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a b s t r a c t

An improved three dimensional Rankine source method is developed to solve numerically water wave
problems in time domain. The free surface and body surface are both represented by continuous panels
rather than a discretization by isolated points. The integral of Rankine source 1=r on free surface panel is
calculated analytically instead of numerical approximation. Due to the exact algorithm of Rankine source
integral applied on the free surface and body surface, a space increment free surface source distribution
method is developed and much smaller amount of source panels are required to cover the fluid domain
surface than other numerical approximation methods. The proposed method shows a higher accuracy
and efficiency compared to other numerical methods for various water wave problems.
© 2018 Society of Naval Architects of Korea. Production and hosting by Elsevier B.V. This is an open access

article under the CC BY-NC-ND license (http://creativecommons.org/licenses/by-nc-nd/4.0/).

1. Introduction

Accurate estimations of wave loads and responses of floating
structures are of practical importance in offshore engineering field.
This wave-body interaction problem within a potential flow
framework, can be solved numerically based on either a free surface
Green function or a Rankine source approach. The former model
involves a complicated free surface Green functionwhich requires a
singular wave integral on the free surface boundary (see Wehausen
and Laitone (1960)). The latter model only needs to calculate the
integral of Rankine sources on free surface and body boundaries
and it works as a very efficient model in time domain since only a
simple Green function is required to calculate.

One key numerical technique in the boundary integral method
is the evaluation of Rankine source on the surface panel. The fluid
surface can be discretized by a B-Spline function into curve panels
(Nakos and Sclavounos, 1990; Maniar, 1995; Lee et al., 1996). After
the surface discretization, one popular method to calculate Rankine
source integral is Gaussian quadrature numerical integration
(Isaacson and Cheung, 1991; Kouh and Suen, 2001; Gao and Zou,
2008; Das and Cheung, 2012; Bai and Teng, 2013). This method

introduces weight functions and associated polynomials to
approximate the Rankine source integral. However this method is
only valid when the source points and control points are not in the
same panel. It is troublesome as singularity integral arises when
these two kinds of points are located closely in the same panel.
Yonghui and Xinsen (1988); Eatock Taylor and Chau (1992) intro-
duced a triangular polar-coordinate to map the sub-element to a
unit square and this transformation allows the Gaussian integration
valid on the square. As a numerical approximation, in order to get
higher accuracy, more Gaussian sampling points are needed and
this significantly increases the computational loads.

The analytical expression of Rankine source integral was first
derived by (Hess and Smith, 1964) for arbitrary bodies in un-
bounded fluid domains. By using constant-strength distributions
on quadrilateral flat panels, the panel integral can be analytically
expressed as a superposition of integral over four parallel strips.
Each strip is defined by one side of the quadrilateral panel. The
value of corresponding integral depends only on the coordinates of
each side and therefore the contribution from each side can be
evaluated independently. In the free surface Green function model,
the body surface is approximated by flat panels and the Rankine
source and its image part can be analytically evaluated by this Hess-
Smith method together with free surface boundary condition
satisfied by a singular wave integral (Beck, 1994).

In the Rankine source approach the Rankine source does not
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satisfy the free surface boundary condition automatically and
therefore the integral of Rankine source on free surface is required
to evaluate. Cao et al. (1991); Lee (1992); Zhang et al. (2010); Wang
et al. (2015) placed isolated control (collocation) points to represent
the continuous free surface profile. By this treatment the integra-
tion of Rankine source over free surface panels is approximately
calculated by the value of 1=r multiplying the corresponding panel
surface area. In this method when the source point and control
point are located in the same panel, the distance r becomes 0 and 1=
r tends to∞. In order to eliminate this singularity, they developed a
desingularized technique by placing the isolated source points
above the control points and therefore in their model these two
kinds of points never coincide with each other. By this means the
troublesome singularity is essentially removed. This treatment
does simplify the numerical algorithm but numerical technique is
required to deal with desingularized distance between source point
and control point (Cao et al., 1991; Cao and Beck, 2016).

In this paper the Rankine source integrals on both body sur-
face and free surface panels are calculated by the analytical
expression of Hess-Smith method. To facilitate this, continuous
panels on free surface need to be applied to discretise free sur-
face profile. The integral of 1=r on the panel is integrable when
the Rankine source points and control points are located in the
same panel. The value of this integral can be obtained by a
mathematical derivation (Chen, 2014). No desingularized tech-
nique is required to avoid singularity. As numerical errors arising
from the boundary integral are eliminated this proposed method
aims to improve the numerical accuracy and efficiency for
various water wave problems.

The far field radiation condition requires careful treatment in
the Rankine source model. The infinite free surface integral
domain in this method is truncated to a bounded domain but the
truncated boundary may cause a reflective wave propagation
disturbance. Several numerical techniques are available to reduce
non-physical wave reflection from the truncated boundary,
amongst which a numerical beach is widely employed. This
method was originated by Israeli and Orszag (1981) who added a
Newtonian cooling term and a Reynolds viscosity damping term
to the free surface boundary conditions. The former term acts as a
damper absorbing free surface disturbances whereas the latter
modifies the wave dispersion caused by this artificial damping.
This method has been further extended to various wave-body
problems and it is applicable to a large range oscillatory wave
frequencies (Sclavounos and Nakos, 1988; Kring and Sclavounos,
1995; Kim et al., 1997). For example, to avoid wave reflection, Kim
et al. (1997) employed a kinematic free surface condition
equipped with Newtonian cooling and Rayleigh viscosity damp-
ing terms, whereas Tanizawa (1996); Koo and Kim (2004, 2007)
added Newtonian cooling to the kinematic free surface bound-
ary condition and introduced damping terms to the dynamic free
surface boundary condition. However, the terms added to the
free surface boundary conditions give rise to artificially induced
numerical errors.

In the desingularized method developed by Lee (1992); Cao
et al. (1993); Zhang and Beck (2008); Bandyk and Beck (2011),
they divided the free surface range into inner and outer domains.
The Rankine source points are placed in an exponentially
increasing form in the outer domain and it covers a very large
area of free surface range. Due to the periodic characteristics of
progressive wave, the numerical computation is completed
before the surface wave reaches the truncated boundary. This
produces a postponement of the wave refection from the trun-
cation boundary and satisfactory results can be obtained. This
simple method is very efficient and free of artificial errors. In this
paper this treatment is introduced into our proposed method to

satisfy the far field radiation condition.
The source points distribution on the free surface is vital for

the accuracy and efficiency of the boundary integral method.
Recently Feng et al. (2015) applied a source point distribution
method with increasing spaces between source points to replace
the even space method for two dimensional water wave prob-
lems. This method places a higher density of source points near
the floating body and, at distant from the body, a distribution of
lesser density. Through this method, the number of source points
is reduced and therefore the computational effort is significantly
reduced with numerical accuracy retained or increased. This new
source distribution method is further developed to accommodate
this improved Rankine source method for three dimensional
problems.

The novelty of the present study is twofold. First, analytical
calculations for Rankine source integral are applied for both free
surface and body surface rather than numerical approximate for
isolated source points. Other researchers used either isolated
source points or partial continuous panels to discretize the fluid
surfaces as summarized in Table 1. Second, an uneven free sur-
face source panel distribution scheme is developed to reduce
computational cost whereas keep or increase numerical accuracy,
as the application of analytical integral creating this possibility.

In this study, linear boundary condition is assumed and a third
order Adams-Bashforth scheme is adopted in the free surface
time stepping process. Following the background statement and
literature review in Section 1, the boundary integral problem and
mathematical formulation are demonstrated in Section 2 fol-
lowed by numerical algorithm in Section 3. In Section 4 the nu-
merical convergency of the proposed will be tested in Subsection
4.1. The validation and comparison will be presented for wave
radiation problem in Subsection 4.2. In Subsection 4.3 numerical
results for wave diffraction problem will be provided to further
demonstrate the high accuracy and efficiency of the proposed
method. Wave and current coexist problem is studied in
Subsection 4.4 to show a broader application of the proposed
method.

2. Problem formulation

2.1. Fluid motion equations

A coordinate frame of reference OXYZ is defined with origin O at
the centre of a three dimensional body floating in a fluid domain.
The fluid domain U is bounded by a free surface Sf , body surface Sb,
seabed surface S0 and enclosing surface at infinity, S∞. Fig. 1 shows
the sketch of a three dimensional wave-body interaction problem.

The fluid flow is assumed irrotational and total velocity poten-
tial f is subject to Laplace equation

v2f

vx2
þ v2f

vy2
þ v2f

vz2
¼ 0 in the fluid domain U (1)

and can be described by

fðx; y; z; tÞ ¼ Uxþ fuðx; y; z; tÞ (2)

where U denotes steady uniform current and fu indicates unsteady
velocity potential. The total velocity potential fðx; y; z; tÞ is subject
to physical boundary conditions on the body surface Sb, on free
surface Sf and on the seabed S0. These boundary conditions are
expressed respectively as:
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vf

vnb
¼ Vnb on Sb; (3)

vf

vz
� vh

vt
¼ 0 on Sf ; (4)

vf

vt
þ gh ¼ 0 on Sf ; (5)

vf

vz
¼ 0 on S0: (6)

Here nb denotes the normal vector of the body surface pointing
into the fluid domain. Vnb denotes the local body surface velocity in
the direction nb . h and g are free surface elevation and gravitational
acceleration respectively.

By linear superposition, the unsteady velocity potential
fuðx; y; z; tÞ can be further separated as:

fuðx; y; z; tÞ ¼ fIðx; y; z; tÞ þ fDðx; y; z; tÞ þ fRðx; y; z; tÞ; (7)

where 4Iðx; y; z; tÞ stands for the incident wave potential,
fDðx; y; z; tÞ denotes the diffraction potential and fR indicates the
radiation potential. For the incoming linear plane progressive wave
in deep water condition, fI can be formulated as

fI ¼
gA
u
ekzsinðkx� utÞ; (8)

where g, A, u and k are the gravitational acceleration, wave
amplitude, wave frequency and wave number respectively.

Lamb (1945) expressed the velocity potential f as a boundary

integral of Rankine sources continuously distributed on the fluid
boundary S ¼ Sb∪Sf in the form

fðx0; tÞ ¼
Z

Sb

sb
1

jx0 � xj dsx þ
Z

Sf

sf
1

jx0 � xj dsx þ
Z

S0

s0
1

jx0 � xj dsx:

(9)

Here we denote control point x0 ¼ ðx0;y0;z0Þ, source point x ¼ ðx;
y;zÞ, body source strength sb ¼ sðx;tÞ, free surface source strength
sf ¼ sðx; tÞ and seabed source strength s0 ¼ sðx;tÞ. In present, only
deep water condition is considered and therefor the last integral on
the right side of Eq. (9) disappears in the following part of this
paper.

2.2. Numerical simulation process

In present simulation, the fluid domain surface S is discretized
by panel Rankine sources rather than isolated Rankine source
points. These panel sources are located exactly on the fluid domain
surface S and therefore no desingularized distance is applied. Let
the integral surfaces Sb and Sf be approximated as sums of panels

Nb and Nf respectively such as Sb ¼ ∪Nb
i¼1S

b
i and Sf ¼ ∪Nf

j¼1S
f
j .

Therefore, the discretization of Eq. (9) is given by

fðx0; tÞ ¼
XNb

i¼1

sbi

Z

Sbi

1
jx0 � xij

dsx þ
XNf

j¼1

sfj

Z

Sfj

1��x0 � xj
��dsx: (10)

Let xbi 2Sb, x0
b
i 2Sb and xfj2Sf , x0

f
j2Sf be source points and

control points respectively for i ¼ 1;…;Nb and j ¼ 1;…;Nf . These
control points are located at the centre of three dimensional surface
panels. With the use of the body boundary conditions (3) and the
boundary integral Eq. (10) with its normal derivative, we solve the

source strengths sbi and sfj on Sbi and Sfj from the following

equations

f
�
x0fj ; t

�
¼

XNb

i¼1

sbi

Z

Sbi

1���x0fj � xbi
��� dsx þ

XNf

j¼1

sfj

Z

Sfj

1���x0fj � xfj
���dsx;

(11)

Table 1
Summary of numerical method for Rankine source integral and free surface source distribution method applied in earlier investigation.

Author(s)/(year) Body surface Free surface Source dis.

Beck and King (1989) Analyt. Approx. Even
Beck (1994) Analyt. Approx. Even
Cao et al. (1990, 1991, 1993) Approx. Approx. Even
Isaacson and Cheung (1991), Isaacson et al. (1993) Approx. Approx. Even
Lee (1992, 2003) Analyt. Approx. Even
Koo and Kim (2004, 2006, 2007) Approx. Approx. Even
Zhang et al. (2006) Approx. Approx. Even
Bandyk, 2009, Bandyk and Beck, 2011 Analyt. Approx. Even
Zhang and Beck (2007, 2008), Zhang et al. (2010) Analyt. Approx. Even
Bai and Teng (2013) Approx. Approx. Even
Wang et al. (2015, 2016) Approx. Approx. Even

“Analyt.” stands for analytical calculation for Rankine source integral.
“Approx.” stands for approximation calculation for Rankine source integral.
“Even” stands for free surface even source panel distribution.

Fig. 1. Sketch of a three dimensional wave-body interaction problem.
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Vnb

�
x0bi ; t

�
¼

XNb

i¼1

sbi
v

vnib

Z

Sbi

1��x0bi � xbi
�� dsx

þ
XNf

j¼1

sfj
v

vnib

Z

Sfj

1���x0bi � xfj
��� dsx: (12)

Here Vnb represents the normal velocity on the panels of the

body surface Sbi , and ni
b denotes the unit normal vector on the panel

Sbi .
Eqs. (11) and (12) can be formulated in the following matrix

format:

�
ANf Nb

ANf Nf

ANbNb
ANbNf

��
sb

sf

�
¼

"
f
�
x0fj ; t

�
Vnb

#
; (13)

where ½Amn�(m ¼ Nf ;Nb and n ¼ Nf ; Nb) are influence coefficient
blocks. They reflect the influence of a source panel n on the control
point of panel m. The evaluation of ANf Nb

and ANf Nf
requires the

integral of Rankine source 1=r on the three dimensional panel. The
calculation for ANbNb

and ANbNf
involve with the derivative of the

integral of Rankine source 1=r on the three dimensional panel. The
first two influence coefficient blocks can be calculated in the same
method while the last two are evaluated in the same way. The
calculation of these influence coefficients involves transformation
of three dimensional element panel in global coordinate system
into quadrilateral element in local element coordinate system first
and inverse transformation back to global coordinate system. Fig. 2
shows the three dimensional numerical model sketch.

The substitution of the source strength values sbi and sfj at time t

obtained from the set of Eqs. (11) and (12) produces calculation of

the normal velocity vfzðx0fj ; tÞ ¼
vfðx0 f

j ;tÞ
vz on the free surface as

vfz

�
x0fj ; t

�
¼

XNb

i¼1

sbi
v

vz

Z

Sbj

1���x0fj � xbi
��� dsx

þ
XNf

j¼1

sfj
v

vz

Z

Sbj

1���x0fj � xfj
��� dsx: (14)

In this paper, the free surface source point x0fj and control point

xfj coincide with each other on every free surface panel. The second

term on the right side of Eq. (14) can be regarded as the velocity in
the z direction induced by a source located on the free surface.

When the source point x0fj and control point xfj are in the same

panel, this item is corresponding to the velocity induced on the
source panel surface, therefore we have (Chen, 2014),

v

vz

Z

Sfj

1���x0fj � xfj
��� ¼ 2p:

When the source point xfj and control point xfj are not in the

same panel, because they are located in the same horizontal line on
the calm water surface, the source panel provides no contribution
on the fluid velocity in the z direction, so we have

v

vz

Z

Sfj

1���x0fj � xfj
��� ¼ 0:

The matrix format for this item can be formulated as:

XNf

j¼1

v

vz

Z

Sfj

1���x0fj � xfj
��� ¼

2
664
2p 0 / 0
0 2p / 0
« « 1 «
0 0 / 2p

3
775: (15)

For the traditional isolated source point method, Eq. (9) is dis-
cretized as:

fðx0; tÞ ¼
XNb

i¼1

sbi
1

jx0 � xij
dsx þ

XNf

j¼1

sfj
1��x0 � xj

�� dsx: (16)

Following this discretization method, Eqs. (11) and (12) are
expressed as:

f
�
x0fj ; t

�
¼

XNb

i¼1

sbi
1���x0fj � xbi

��� dsx þ
XNf

j¼1

sfj
1���x0fj � xfj

��� dsx; (17)

Vnb

�
x0bi ; t

�
¼

XNb

i¼1

sbi
v

vnib

1��x0bi � xbi
�� dsx þ

XNf

j¼1

sfj
v

vnib

1���x0bi � xfj
��� dsx:

(18)

It should be noticed that the source point and control point can

Fig. 2. Three dimensional numerical model sketch.
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never be coincide with each other and desingurized method has to
be adopted to keep these two kinds of points in a reasonable
distance.

2.3. Free surface time-stepping scheme

The free surface conditions are updated according to Eqs. (4) and
(5) by a 3rd-order Adams-Bashforth scheme. At initial time t ¼ 0,

the free surface is assumed still and therefore we have fðx0fj ;0Þ ¼ 0

for every control panel in the free surface. Then source strength sb

and sf can be obtained by solving Eq. (13). After that vfzðx0fj ;0Þ is
evaluated by Eq. (14). Then free surface time-stepping scheme is

started to get the information for fðx0fj ;DtÞ for the next time step

simulation. Starting from t ¼ 0, the free surface time-stepping can
be expressed as:

hðDtÞ ¼ vfzð0ÞDt; (19)

fðDtÞ ¼ �ghðDtÞDt;s (20)

and in a 2nd-order Adam-Bashforth scheme, we have

hð2DtÞ ¼ hðDtÞ þ Dt
2

h
3ðvfzðDtÞ � vfzð0Þ

i
; (21)

fð2DtÞ ¼ fðDtÞ þ Dt
2
½ � 3ghðDtÞ þ ghð0Þ�; dy

dx
(22)

When the 3rd-order Adam-Bashforth scheme is adopted, we
have

hðt þ DtÞ ¼ hðtÞ þ Dt
12

h
23vfzðtÞ � 16vfzðt � DtÞ þ 5vfzðt � 2DtÞ

i
;

(23)

fðt þ DtÞ ¼ fðtÞ þ Dt
12

½ � 23ghðtÞ þ 16ghðt � DtÞ
� 5ghðt � 2DtÞ�: (24)

With strengths sbi and sfj determined, the velocity potentials on

the body surface Sb are derived from Eq. (9) in the form:

f
�
x0bi ; t

�
¼

XNb

i¼1

sbj

Z

Sbi

1��x0bi � xbi
�� dsx þ

XNf

j¼1

sfj

Z

Sfj

1���x0bi � xfj
��� dsx:

(25)

The evaluation of the two terms on the right side of Eq. (25)
involves the integral of Rankine source on the three dimensional
panel. The calculations for these terms are similar as ANfNf and
ANfNb.

The hydrodynamic pressure on the body surface, pðtÞ ¼ pðx0bi ;tÞ,
is evaluated from Bernoulli equation expressed as

pðtÞ
r

¼ �vf

vt
(26)

where r denotes the fluid density.
The dynamic force FðtÞ applied to the body surface is calculated

by integrating the dynamic pressure over the body surface as given
by

FðtÞ ¼
Z

Sb

pðtÞnbds: (27)

By Fourier transform, added mass akkðuÞ (k ¼ 2, for surge mo-
tion and k ¼ 3 for heave motion) and damping coefficient bkkðuÞ
can be obtained as:

akkðuÞ ¼
2

au2T0

ZT0

0

FkkðtÞsinðutÞdt; (28)

bkkðuÞ ¼ � 2
auT0

ZT0

0

FkkðtÞcosðutÞdt; (29)

where FkkðtÞ,a, T0 are the radiation force, body motion amplitude
and motion period respectively. The non-dimensional added mass
coefficient Akk and damping coefficient Bkk can be formulated by
body volume V, fluid density r in the format of

Akk ¼
akk
rV

; (30)

Bkk ¼ bkk
ruV

: (31)

The integrals in Eqs. (28) and (29) are numerically calculated by
the sum of FkkðtÞsinðutÞDt or FkkðtÞcosðutÞDt. Here Dt is the time
step, which is same as that applied in the time stepping process. In
present study, the force responses become very stable after two
periods. Therefore, the integral is calculated starting from the third
period and ending after fourth period. The average value of these
two periods is chosen as the value for the integral. By this means,
the numerical error to evaluate the integral can be minimized.
However, it should be noticed that this method is only applicable
for smaller oscillatory frequency u. The values of summations of
FkkðtÞsinðutÞDt or FkkðtÞcosðutÞDt become highly oscillatory when
frequency u becomes higher than a certain value. In this case, the
selection of Dt should be given careful consideration.

3. Numerical implementation

In the application of the proposed numerical methods to
simulate wave radiation and diffraction problems, a number of
numerical techniques closely related to the numerical performance
have to be applied. These numerical techniques have a direct effect
on the numerical accuracy and efficiency and are discussed in this
section.

3.1. Fluid domain panel distribution

The fluid domain surface is composed of a body surface Sb and
free surface Sf . Body surface Sb and free surface Sf are approximated
by quadrilateral panels instead of isolated source points. These
panels coincide with their respective surface profiles and the
source point on each panel is located at the same position as control
point. Fig. 3 shows the profile of Rankine source panel distribution
on free surface.

Free surface source points are kept still in the global coordinate
system in the time stepping process for linear wave problems. Polar
coordinate system is applied to facilitate the free surface source
point distribution. In the radial direction the free surface is divided
into inner and outer domains. The accuracy and efficiency of the
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numerical simulation largely depend on the panel distribution. To
approximate the free surface in the inner domain, the horizontal
distances between the center of neighbouring free surface source
panels are expressed in the form:

���x0fj � x0fj�1

��� ¼ Lbaj
u2 in the inner domain (32)

���x0fj � x0fj�1

��� ¼ Lbaj
u2 1:05jðj�1Þ=2 in the outer domain; (33)

where Lb is the area of the body surface panel covering the inter-
section point of the body and free surface. The parameters aj define
the separation distances and are decided according to the method
discussed by Feng et al. (2015) which for this reason, is omitted
herein. As shown in Eq. (33), the distances of the center of neigh-
bouring source panel are displaced in an exponentially increasing
form. By this means very large area of free surface is covered and
therefore the generated wave can move towards the infinity
without wave reflection caused by the truncated boundary. In this
method there are 40 source panels in the inner domain and 10
panels in the outer domain in the radial direction.

As only linear wave problem is investigated in present study, it
should be noticed that computational domain and the boundaries
of Sb, Sf and So remain unchanged during the whole time-domain
solution procedure. The free surface Sf is essentially a flat hori-
zontal plane, thus the source panels on the free surface are flat
panels.

3.2. Algebraic equation solver

The present formulation needs to solve the matrix Eq. (13) to
obtain source strength and then calculate the velocity potential fb
on the body surface Sb and normal velocity Vfz on the free surface Sf .
This algorithm is named as ”indirect method” according to the
definition of Cao et al. (1993). Compared to the so called ”direct
method”, this algorithm can give an insight of the source strength
and accordingly guide the Rankine source panel distribution.

Additionally this method doesn't require re-assembling the in-
fluencematrix ½Amn� at every time step. Once the influencematrix is
established at initial time, it can be used over the whole simulation
and therefore the computational cost is reduced. In present simu-
lation, the influence matrix ½Amn� together with the inverse influ-

ence matrix ½Amn��1 is evaluated at initial time t ¼ 0. The source

strength sf and sb are calculated by multiplying ½Amn��1 with the

right side of Eq. (13) at every time step.

3.3. Ramp function

During the initial time steps, an abrupt initial condition should
be avoided. A cosine ramp function Fm is applied here to modulate
the body surface condition. Fm is formulated as:

Fm ¼

8><
>:

1
2

�
1� cos

�
pt
T0

��
t < Tm

1 t � Tm

(34)

where Tm is a ramp time and it is here uniformly chosen as one
excitation period T0 for both wave radiation and diffraction
problems.

4. Numerical results

Numerical results for linear wave radiation and diffraction
problems are presented to show the high accuracy and efficiency of
the proposed method in this section. These two problems are
investigated separately and therefore no coupling effects are
considered. The numerical simulation is executed in time domain
and the results are transformed into frequency domain for the
purpose of comparison. All the yielding results are presented in
non-dimensional form and the method to nondimensionlize these
data will be explained where necessary.

4.1. Numerical convergency

The radiation problem induced by a hemisphere is investigated
to demonstrate the numerical convergency of the proposed
method. At initial time the hemisphere is about to start oscillatory
motion from its equilibrium position and fluid is still everywhere in
the whole fluid domain. The hemisphere surface is formulated by a
spherical coordinate system

x ¼ Rcosqsin4ð0 � q � 2p;0 � 4 � pÞ;
y ¼ Rsinqsin4ð0 � q � 2p;0 � 4 � pÞ;
z ¼ Rcos4

�
0 � 4 � p

2

�
:

(35)

Here R denotes the radius of the hemisphere. q and 4 are polar
and azimuth angles respectively. The wetted hemisphere surface is
divided evenly with 20 sections in q and 20 sections in 4 in both
latitude and longitude directions.

In order to demonstrate the accuracy of the proposed method,
an error coefficient Ce is introduced to exam the agreement be-
tween predicted hydrodynamic coefficients and analytical linear
results of Hulme (1982). Ce is defined as

Ce ¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ððA33 � A0

33Þ=A0
33Þ2 þ ððB33 � B033Þ=B033Þ2

�r

2
; (36)

where A33, B33 and A0
33, B033 are added mass coefficients and

damping coefficients obtained respectively from the numerical
prediction and the analytical formulation of Hulme (1982).

Asmentioned in the last section, in the radial direction 55 points
are required to cover both inner and outer domains on the free
surface. In order to test the numerical accuracy, the free surface is
divided into 4, 6, 8, 9, 10 portions respectively in the axial direction.
Table 2 shows the error coefficient Ce with different portion
numbers at three kR numbers. The value of error coefficients tends
to a very small steady value when portion number is 10 and the

Fig. 3. Profile of Rankine source panel distribution on free surface.
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decreasing rate becomes very low beyond 10. Therefore portion
number 10 in the axial direction is selected in the following nu-
merical simulation. In summary there are 400 panels on body
surface and 500 panels on free surface in present simulation. It is
noticed that similar numbers of panels are required to cover the
body surface and free surface. This is reasonable because the body
surface is a curved surface while calm free surface is a flat surface.
More flat quadrilateral panels are required to discretize the curve
surface than the flat surface based on the principle of Hess-smith
method.

4.2. Wave radiation by a hemisphere and truncated circular
cylinder experiencing forced oscillatory motions

The radiation problem induced by a sphere and a truncated
vertical circular cylinder is further investigated to demonstrate the
accuracy and efficiency of the proposed method. Table 3 show
comparisons of error coefficient Ce between proposed method re-
sults and numerical results of Zhang and Beck (2008). All the value
of Ce in our proposedmethod is below 1% and the proposedmethod
shows a largely reduction of the value of Ce comparedwith the data
of Zhang and Beck (2008).

In order to demonstrate a broader range of comparison between
proposedmethod results and available data in literature. Figs. 4 and
5 show predicted heave added mass coefficient A33 and damping
coefficient B33 evaluated by the proposed method compared with
the analytical data of Hulme (1982) and numerical results of Zhang
and Beck (2008) adopting an isolated source point module on free
surface discretization. As expected the proposed method shows a
closer agreement with the analytical results of Hulme (1982) across
the frequency range and this is especially true for the damping
coefficient B33 when the oscillatory frequency kR is greater than 1.0.

Figs. 6 and 7 demonstrate comparison of the time record of
heave force F33ðtÞ and surge force F11ðtÞ between proposed method
results and Hulme (1982) analytical results for the sphere experi-
encing oscillatory heave and surge motion respectively with mo-
tion frequency kR ¼ 1:0. It is observed that the proposed method
shows a favorable agreement with the analytical results in time
domain. In this section the produced force F33 and F11 in both
frequency domain and time domain are nondimensionalized in the
same way as F33 ¼ F33=rgpR2a and F11 ¼ F11=rgpR2a.

Numerical simulation is further applied to a truncated circular

cylinder with radius R and draft B ¼ 0:5R. Fig. 8 show the com-
parison of heave force F33ðuÞ ðaÞ and surge force F11ðuÞ ðbÞ between
the proposed method results and numerical prediction of Isaacson
et al. (1993) who applied a high order Gaussian numerical inte-
gration. It is observed that the force amplitudes show a good
agreement with the published data for both heave and surge mo-
tions in frequency domain.

The computational effort associated with the evaluations of
matrix coefficients and the matrix inversion are proportional to N2

and N3 respectively, where N is the rank of the matrix coefficients.
For the numerical method of Isaacson et al. (1993), about
3600� 4800 quadrilateral facets are typically generated to present
whole boundary. For the isolated source point distribution method
developed by Zhang and Beck (2008), 2340 source points are
distributed to cover a hemisphere body surface and free surface. It's

Table 2
Error coefficient Ce between the analytical results of Hulme (1982) and the proposed
method respect to different portion number on free surface.

Portion no. kR

0.8 1.0 1.2

4 3.03% 2.39% 2.37%
6 1.42% 0.91% 1.61%
8 0.93% 0.84% 1.37%
9 0.61% 0.44% 0.32%
10 0.49% 0.41% 0.28%

Table 3
Comparisons of error coefficient Ce between proposed method results and numer-
ical results of Zhang and Beck (2008).

kR Zhang and Beck (2008) Proposed method

0.4 2.65% 0.90%
0.8 0.91% 0.49%
1.2 2.19% 0.28%
1.6 2.44% 0.61%
2.0 2.96% 0.12%

Fig. 4. Comparison of heave added mass coefficient A33 between proposed method
results, isolated source point method results of Zhang and Beck (2008) and Hulme
(1982) analytical results for a sphere experiencing oscillatory heave motion.

Fig. 5. Comparison of heave damping coefficient B33 between proposed method re-
sults, isolated source point method results of Zhang and Beck (2008) and Hulme (1982)
analytical results for a sphere experiencing oscillatory heave motion.
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expected that similar number of panels is required to cover a cir-
cular cylinder and the free surface though it is impossible to get a
detailed information in the literature.

For the simulation of a circular cylinder in this paper, 400 panels
are required to represent the body surface and 1000 panels are

applied to cover the free surface. Recall that totally 900 panels are
required to cover the whole fluid boundary for a hemisphere in the
last section. Therefore it is reasonably summarized that about
900� 1400 quadrilateral panels are required to cover the whole
boundary domain for a regular body in the proposed method.

A collection of the panel numbers applied in these three
different methods are presented in Table 4 for a direct comparison.
The proposed method only requires one third of panel number
applied in the method of Isaacson et al. (1993). Compared with the
method of Zhang and Beck (2008), the reduction of panel numbers
seems less significant than that of Isaacson et al. (1993) and about
one half of panel numbers are required in ourmethod. However our
method has shown a higher accuracy than the numerical model of
Zhang and Beck (2008) in Table 2. For the same level of accuracy,
the proposed method only requires about 600ð¼ 400þ 4� 50Þ to
700ð¼ 400þ 6� 50Þ panels to cover the whole fluid domain. Less
than one third of panel numbers are needed compared to their
method. Apart from the exact calculation of Rankine source integral
applied in our proposed method, the development of numerical
scheme avoiding the application of desingularized technique is
believed to also contribute the improvement.

Fig. 9 demonstrate the comparison of the time record of heave
force F33ðtÞ ðaÞand surge force F11ðtÞ ðbÞ respectively between
proposed numerical method results and numerical prediction of
Bai and Teng (2013) for a truncated circular cylinder experiencing
oscillatory heave and surge motionwith frequency kR ¼ 1:6. Fig. 10
shows the comparison of the time record of wave elevation hðtÞ
between proposed numerical method results and the numerical
prediction of Bai and Teng (2013) for a truncated circular cylinder
experiencing heave ðaÞ and surge ðbÞ motion respectively with
motion frequency kR ¼ 1:6. Wave elevation hðtÞ is non-
dimensionalized as hðtÞ ¼ hðtÞ=a. The wave elevation is examined
at the third control point on the free surface. These time domain

Fig. 6. Comparison of time record of heave force F33ðtÞ between proposed method
results and Hulme (1982) analytical results for a sphere experiencing oscillatory heave
motion with motion frequency kR ¼ 1:0.

Fig. 7. Comparison of time record of surge force F11ðtÞ between proposed method
results and Hulme (1982) analytical results for a sphere experiencing oscillatory surge
motion with motion frequency kR ¼ 1:0.

Fig. 8. Comparison of heave force F33ðuÞðaÞ and surge force F11ðuÞ ðbÞ between proposed method results and numerical prediction of Isaacson et al. (1993) for a truncated circular
cylinder experiencing oscillatory heave and surge motion respectively.

Table 4
Comparisons of panel numbers between numerical methods of Isaacson et al.
(1993), Zhang and Beck (2008) and proposed method.

Panel number

Isaacson et al. (1993) Zhang and Beck (2008) Proposed method

3600� 4800 2340 900e1400
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results show that a steady-state solution is developed after one
wave period modulation time and agrees well with the numerical
data of Bai and Teng (2013) in terms of amplitude and phase.

4.3. Wave diffraction around a hemisphere

In this sectionwave diffraction problem is investigated involving
with a hemisphere fixed in the fluid domain. The radiation problem
is excluded in the study because this floating body is still in the
numerical simulation. The total diffraction force F is the sum of
Froude-Krylov force and diffraction exciting force. The discretiza-
tion of hemisphere surface is same as that for radiation problem.

Same as themethod applied by Cao et al. (1991); Zhang and Beck
(2008), a numerical code based on isolated source point is also
developed to demonstrate the high accuracy and efficiency of the
proposed method. For the proposed method, 600ð50� 12Þ source
panels are required to cover the whole free surface domain. For the
isolated source point method, two different source panel numbers
are applied: 1100ð50� 22Þ and 1600ð50� 32Þ panels are placed in
the inner and outer domains. In summary, the proposed method
needs 1000ð600þ 400Þ panels to cover both body surface and free
surface while the isolated source point methods require
1500ð1100þ 400Þ and 2000ð1600þ 400Þ sources respectively.

Fig. 9. Comparison of time record of oscillatory heave force F33ðtÞðaÞ and surge force F11ðtÞ ðbÞ between proposed method results and Bai and Teng (2013) numerical results for a
truncated circular cylinder experiencing heave and surge motion with motion frequency kR ¼ 1:6.

Fig. 10. Comparison of wave elevation hðtÞ between proposed method results and Bai and Teng (2013) numerical results for a truncated circular cylinder experiencing heave motion
ðaÞ and surge motion ðbÞ with motion frequency kR ¼ 1:6.

Fig. 11. Comparison of vertical total diffraction force FzðuÞ between proposed method
results, isolated source point method with source point number 1500 and 2000
respectively, and numerical results of Beck and King (1989) for a hemisphere subject to
a linear incident wave.
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Figs. 11 and 12 shows the comparison of vertical and horizontal
total diffraction forces FzðuÞ and FxðuÞ respectively between pro-
posed method results, numerical results of isolated source point
model and numerical predictions of Beck and King (1989) utilizing
a free surface Green function method. Fz and Fx are non-
dimensionalized as FzðuÞ ¼ FzðuÞ=rgpR2a and FxðuÞ ¼
FxðuÞ=rgpR2a. It is observed the proposed method results show an
nearly perfect agreement with the numerical prediction of Beck
and King (1989). The isolated source point method with the
source point number 2000 has a closer agreement than this
method with source point number 1500 but it is still less closer
than the proposed method. Therefore the proposed method largely
improves the numerical accuracy as well as numerical efficiency. In
order to further demonstrate the efficiency of the proposed
method, numerical simulations are carried out for 5T0 simulation
for these two different methods. All the computations are carried
out on a personal PC with CPU @2:6GHz and RAM 16GB. Table 5
shows the panel numbers and computing time for these two
methods. The proposed method only takes one half and one fourth
computing time of the isolated source point method with panel
numbers 1500 and 2000 respectively. The reduction of computing
time for the proposed method further demonstrate the high ac-
curacy and efficiency of the proposed method.

Fig. 13 demonstrate the comparison of time record of vertical
total diffraction force FzðtÞ ðaÞ and horizontal total diffraction force
FxðtÞ ðbÞ for this hemisphere subject to the linear incident wave
with wave frequency kR ¼ 1:0 between proposed method result
and numerical prediction of Beck and King (1989). The time domain
results of Beck and King (1989) are produced by Fourier transform
from frequency domain results. These comparisons show perfect
agreement between two numerical predictions in time domain.

4.4. Wave diffraction around a hemisphere with current effect

In order to demonstrate a broader application of the proposed
method, this continuous panel method is further developed to
study wave diffraction problem considering current effect. Froude
number Fr, which is designed to measure current speed, is defined
as Fr ¼ U=

ffiffiffiffiffiffiffiffiffiðgRÞp
. Current comes from the left and move towards

positive x direction. Linear incoming wave and current act on a
fixed hemisphere together.

Figs. 14 and 15 show the comparison of vertical force FzðuÞ and
horizontal force FxðuÞ respectively between proposed method re-
sults and numerical prediction of Nossen et al. (1991) which
applied free surface Green function method. These comparisons
show the proposed method has a favourite agreement with nu-
merical method of Nossen et al. (1991) for wave-current coexist
problem.

5. Conclusions

An improved Rankine source panel method is developed to
study three dimensional water wave problems. Both the free sur-
face and body surface are discretized into continuous panels rather
than traditional isolated source points. The surface integrals are
calculated analytically instead of numerical approximation in
tradition methods. As higher numerical accuracy obtained by this
analytical calculation for Rankine source integral, the space incre-
ment source distribution method is therefore developed with the
purpose to reduce computational cost while keep the numerical
accuracy for water wave problems. Earlier investigations by nu-
merical approximation or partially analytical calculation can pro-
duce high accuracy but they generally requires much more
computational effort.

The free surface is divided into inner and outer domains. By
distributing source point in an exponential form in outer domain, a
very large area of free surface is covered and therefore the gener-
ated wave can move towards the infinity without wave reflection
caused by the truncated boundary. By this simple and efficient
numerical technique, the radiation boundary condition is well
satisfied without artificial damping.

Numerical simulations are first performed for a hemisphere
experiencing forced oscillatory motions. An error coefficient Ce
comparing relative errors of added mass and damping coefficient is
introduced to demonstrate the numerical accuracy. In the numer-
ical convergency test the value of Ce for the proposed method
shows less than 0:5% compared with analytical results when only
500 source panels are distributed to cover the whole free surface.
By distributing this number of panels the proposed method pro-
duces much smaller Ce than the method of Zhang and Beck (2008)
which applied numerical approximation to calculate the Rankine
source integral. For the truncated cylinder case, the proposed
method shows good agreement with the numerical results of
Isaacson et al. (1993) which applies the high order numerical
approximation. For these two cases, the proposed method requires
about 900� 1400 source panels to cover the whole fluid domain
while the methods of Zhang and Beck (2008) and Isaacson et al.
(1993) require 2340 and 3600� 4800 respectively. As computa-
tional efforts are proportional to N2 or N3, the proposed method
significantly reduces the computational storage and time.

For the wave diffraction problem, the proposed method with
1000 panels is compared with the isolated source point method
with source points 1500 and 2000. Numerical results show that the
proposed method agrees nearly perfect with the method of Beck
and King (1989). The isolated source point method with 2000
source points has better agreement than that with 1500 source

Fig. 12. Comparison of horizontal total diffraction force FxðuÞ between proposed
method results, isolated source point method with source point number 1500 and
2000 respectively, and numerical results of Beck and King (1989) for a hemisphere
subject to a linear incident wave.

Table 5
Comparisons of panel numbers and computing time between the isolated source
point method and proposed method for 5T0 numerical simulation.

Method Isolated source
point method

Proposed method

Panel number 2000 1500 1000
Computing time (min.) 8 4 2
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points but it is less closer than the proposed method compared
with the results of Beck and King (1989). The proposed method
takes about 2min to finish a 5T0 simulation while the other two
requires 4 and 8min in the same computing facility. This numerical
case further demonstrates the high accuracy as well as high effi-
ciency of the proposed method. The proposed method was devel-
oped to analyze wave-current problem and the comparison
demonstrates the wider application of this proposed method.

In this study, linear water wave problems are examined as we
only consider small body/wave motion problems. But the proposed
method is expected to supply accurate and efficient solution for
nonlinear problems as the performance of numerical solution for
nonlinear problems largely depends on the solution of linear
problems. The nonlinear wave-body interaction problem will be
investigated in the future research.
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