-Island Ge-
netic Algorithm (MIGA) programs.
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