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THE RELATIONS BETWEEN NULL GEODESIC

CURVES AND TIMELIKE RULED SURFACES IN DUAL

LORENTZIAN SPACE D3
1

Yasin Ünlütürk∗, Süha Yılmaz, and Cumali Ekici

Abstract. In this work, we study the conditions between null ge-
odesic curves and timelike ruled surfaces in dual Lorentzian space.
For this study, we establish a system of differential equations char-
acterizing timelike ruled surfaces in dual Lorentzian space by using
the invariant quantities of null geodesic curves on the given ruled
surfaces. We obtain the solutions of these systems for special cases.
Regarding to these special solutions, we give some results of the
relations between null geodesic curves and timelike ruled surfaces
in dual Lorentzian space.

1. Introduction

The theory of Klein geometry is of invariants of a transitive transfor-
mation group. The structure of the underlying Lie group is an essential
element in geometry. This fact can be nicely seen in the theory of
ruled surfaces. The first studies from this perspective were made by W.
Blaschke and E. Study. The main idea is to replace points by lines as
fundamental building blocks of geometric beings [8].

The relations between curves and ruled surfaces were first given by
Blaschke in [3]. Blaschke established this relation by means of Study
theorem which works in dual space. By Study map, ruled surfaces are
considered as spherical curves in dual space. The conditions between
curves and ruled surfaces were studied by establishing a system of dif-
ferential equations which determined ruled surfaces in Euclidean space
in [9].
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Based on the thought ”curve-surface strip”, the conditions between
geodesic curves and ruled surfaces were dealt with by Pekmen [12] by
means of Blaschke invariants in [3]. Later, Şişman wrote an MA disser-
tation about this problem. He tried to solve the system of differential
equations determining ruled surfaces in dual Euclidean space by using
the invariants of the surface strip curves, he could not obtain the general
solution of this system. But he had the solutions by provided that the
surface strip curves were osculating, curvature and geodesic strip curves
[14].

After Şişman’s MA thesis, Pasinli took the subject into consideration
by not using the vanishing of Darboux invariants [11]. Also, Ayyıldız
et al. studied the conditions between curves and semi-ruled surfaces in
Lorentz 3-space [2]. Then the conditions between geodesic curves and
ruled surfaces were studied in dual Lorentzian space by Ayyıldız et al.
[1]. Some interesting results between curves and ruled surfaces were also
obtained in dual Lorentzian space in [6, 7].

In this work, we study the conditions between null geodesic curves
and timelike ruled surfaces in dual Lorentz space D3

1. For this study, we
establish a system of differential equations characterizing timelike ruled
surfaces in dual Lorentz space D3

1 by using the invariant quantities of
null geodesic curves on the given ruled surfaces. We obtain the solutions
of these systems for special cases. Regarding to these special solutions,
we give some results of the relations between null geodesic curves and
timelike ruled surfaces in dual Lorentz space D3

1.

2. Preliminaries

Let R3
1 be the three-dimensional Minkowski space, that is, the three-

dimensional real vector space R3 with the metric

〈dx,dx〉=dx21 + dx22 − dx23,

where (x1, x2, x3) denotes the canonical coordinates in R3. An arbitrary
vector x of R3

1 is said to be spacelike if 〈x, x〉 > 0 or x = 0, timelike if
〈x, x〉 < 0 and lightlike or null if 〈x, x〉 = 0 and x 6= 0. A timelike or
light-like vector in R3

1 is said to be causal. For x ∈ R3
1 the norm is defined

by ‖x‖ =
√
|〈x, x〉|, then the vector x is called a spacelike unit vector if

〈x, x〉 = 1 and a timelike unit vector if 〈x, x〉 = −1. Similarly, a regular
curve in R3

1 can locally be spacelike, timelike or null (lightlike), if all of
its velocity vectors are spacelike, timelike or null (lightlike), respectively
[10].
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Dual numbers are given by the set

D = {x̂ = x+ εx∗;x, x∗ ∈ R} ,
where the symbol ε designates the dual unit, i.e., ε = (0, 1) with the

property ε2 = 0 for ε 6= 0. Dual angle is defined as θ̂ = θ + εθ∗, where θ
is the projected angle between two spears and θ∗ is the shortest distance
between them. The set D of dual numbers is a commutative ring the
the operations + and ·. The set

D3 = D× D× D =
{
ϕ̂ = ϕ+ εϕ∗;ϕ,ϕ∗ ∈ R3

}
is a module over the ring D [16].

For any â = a+ εa∗, b̂ = b+ εb∗ ∈ D3, the Lorentzian inner product

of â and b̂ is defined by

< â, b̂ >=< a, b > +ε(< a∗, b > + < a, b∗ >).

The dual space D3 endowed with this Lorentzian inner product is
called the dual Lorentzian space and is denoted by D3

1 [15]. For ϕ̂ 6= 0,
the norm ‖ϕ̂‖ of ϕ̂ is defined by

‖ϕ̂‖ =
√
| < ϕ̂, ϕ̂ > |.

A dual vector ω̂ = ω+εω∗ is called dual spacelike vector if 〈ω̂, ω̂〉 > 0
or ω̂ = 0, dual timelike vector if 〈ω̂, ω̂〉 < 0 and dual null (lightlike)
vector if 〈ω̂, ω̂〉 = 0 for ω̂ 6= 0. Therefore, an arbitrary dual curve which
is a differential mapping onto D3

1 can locally be dual spacelike, dual
timelike or dual null if its velocity vector is dual spacelike, dual timelike

or dual null, respectively. Also, for the dual vectors â, b̂ ∈ D3
1, Lorentzian

vector product of these dual vectors is defined by

â× b̂ = a× b+ ε(a∗ × b+ a× b∗),
where a × b is the classical cross product according to the signature
(+,+,−) [15].

In D3
1, the dual Lorentzian unit sphere is given as

S2
1 = {ϕ̂ = ϕ+ εϕ∗; ‖ϕ̂‖ = (1, 0);ϕ,ϕ∗ ∈ R3

1, ϕ spacelike},
and the dual hyperbolic unit sphere is defined as

H2
0 = {ϕ̂ = ϕ+ εϕ∗; ‖ϕ̂‖ = (1, 0);ϕ,ϕ∗ ∈ R3

1, ϕ timelike}.

The oriented timelike and spacelike lines in R3
1 are presented by time-

like and spacelike unit vectors with three components in D3
1, respectively.

A differentiable curve onH2
0 corresponds to a timelike ruled surface while

a differentiable curve on S2
1 corresponds to any ruled surface [15].
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Theorem (E. Study). The oriented lines in R3 are in one-to-one
correspondence with the points of the dual unit sphere A.A = 1 in D3

[13].
A differentiable curve A(u) on the dual unit sphere, depending on a

real unit parameter u, represents a differentiable family of straight lines
in R3 : a ruled surface. The lines A(u) are the generators or rulings of
the surface.

The distribution parameter of the ruled surface determined by

R(t) = r(t) + εr∗(t)

is defined by

(1) δ =
〈r′(t), r∗′(t)〉
〈r′(t), r′(t)〉

=
p∗

p
.

If δ = 0, p∗ = 0 then the ruled surface is a developable surface [3].
A point in D3

1 with a timelike position vector represents uniquely a
directed timelike line in R3

1. Timelike ruled surfaces can be characterized
by a dual timelike curve

R1 = r1 + εr1,

such that 〈R1, R1〉 = −1. R1 is the ruling of the surface. Let us denote
the surface by [R1]. Let R′1 = PR2, where R2 = r2 + εr2 is a unit
dual spacelike vector (field), and P ∈ D3

1 and (′) denotes the derivative
with respect to the arc length parameter (used for regular spacelike or
timelike curves) defined by:

s =
∫ t
0 〈α

′(u), α′(u)〉1/2 du
or the pseudo-arc parameter (used for null curves) defind by:

s =
∫ t
0 〈α

′′(u), α′′(u)〉1/4 du
of the striction curve of [R1] [10, 4].

If R1 ∧ R2 = R3 then R3 = r3 + εr3 is a dual unit spacelike vector
and R1, R2, R3 is an orthonormal basis for D3

1. The change of the basis
R1, R2, R3 with respect to s, ([5]), is:

(2)


R′1 = PR2,

R′2 = PR1 +QR3,

R′3 = −QR2,

where

P = ‖R′1‖ , Q = det(R1, R
′
1, R

′′
1)/ ‖R′1‖ ,
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and also

P = p+ εp, Q = q + εq.

Definition 2.1. If we fix t, R1(t), R2(t), R3(t) are three straight lines
in R3

1, and their point of intersection is the point of striction x(t) on the
ruling R1(t). The locus of x(t) is the curve of striction on the ruled
surface [8].

Set

x′ = ar1 + br3,

where (′) stands for the derivative with respect to the arc length param-
eter (or the pseudo-arc parameter) s of x, then we find a = q an b = p,
since x ∧ ri = ri, 1 ≤ i ≤ 3 [5].

If x is a null curve, the Darboux trihedron is constructed as follows.
Let

dx

ds
= x1,

where s is the pseudo-arc parameter of x, n = r2, and g is the unique
null vector satisfying:

〈x1, g〉 = 1, 〈n, g〉 = 0.

Then we have:

(3)


x1 = qr1 + qr3,

n = r2,

g = − 1

2q
r1 +

1

2q
r3,

and conversely we obtain

(4)



r1 =
1

2q
x1 − qg,

r2 = n,

r3 =
1

2q
x1 + qg,

since 〈x1, x1〉 = 0. The change of Darboux trihedron is:

(5)


x′1 = ρgx1 + ρnn,

g′ = ρgg + τgn,

n′ = −τgx1 + ρgg,
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where ρg, τg and ρn are geodesic curvature, geodesic torsion and normal
curvature, respectively. Then we find

−p2 + q2 = 2τgρg = q(p− q),

τg = −1

q
(p+ q), ρg =

q

q
.

It is also known that there are the following expression

R1 = r1 + εr1, r1 = x ∧ x1

R2 = r2 + εr2, r2 = x ∧ n

R3 = r3 + εr3, r3 = x ∧ g.

3. Null geodesic curves and timelike ruled surfaces

In this condition, we choose both the curve x and the ruled surface
R1 as a null geodesic curve and a timelike ruled surface, respectively.
The vector x(s) is written, with respect to Darboux vector, as follows:

(6) x(s) = k(s)x1(s) + l(s)n(s) +m(s)g(s),

where m = m(s), n = n(s) and k = k(s).

Hence we obtain the following relations

(7)



R1 =
1

2q
x1(s)− qg(s) + ε(l(s)x1(s) +m(s)n(s)),

R2 = n+ ε(−k(s)x1(s) +m(s)g(s)),

R3 =
1

2q
x1(s) + qg(s) + ε(−k(s)n(s)− l(s)g(s)).

If the coefficients m(s), n(s), k(s) are found, then the spacelike ruled
surface R1(s) can be determined with respect to the invariants of the
curve x(s). Differentiating (6) with respect to s, and then substituting
(5) in it gives the following system of differential equations:

(8)


k′(s) + k(s)ρg(s)− l(s)τg(s) = 1,

k(s)ρn(s) + l′(s) +m(s)τg(s) = 0,

l(s)ρg(s) +m′(s) +m(s)ρg(s) = 0.
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For the null curve x to be geodesic curve, that is, ρg(s) = 0, the
system (8) turns into

(9)


k′(s)− l(s)τg(s) = 1,

k(s)ρn(s) + l′(s) +m(s)τg(s) = 0,

m′(s) = 0.

We will study the system of differential equations (9) for certain special
cases as follows:

Case 1 If k(s) = 0, the curve x is located in subspace combined with the
vector space Sp{x1(s), g(s)} at the point x(s), then the system (9)
turns into

(10)


−l(s)τg(s) = 1,

l′(s) +m(s)τg(s) = 0,

m′(s) = 0.

From (10)1 and (10)3, we have

(11) l(s) = − 1

τg
,

and

(12) m(s) = c1 = const., c1 ∈ R,

respectively. Also there is a relation as

(13) (− 1

τg
)′ + c1τg = 0.

The solution of the equation (13) is found as follows:

(14) τg = ∓ 1√
2c1(s+ c2)

, c2 ∈ R.

Using (11), (12) and (14) in (6), we obtain the curve x as

(15) x(s) = ±
√

2c1(s+ c2)n(s) + c1g(s).

Thereby, Blaschke vectors of the timelike ruled surface R1(s) with
null geodesic curve are determined by the invariants of Darboux
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trihedron as follows:

(16)



R1(s) =
1

2q
x1(s)− qg(s) + ε(±

√
2c1(s+ c2)x1(s) + c1n(s)),

R2(s) = n(s) + ε(c1g(s)),

R3(s) =
1

2q
x1(s) + qg(s) + ε(∓

√
2c1(s+ c2)g(s)).

Thus we can give the following result:

Corollary 3.1. The curve x is determined by (15) and the Blaschke
vectors of the timelike ruled surface R1(s) with null geodesic curve are
determined by the invariants of Darboux trihedron as in (16).

Case 2 If l(s) = 0, the curve α is located in affine subspace combined with
the vector space Sp{x1(s), n(s)} at the point α(s), then the system
(9) turns into

(17)


k′(s) = 1,

k(s)ρn(s) +m(s)τg(s) = 0,

m′(s) = 0.

From (17)1 and (17)3, we have,

(18) k = s+ c1, c1 ∈ R,

(19) m = c2 = const.; c2 ∈ R,

and also using (18), (19) in (17)2, we obtain a ratio between the
geodesic torsion and the normal curvature as

ρn
τg

= − c2
s+ c1

.

Substituting (18), (19) into (6), we obtain the curve x(s) as

(20) x(s) = (s+ c1)x1(s) + c2g(s).

Thereby, Blaschke vectors of the timelike ruled surface R1(s) with
null geodesic curve are determined by the invariants of Darboux
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trihedron as follows:

(21)



R1(s) =
1

2q
x1(s)− qg(s) + εc2n(s),

R2(s) = n(s) + ε(−(s+ c1)x1(s) + c2g(s)),

R3(s) =
1

2q
x1(s) + qg(s)− ε(s+ c1)n(s).

Thus we can give the following result:

Corollary 3.2. The curve x is determined by (20) and the Blaschke
vectors of timelike ruled surface R1(s) are determined by the invariants
of Darboux trihedron as in (21).

Case 3 If m(s) = 0, the curve x is located in affine subspace combined
with the vector space Sp{g(s), n(s)} at the point x(s), then the
system (9) turns into

(22)

{
k′(s)− l(s)τg(s) = 1,

k(s)ρn(s) + l′(s) = 0.

From (22)1 and (22)2, we have

(23) k(s) = s+A(s),

where A(s) =
∫
lτgds. Also we get

(24) l(s) = −B(s),

where B(s) =
∫

(s+A(s))ρnds.

Using (23) and (24) in (6), we obtain the curve α as

(25) x(s) = (s+A(s))x1(s)−B(s)n(s).

Thereby, Blaschke vectors of the timelike ruled surface R1(s) are de-
termined by the invariants of Darboux trihedron as follows:

(26)



R1(s) =
1

2q
x1(s)− qg(s)− εB(s)x1(s)),

R2(s) = n(s)− ε(s+A(s))x1(s)),

R3(s) =
1

2q
x1(s) + qg(s) + ε(−(s+A(s))n(s) +B(s)g(s)).

Thus we can give the following result:
Corollary 3.3. The curve x is determined by (25) and the Blaschke

vectors of timelike ruled surface R1(s) are determined by the invariants
of Darboux trihedron as in (26).
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Conclusion

In this work, the relations between null geodesic curves and time-
like ruled surfaces were studied in dual Lorentzian space. A system
of differential equations characterizing timelike ruled surfaces in dual
Lorentzian space were obtained by using the invariant quantities of null
geodesic curves on the given ruled surfaces. The solutions of these sys-
tems were found for special cases. Regarding to these special solutions,
some results of the relations between null geodesic curves and timelike
ruled surfaces were given in dual Lorentzian space.
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Süha Yılmaz
Buca Faculty of Education, Dokuz Eylül University,
35150, Buca-Izmir, Turkey.
E-mail: suha.yilmaz@deu.edu.tr

Cumali Ekici
Department of Mathematics-Computer,
Eskisehir Osmangazi University,
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