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a b s t r a c t

This study develops new analytical solutions to water wave diffraction by vertical truncated cylinders in
the context of linear potential theory. Three typical truncated surface-piercing cylinders, a submerged
bottom-standing cylinder and a submerged floating cylinder are examined. The analytical solutions
utilize the multi-term Galerkin method, which is able to model the cube-root singularity of fluid velocity
near the edges of the truncated cylinders by expanding the fluid velocity into a set of basis function
involving the Gegenbauer polynomials. The convergence of the present analytical solution is rapid, and a
few truncated numbers in the series of the basis function can yield results of six-figure accuracy for wave
forces and moments. The present solutions are in good agreement with those by a higher-order BEM
(boundary element method) model. Comparisons between present results and experimental results in
literature and results by Froude-Krylov theory are conducted. The variation of wave forces and moments
with different parameters are presented. This study not only gives a new analytical approach to wave
diffraction by truncated cylinders but also provides a reliable benchmark for numerical investigations of
wave diffraction by structures.
© 2019 Society of Naval Architects of Korea. Production and hosting by Elsevier B.V. This is an open access

article under the CC BY-NC-ND license (http://creativecommons.org/licenses/by-nc-nd/4.0/).
1. Introduction

A vertical truncated cylinder may be as a part of many coastal
and offshore structures, such as a spar platform and an open type
wharf. Stability and safety of truncated cylinders have received
considerable attention. Studying the hydrodynamic forces of
vertical truncated cylinders is of great significance for practical
engineering. In general, the truncated cylinders are submerged
bottom-standing (Isaacson, 1975), surface-piercing (Williams and
Demirbilek, 1988) or submerged floating (Jiang et al., 2014).

An abundance of analytical studies have been developed for
linear water wave interaction with truncated cylinders. Early,
Havelock (1940) presented an analytical solution for wave action on
a vertical circular cylinder in infinite-depth water. Ursell (1949)
studied the wave forces on an infinitely long horizontal surface-
piercing cylinder. Finnegan et al. (2013) developed an analytical
approximation for the wave excitation forces on a truncated
ollege of Engineering, Ocean
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vertical cylinder. In the aforementioned studies, the cylinders were
located in the water with infinite-depth. On the other hand, plenty
of studies on wave interaction with truncated cylinders in finite-
depth water have been conducted. Garrett (1971) analysed the
horizontal and vertical wave forces and wave moment acting on a
floating circular dock. Yeung (1981) paid his attention to added
mass and damping coefficients, and used the matched eigenfunc-
tion expansion method to solve the hydrodynamic problem for a
vertical surface-piercing truncated cylinder. Bhatta and Rahman
(1995) investigated the wave diffraction and radiation by a
floating vertical truncated cylinder, and examined the wave forces
andmoment. Jiang et al. (2014) developed an analytical solution for
wave diffraction by a submerged truncated cylinder applying
matched eigenfunction expansion method, and they also gave nu-
merical results by a higher-order BEM (boundary element method)
solution. Unlike the preceding studies based on the linear wave
theory, Eatock Taylor and Hung (1987) examined the second order
diffraction forces acting on vertical surface-piercing cylinders in
regular waves; Eatock Taylor and Huang (1997) developed a semi-
analytical solution for the second-order water wave diffraction by
vertical circular cylinders.

We note that when considering linear wave interaction with
sevier B.V. This is an open access article under the CC BY-NC-ND license (http://
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Fig. 1. Sketch for water wave diffraction by truncated cylinders: (a) A submerged
bottom-standing truncated cylinder; (b) A surface-piercing truncated cylinder; (c) A
submerged floating truncated cylinder; (d) Top view.
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truncated circular cylinders based on potential theory, the fluid
velocity has a cube-root singularity near the edges of the cylinders
(Porter, 1995, Chapter 7; Roy et al., 2017). However, to the best of
authors’ knowledge, the cube-root singularity of the fluid velocity
has not been considered in previous analytical solutions for wave
interaction with truncated circular cylinders. If one wants to
develop a complete analytical solution for water wave diffraction
by truncated cylinders, the cube-root singularity of the fluid ve-
locity must be incorporated into the solution. Therefore, this study
will develop new complete analytical solutions with consideration
of the cube-root singularity of the fluid velocity for wave diffraction
by truncated circular cylinders. Three types of truncated cylinders,
including a submerged bottom-standing cylinder, a surface-
piercing cylinder and a submerged floating cylinder, will be
considered. The multi-term Galerkin approximation will be used to
model the cube-root singularity of fluid velocity near the edges of
the truncated cylinders. In the past, the multi-term Galerkin
approximation has been used to develop accurate analytical solu-
tions for wave interaction with thin vertical barriers (Porter and
Evans, 1995; Banerjea et al., 1996; Evans and Porter, 1997;
Martins-Rivas and Mei, 2009; Chang et al., 2012), thick vertical
barriers with rectangular sections (Mandal and Kanoria, 2000;
Kanoria et al., 1999; Kanoria, 2001; Rumpa and Mandal, 2015) and
structures of other shapes (Porter, 2002; Linton, 2009).

It is noted that the new analytical solution is based on the linear
potential theory, and cannot consider the nonlinearity of the free
water surface, the wave breaking and other complex flow condi-
tions. Besides, this solution is limited to cylinders with large
diameter i.e., D/L< 0.2 generally (Otsuka and Ikeda, 1996) (D is
cylinder's diameter and L is the incident wavelength). This is
because that when the value of D/L is small, the wave action on the
cylinder is mainly characterized by viscous force and added mass.
But this solution assumes that the fluid is inviscid. More detail
about D/L can be found in Linton and McIver (2001, Section 1.3.5).

In the following Section, the governing equation and boundary
conditions for the present water wave diffraction by truncated cir-
cular cylinders are given. In Section 3, new complete analytical so-
lutions for the present problem are developed applying multi-term
Galerkin method, and the calculation methods for the horizontal
and vertical wave forces and the roll moment acting on the trun-
cated cylinders are given. In Section 4, the convergence examination
of the newly developed analytical solutions is conducted, and the
present calculation results are comparedwith that by a higher-order
BEM solution, experimental results in literature and Froude-Krylov
theory, respectively. Calculation examples are also presented to
examine the wave forces and moments acting on truncated cylin-
ders. Finally, the main conclusions of this study are shown.

2. Mathematical formulation

The idealized sketch of water wave diffraction by truncated
cylinders is shown in Fig. 1. The truncated cylinder is bottom-
standing (Type 1), or surface-piercing (Type 2), or submerged
floating (Type 3). Fig. 1(d) is the top view of the cylinders. A cy-
lindrical coordinate system, with the z-axis taking vertically up-
wards along the central axis of the truncated cylinder and the orq
plane located on the undisturbed free surface, is used for mathe-
matical descriptions. The water depth is h and the truncated cyl-
inder's radius is a. It is assumed that the fluid is inviscid and
incompressible, and the fluid motion is irrotational. The incident
harmonic wave is of small amplitude with angular frequency u.
Then, a fluid velocity F(r, q, z, t) satisfying Laplace equation under
cylindrical coordinate system can be used to describe the wave
motion. The time factor e-iut is separated, and then the velocity
potential can be written as
Fðr; q; z; tÞ ¼ Re
�
� igH

2u
fðr; q; zÞe�iut

�
(1)

where Re denote the real part of function; i ¼
ffiffiffiffiffiffiffi
�1

p
; g is the grav-

itational acceleration; H is the incident wave height and f(r, q, z) is
the reduced spatial velocity potential not depending on the time t.

For the convenience of solution, the fluid domain for Type 1
cylinder is divided into two regions: Region 1, the domain outside
the truncated cylinder (r� a, 0� q� 2p, �h� z� 0); Region 2, the
upper fluid domain of the truncated cylinder (r� a, 0� q� 2p,
z2Pð1Þ ¼ ð � b;0Þ). Similarly, the fluid domain for Type 2 cylinder
is divided into two regions: Region 1 (r� a, 0� q� 2p, �h� z� 0);
Region 3, the bottom fluid domain of the truncated cylinder (r� a,
0� q� 2p, z2Pð2Þ ¼ ð � h; � cÞ). The fluid domain for Type 3
cylinder is divided into three regions: Region 1 (r� a,
0� q� 2p, �h� z� 0); Region 2 (r� a, 0� q� 2p, z2Pð3;UÞ ¼ ð �
d;0Þ); Region 3 (r� a, 0� q� 2p, z2Pð3;DÞ ¼ ð � h; � eÞ).

The reduced velocity potential fðr; q; zÞ satisfies Laplace
equation:

v2fi

vr2
þ 1

r
vfi

vr
þ 1
r2

v2fi

vq2
þ v2fi

vz2
¼ 0; i ¼ 1;2;3 (2)

where the subscript i denotes velocity potential in region i. Besides,
the velocity potentials satisfy the following boundary conditions.

1. The free surface condition:

vf
ðjÞ
1

vz

�����
z¼0

¼u2

g
f
ðjÞ
1

���
z¼0

; j ¼ 1;2;3 (3)

vf
ðjÞ
2

vz

�����
z¼0

¼u2

g
f
ðjÞ
2

���
z¼0

; j ¼ 1;3 (4)

where the superscript j denotes Type j cylinder.

2. The water bottom condition:

vf
ðjÞ
1

vz

�����
z¼�h

¼0; j ¼ 1;2;3 (5)
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vf
ðjÞ
3

vz

�����
z¼�h

¼0; j ¼ 2;3 (6)
3. The impermeable condition on the body surface:

vf
ð1Þ
2
vz

�����
z¼�b

¼ vf
ð3Þ
2
vz

�����
z¼�d

¼ 0 (7)

vf
ð2Þ
3
vz

�����
z¼�c

¼ vf
ð3Þ
3
vz

�����
z¼�e

¼ 0 (8)

vf
ðjÞ
1

vr

�����
r¼a

¼0; z2L ¼ LðjÞ ¼ ð�h;0Þ �PðjÞ; j ¼ 1;2;3 (9)
4. The far field radiation condition:

lim
r/∞

ffiffiffi
r

p �
v

vr
� ik0

��
f
ðjÞ
1 � fI

	
¼0; j ¼ 1;2;3 (10)

where k0 is the incident wave number, and fI is the velocity po-
tential of incident waves.

On the interface of different regions, the horizontal fluid velocity
and the velocity potential must be continuous:

vf
ðjÞ
1

vr

�����
r¼a

¼ vf
ðjÞ
2

vr

�����
r¼a

; z2PðjÞ; j ¼ 1;3 (11)

vf
ðjÞ
1

vr

�����
r¼a

¼ vf
ðjÞ
3

vr

�����
r¼a

; z2PðjÞ; j ¼ 2;3 (12)

f
ðjÞ
1

���
r¼a

¼f
ðjÞ
2

���
r¼a

; z2PðjÞ; j ¼ 1;3 (13)

f
ðjÞ
1

���
r¼a

¼f
ðjÞ
3

���
r¼a

; z2PðjÞ; j ¼ 2;3 (14)

At the side edges of the truncated cylinders (r¼ a, 0� q� 2p and
z¼�b for Type 1, z¼�c for Type 2, and z¼�d and �e for Type 3),
the gradient of the velocity potential has a cube-root singularity
(Porter, 1995, Chapter 7; Kanoria et al., 1999, Eq. (3.15); Rumpa and
Mandal, 2015, Eq. (2.4)):

jVfj ¼O
�
r�1=3
0

	
as r0/0 (15)

where r0 is the distance between the local coordinate to the side
edge of the truncated cylinder. The present study will incorporate
the cube-root singularity of the fluid velocity into the solution. This
will be detailed in the following section.
3. Methods of solution

3.1. Expressions of velocity potentials

By the separation of variables, expressions of the velocity po-
tentials satisfying Eqs. (2)e (8) and (10) for each truncated cylinder
configuration are given as below.
3.1.1. Type 1 truncated cylinders

f
ð1Þ
1 ¼

X∞
m¼0

εmi
m cosmq

"
Jmðk0rÞZ0ðzÞ þ

X∞
i¼0

Að1Þ
mi

~KmðkirÞ
~KmðkiaÞ

ZiðzÞ
#

(16)

f
ð1Þ
2 ¼

X∞
m¼0

εmi
m cosmq

X∞
i¼0

Bmi

~ImðlirÞ
~ImðliaÞ

YiðzÞ (17)

where Að1Þ
mi and Bmi are unknown complex coefficients; ε0¼1 and

εm¼ 2 for m� 1; ~Kmðk0rÞ ¼ Hmðk0rÞ for i¼ 0 and~KmðkirÞ ¼ KmðkirÞ
for i� 1; ~Imðl0rÞ ¼ Jmðl0rÞ for i¼ 0 and~ImðlirÞ ¼ ImðlirÞ for i� 1; Jm
andHm are the Bessel and Hankel functions of the first kind of order
m, respectively; Im and Km is respectively the modified Bessel
function of the first and second kind of order m; ki and li are
respectively the positive real roots of the following dispersion
relations

u2 ¼ gk0 tanhk0h ¼ �gki tankih; i � 1 (18)

u2 ¼ gl0 tanhl0b ¼ �gli tanlib; i � 1 (19)

Zi(z) and Yi(z) are the vertical eigenfunctions given respectively
by

ZiðzÞ ¼


coshk0ðzþhÞ=coshk0h; i¼0;
coskiðzþhÞ=coskih; i�1;

(20)

YiðzÞ ¼


coshl0ðzþ bÞ=coshl0b; i¼0;
cosliðzþ bÞ=coslib; i�1:

(21)
3.1.2. Type 2 truncated cylinders

f
ð2Þ
1 ¼

X∞
m¼0

εmi
m cosmq

"
Jmðk0rÞZ0ðzÞ þ

X∞
i¼0

Að2Þ
mi

~KmðkirÞ
~KmðkiaÞ

ZiðzÞ
#

(22)

f
ð2Þ
3 ¼

X∞
m¼0

εmi
m cosmq

"
Cm0

�r
a

	m
X0ðzÞ þ

X∞
i¼1

Cmi
ImðbirÞ
ImðbiaÞ

XiðzÞ
#

(23)

where Að2Þ
mi and Bmi are unknown complex coefficients; eigenvalues

bi are given by bi ¼ ip=ðh�cÞ (i� 1); and Xi(z) are the vertical
eigenfunctions given by

XiðzÞ ¼
� ffiffiffi

2
p .

2; i¼0; cosbiðzþhÞ; i�1: (24)
3.1.3. Type 3 truncated cylinders

f
ð3Þ
1 ¼

X∞
m¼0

εmi
m cosmq

"
Jmðk0rÞZ0ðzÞ þ

X∞
i¼0

Að3Þ
mi

~KmðkirÞ
~KmðkiaÞ

ZiðzÞ
#

(25)
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f
ð3Þ
2 ¼

X∞
m¼0

εmi
m cosmq

X∞
i¼0

Dmi

~ImðmirÞ
~ImðmiaÞ

UiðzÞ (26)

f
ð3Þ
3 ¼

X∞
m¼0

εmi
m cosmq

"
Em0

�r
a

	m
W0ðzÞ þ

X∞
i¼1

Emi
ImðkirÞ
ImðkiaÞ

WiðzÞ
#

(27)

where Að3Þ
mi , Dmi and Emi are unknown complex coefficients; mi are

the positive real roots of the following dispersion relation

u2 ¼ gm0 tanhm0d ¼ �gmi tanmid; i � 1 (28)

eigenvalues bi are given by mi ¼ ip=ðh�eÞ (i� 1); and Ui(z) and
Wi(z) are the vertical eigenfunctions given respectively by

UiðzÞ¼fcoshm0ðzþdÞ=coshm0d; i¼0; cosmiðzþdÞ=cosmid; i�1;

(29)

WiðzÞ ¼
� ffiffiffi

2
p .

2; i¼0; coskiðzþhÞ; i�1: (30)

The unknown complex coefficients in Eqs. (16), (17), (22), (23)
and (25) - (27) can be determined by directly matching the
boundary conditions in Eqs. (9) and (11) - (14), which is the
matched eignfunction expansion method. However, such a directly
matching solution does not consider the fluid velocity singularity in
Eq. (15). In order to obtain complete analytical solutions, we will
use the multi-term Galerkin method to develop complete solutions
incorporated with the singularity of the fluid velocity near the side
edges of the truncated cylinders.
3.2. Solutions by multi-term Galerkin method

3.2.1. Type 1 truncated cylinders
For Type 1 truncated cylinder, referring to the study of Porter

(1995, Chapter 7), we expand the fluid velocity at r¼ a as

vf
ð1Þ
1
vr

�����
r¼a

¼ vf
ð1Þ
2
vr

�����
r¼a

¼
X∞
m¼0

εmi
m cosmq

X∞
s¼0

amsvsðzÞ; z2Pð1Þ;

(31a)

vf
ð1Þ
1
vr

�����
r¼a

¼0; z2Lð1Þ; (31b)

where Eqs. (9) and (11) have been used; ams are unknown complex
coefficients; and vs(z) is the basis function given by

~vsðzÞ¼ vsðzÞ � u2

g

ðz
�b

vsðtÞdt (32a)

with

~vsðzÞ¼ ð�1Þs21=6ð2sÞ!Gð1=6Þ
pGð2sþ1=3Þb1=3

�
b2�z2

	�1=3
C1=6
2s ð�z=bÞ; z2Pð1Þ

(32b)

In Eq. (32b), GðxÞ¼ R∞
0 tx�1e�tdt is the Gamma function, and
Ct
nðcos qÞ ¼

X∞
m¼0

Gðt þmÞGðt þ n�mÞ
m!ðn�mÞ!½GðtÞ�2

cosðn�2mÞq (32c)

is the Gegenbauer polynamials. The use of Gegenbauer polynamials
is detailed in Porter (1995, pp. 182). It is noted from Eq. (32c) that

because of the relationship of Ct
nð�xÞ ¼ ð�1ÞnCt

nðxÞ, C1=6
2s ðxÞ is an

even function of x, and dC1=6
2s ðxÞ =dx ¼ 0 at x¼ 0. Thus, Eq. (32a)

satisfies d~vsðzÞ =dz ¼ 0 at z¼ 0. That is to say, the basis function
vs(z) satisfies the free surface condition. We also note from Eqs.

(32a) and (32b) that vsðzÞ ¼ ~vsðzÞ � o½ðzþ bÞ�1=3� as z / �b, which
indicates that the choice for vs(z) in Eq. (32a) satisfies the cube-root
singularity in Eq. (15) at r¼ a and z¼�b.

Substituting the expression for the velocity potential in Eq. (16)
into Eq. (31), yields

X∞
m¼0

εmi
m cosmq

"
k0J

0
mðk0aÞZ0ðzÞþ

X∞
i¼0

Að1Þ
mi

kiK
0
mðkiaÞ

~KmðkiaÞ
ZiðzÞ

#

¼

8>><
>>:

X∞
m¼0

εmi
m cosmq

X∞
s¼0

amsvsðzÞ; z2Pð1Þ;

0; z2Lð1Þ;
(33)

where K 0
mðkiaÞ ¼ d~KmðkirÞ=dðkirÞ

��
r¼a, etc. Multiplying both sides

of Eq. (33) by cos nq, then integrating with respect to q from 0 to 2p
and applying the orthogonal relation

R 2p
0 cosmq cos nqdq ¼

0(msn), we have

k0J
0
mðk0aÞZ0ðzÞþ

X∞
i¼0

Að1Þ
mi

kiK 0
mðkiaÞ

~KmðkiaÞ
ZiðzÞ

¼

8><
>:

X∞
s¼0

amsvsðzÞ; z2Pð1Þ;

0; z2Lð1Þ:
(34)

Multiplying both sides of Eq. (34) by Zl(z) and integrating with
respect to z along the whole water depth, we obtain

Að1Þ
ml ¼

~KmðklaÞ
klNlK 0mðklaÞ

X∞
s¼0

amsFsl � dl0
J0mðk0aÞHmðk0aÞ

H0mðk0aÞ
; m; l � 0

(35)

where the symbol d00¼1 and dl0¼1 for l� 1, and

Nl ¼
ð0
�h

Z2l ðzÞdz ¼

8>>><
>>>:

1

cosh2k0h

�
h
2
þ sinh 2k0h

4k0

�
; l¼0;

1

cos2klh

�
h
2
þ sin 2klh

4kl

�
; l�1;

(36)

Fsl ¼
ð0
�b

vsðzÞZlðzÞdz ¼

8>>>>><
>>>>>:

ð � 1ÞsI2sþ1=6ðk0bÞ
ðk0bÞ1=6

; l¼0;

J2sþ1=6ðklbÞ
ðklbÞ1=6

; l�1:

(37)

Substituting the expression for the velocity potential in Eq. (17)
into Eq. (31a) and conducting similar algebraic operation, we have
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Bml ¼
~ImðllaÞ

llMlI0mðllaÞ
X∞
s¼0

amsGsl; m; l � 0 (38)

where the expression of Ml ¼
R 0
�b Y

2
l ðzÞdz is similar to Nl in Eq. (36)

with kl and h replaced by ll and b, respectively; and the expression
of Gsl ¼

R 0
�b vsðzÞYlðzÞdz is similar to Fsl Eq. (37) with kl replaced by

ll.
Now, we consider velocity potential continuous condition in Eq.

(13) on the interface of two regions. Substituting expressions for
velocity potentials in Eqs. (16) and (17) into Eq. (13), multiplying
both sides of the new obtained equations by cos mq and vp(z), and
then integrating with respect to q and z from 0 to 2p and eb to 0,
respectively, yields:

JmðkaÞFp0 þ
X∞
i¼0

Að1Þ
mi Fpi ¼

X∞
i¼0

BmiGpi (39)

Substituting expressions of Að1Þ
mi and Bmi in Eqs. (35) and (38) into

Eq. (39), we have

X∞
s¼0

amscmps ¼ fmp; m; p � 0 (40)

where

cmps ¼
X∞
i¼0

~KmðkiaÞFsiFpi
kiNi

~K
0
mðkiaÞ

�
X∞
i¼0

~ImðliaÞGsiGpi

liMi
~I
0
mðliaÞ

(41)

fmp ¼
�
� Jmðk0aÞ þ

Hmðk0aÞJ0mðk0aÞ
H0mðk0aÞ

�
Fp0 (42)

We solve the linear equation system Eq. (40) by truncating s and
p after S terms for each value of m (the angle q mode), and obtain
the values of ams. Then, all the unknown coefficients in velocity
potentials are determined by Eqs. (35) and (38).
3.2.2. Type 2 truncated cylinders
For Type 2 truncated cylinders, referring to the studies of Porter

(1995, Chapter 7) andMandal and Kanoria (2000), the fluid velocity
at r¼ a can be expanded as

vf
ð2Þ
1
vr

�����
r¼a

¼ vf
ð2Þ
3
vr

�����
r¼a

¼
X∞
m¼0

εmi
m cosmq

X∞
s¼0

bmsusðzÞ; z2Pð2Þ;

(43a)

vf
ð2Þ
1
vr

�����
r¼a

¼0; z2Lð2Þ; (43b)

where Eqs. (9) and (12) have been used; bms are unknown complex
coefficients; and

usðzÞ¼
"
ð � 1Þs21=6ð2sÞ!Gð1=6Þ
pGð2sþ 1=3Þðh� cÞ1=3

#h
ðh� cÞ2�ðzþ hÞ2

i�1=3

C1=6
2s

�
zþ h
h� c

�
; z2Pð2Þ (44)

We note from Eq. (44) that ðzÞ � of½ðh� cÞ�ðzþ hÞ2��1=3g as z
/ � c, and thus it incorporate the cube-root singularity in Eq. (15)
at r¼ a and z¼� c.

Applying the similar algebraic operation as Eq. (31), we use Eq.

(43) to obtain the expressions of Að2Þ
ml and Cml:
Að2Þ
ml ¼

~KmðklaÞ
klNlK 0mðklaÞ

X∞
s¼0

bmsQsl � dl0
J0mðk0aÞHmðk0aÞ

H0mðk0aÞ
; m; l � 0

(45)

mCm0 ¼
2a

h� c

X∞
s¼0

bmsPs0; m � 0; l ¼ 0 (46a)

Cml ¼
2ImðblaÞ

blðh� cÞI0mðblaÞ
X∞
s¼0

bmsPsl; m � 0; l � 1 (46b)

where

Qsl ¼
ð�c

�h

usðzÞZlðzÞdz ¼

8>>>><
>>>>:

ð � 1ÞsI2sþ1=6½k0ðh� cÞ�
½k0ðh� cÞ�1=6 coshk0h

; l¼0;

J2sþ1=6½klðh� cÞ�
½klðh� cÞ�1=6 cosklh

; l�1;

(47)

Psl ¼
ð�c

�h

usðzÞXlðzÞdz ¼

8>>>><
>>>>:

21=6
ffiffiffiffiffiffi
6p

p

G2ð1=3Þ
ds0; l¼0:

J2sþ1=6½blðh� cÞ�
½blðh� cÞ�1=6

; l�1:

(48)

Considering velocity potential continuous condition in Eq. (14)
on the interface of two regions, and using the similar algebraic
operation as that used in the solution for Type 1 truncated cylinder,
we obtain

X∞
s¼0

bmsgmps �Cm0Pp0 ¼ [mp; m; p � 0 (49)

where

gmps ¼
X∞
i¼0

~KmðkiaÞQsiQpi

kiNi
~K
0
mðkiaÞ

�
X∞
i¼1

2ImðbiaÞPsiPpi
biðh� cÞI0mðbiaÞ

(50)

[mp ¼
�
� Jmðk0aÞ þ

Hmðk0aÞJ0mðk0aÞ
H0mðk0aÞ

�
Qp0 (51)

We solve the linear equation system Eqs. (46a) and (49) by
truncating s and p after S terms for each value of m (the angle q

mode), and obtain the values of bms. Then, all the unknown co-
efficients in velocity potentials are determined by Eqs. (45) and
(46).

3.2.3. Type 3 truncated cylinders
For Type 3 truncated cylinders, the fluid velocity at r¼ a can be

expanded as

vf
ð3Þ
1
vr

�����
r¼a

¼ vf
ð3Þ
2
vr

�����
r¼a

¼
X∞
m¼0

εmi
m cosmq

X∞
s¼0

cmswsðzÞ; z2Pð3;UÞ;

(52a)

vf
ð3Þ
1
vr

�����
r¼a

¼ vf
ð3Þ
3
vr

�����
r¼a

¼
X∞
m¼0

εmi
m cosmq

X∞
s¼0

dmsysðzÞ; z2Pð3;DÞ;

(52b)
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vf
ð3Þ
1
vr

�����
r¼a

¼0; z2Lð3Þ (52c)

where Eqs. (9) and (11) have been used; cms and dms are unknown
complex coefficients; the expression ofws(z) is similar to vs(z) in Eq.
(32) with b replaced by d; and the expression of ys(z) is similar to
us(z) in Eq. (44) with c replaced by e. It can be seen from Eq. (52)
that the cube-root singular behavior at the side edges of Type 3
truncated cylinders are considered according to the aforemen-
tioned illustrations in Sections 3.2.1 and 3.2.2.

Using the similar algebraic operation as Eq. (31) to deal with Eq.
(52), we obtain the expressions of Að3Þ

ml , Dml and Eml:

Að3Þ
ml ¼

~KmðklaÞ
klNlK 0mðklaÞ

X∞
s¼0

ðcmsRsl þ dmsSslÞ

� dl0
J0mðk0aÞHmðk0aÞ

H0mðk0aÞ
; m; l

� 0 (53)

Dml ¼
~ImðmlaÞ

ml<lI0mðmlaÞ
X∞
s¼0

cmsOsl; m; l � 0 (54)

mEm0 ¼
2a

h� e

X∞
s¼0

dmsTs0; m � 0; l ¼ 0 (55a)

Eml ¼
2ImðklaÞ

klðh� eÞI0mðklaÞ
X∞
s¼0

dmsTsl; m � 0; l � 1 (55b)

where the expression of Rsl ¼
R 0
�d wsðzÞZlðzÞdz is similar to Fsl in Eq.

(37) with b replaced by d; the expression of Ssl ¼
R�e
�h ysðzÞZlðzÞdz is

similar to Qsl in Eq. (47) with c replaced by e; the expression of <l ¼R 0
�d U

2
l ðzÞdz is similar to Nl in Eq. (36) with kl and h replaced by ml

and d, respectively; the expression of Osl ¼
R 0
�d wsðzÞUlðzÞdz is

similar to Fsl in Eq. (37) with klb replaced by mld; the expression of
Tsl ¼

R�e
�h ysðzÞWlðzÞdz is similar to Psl in Eq. (48) with bl and c

replaced by kl and e, respectively. Applying velocity potential
continuous condition in Eq. (14) on the interface of two regions, we
obtain

X∞
s¼0

cmsxmps þ
X∞
s¼0

dmsamps ¼ gmp; m;p � 0 (56a)

X∞
s¼0

cmskmps� Em0Tp0 þ
X∞
s¼0

dms6mps ¼ lmp; m; p � 0 (56b)

where

xmps ¼
X∞
i¼0

~KmðkiaÞRsiRpi
kiNi

~K
0
mðkiaÞ

�
X∞
i¼0

~ImðmiaÞOsiOpi

mi<i
~I
0
mðmiaÞ

(57)

amps ¼
X∞
i¼1

~KmðkiaÞSsiRpi
kiNi

~K
0
mðkiaÞ

(58)

gmp ¼
�
� Jmðk0aÞ þ

Hmðk0aÞJ0mðk0aÞ
H0mðk0aÞ

�
Rp0 (59)
kmps ¼
X∞
i¼0

~KmðkiaÞRsiSpi
kiNiK 0mðkiaÞ

(60)

6mps ¼
X∞
i¼0

~KmðkiaÞSsiSpi
kiNi

~K
0
mðkiaÞ

�
X∞
i¼1

2ImðkiaÞTsiTpi
kiðh� eÞI0mðkiaÞ

(61)

lmp ¼
�
� Jmðk0aÞ þ

Hmðk0aÞJ0mðk0aÞ
H0mðk0aÞ

�
Sp0 (62)

We solve the linear equation systems Eqs. (55a) and (56) by
truncating s and p after S terms for each value of m (the angle q

mode), and obtain the values of cms and dms. Then, all the unknown
coefficients in velocity potentials are determined by Eq. (53)� (55).
3.3. Wave forces

After the velocity potentials are known, the water dynamic
pressure p can be estimated by the linear Bernoulli equation

pðr; q; zÞ ¼ rgH
2

fðr; q; zÞ (63)

where r is the fluid density. Then, the wave forces acting on the
truncated cylinder can be obtained by integrating dynamic pres-
sure over the body surface Sb. The horizontal wave force is calcu-
lated by

Fx ¼∬
Sb

pnxdS¼ rgHa
2

ð
LðjÞ

ð2p
0

f
ðjÞ
1 ða; q; zÞð� cos qÞdqdz

¼ � iprgHa

"
J1ðk0aÞ

ð
LðjÞ

Z0ðzÞdzþ
X∞
i¼0

AðjÞ
1i

ð
LðjÞ

ZiðzÞdz
# (64)

where the expressions for
R
LðjÞZiðzÞdz are listed in Appendix A.

The vertical wave force is calculated by

Fz ¼ Fzu ¼∬
Sb

pnzdS¼ � rgH
2

ða
0

ð2p
0

f
ð1Þ
2 ðr; q; � bÞrdqdr

¼ �prgHa

"
B00

J1ðl0aÞ
l0J0ðl0aÞcoshl0b

þ
X∞
i¼1

B0i
I1ðliaÞ

liI0ðliaÞcoslib

#

(65)

for Type 1 truncated cylinder, and

Fz ¼ Fzd¼∬
Sb

pnzdS¼ rgH
2

ða
0

ð2p
0

f
ð2Þ
3 ðr; q; � cÞrdqdr

¼ prgHa

"
C00

ffiffiffi
2

p
a

4
þ

X∞
i¼1

C0i
ð � 1ÞiI1ðbiaÞ

biI0ðbiaÞ

# (66)

for Type 2 truncated cylinder, and
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Fz ¼∬
Sb

pnzdS ¼ rgH
2

ða
0

ð2p
0

h
f
ð3Þ
3 ðr; q; � eÞ�f

ð3Þ
2 ðr; q; �dÞ

i
rdqdr

¼ ~Fzd þ ~Fzu
(67)

for Type 3 truncated cylinder. The expression of ~Fzu is similar to Fzu
with B0i, li and b replaced by D0i, mi and d, respectively. The
expression of ~Fzd is similar to Fzd with C0i and bi replaced by E0i and
ki, respectively.

The roll moment is calculated by

My ¼∬
Sb

p½ðz� z0Þnx � xnz�dS ¼ Myh þMyu (68)

for Type 1 truncated cylinder, and

My ¼∬
Sb

p½ðz� z0Þnx � xnz�dS ¼ Myh þMyd (69)

for Type 2 truncated cylinder, and

My ¼∬
Sb

p½ðz� z0Þnx � xnz�dS ¼ Myh þ ~Myu þ ~Myd (70)

for Type 3 truncated cylinder. The expressions of Myh, Myu and Myd

are written respectively as

Myh ¼
rgHa
2

ð
LðjÞ

ð2p
0

f
ðjÞ
1 ða; q; zÞðz� z0Þð� cos qÞdqdz

¼ � iprgHa

8>>>><
>>>>:

J1ðk0aÞ
� ð
LðjÞ

Z0ðzÞzdz� z0

ð
LðjÞ

Z0ðzÞdz
�

þ
X∞
i¼0

AðjÞ
1i

� ð
LðjÞ

ZiðzÞzdz� z0

ð
LðjÞ

ZiðzÞdz
�
9>>>>=
>>>>;

(71)

Myu ¼ rgH
2

ða
0

ð2p
0

f
ð1Þ
2 ðr; q; � bÞr2 cos qdqdr

¼ iprgHa2
"
B10

J2ðl0aÞ
l0J1ðl0aÞcoshl0b

þ
X∞
i¼1

B1i
I2ðliaÞ

liI1ðliaÞcoslib

#

(72)

Myd ¼ � rgH
2

ða
0

ð2p
0

f
ð2Þ
2 ðr; q; � cÞr2 cos qdqdr

¼ � iprgHa2
"
C10

ffiffiffi
2

p
a

8
þ

X∞
i¼1

C1i
ð � 1ÞiI2ðbiaÞ

biI1ðbiaÞ

# (73)

In Eq. (71), z0¼�h, 0, and e (b þ c)/2 for Types 1, 2 and 3
truncated cylinders, respectively, which is adopted in present study
unless otherwise noted. This means that the rotation center is fixed
at (0, 0, �h), (0, 0, 0) and (0, 0, e (b þ c)/2) for Type 1, 2 and 3
truncated cylinders, respectively. The expressions for

R
LðjÞZiðzÞzdz

are given in Appendix A. The expression of ~Myu is similar to Myu

with B1i replaced by D1i, li and b replaced by D0i, mi and d, respec-
tively. The expression of ~Myd is similar to Myd with C0i and bi
replaced by E0i and ki, respectively. In Eqs. (65), (66), (70) and (73),
we have used the following relations (Gradshteyn and Ryzhik,
2007, Eqs. (6.561-5) and (6.561-7)):

ð1
0

xnþ1JnðxxÞdx ¼ Jnþ1ðxÞ=x (74)

ð1
0

xnþ1InðxxÞdx ¼ Inþ1ðxÞ=x (75)

The dimensionless horizontal and vertical wave forces and the
roll moment acting on the truncated cylinders are respectively
defined as

fx ¼ 2jFxj
prgHa2

(76)

fz ¼ 2jFzj
prgHa2

(77)

my ¼ 2
��My

��
prgHa3

(78)

4. Results with discussions

4.1. Convergence examination

Based on the new analytical solutions, the calculation results of
dimensionless wave forces and moment for all types of truncated
cylinders at different truncated numbers are listed in Tables 1e3.
We note that although s and p in the linear systems have been
truncated in the solution procedure, the right hand side of Eqs.
((41), (50), (57), (58), (60) and (61) still involve infinite series. So,
the values of these infinite series need be estimated by truncating i,
and i is truncated after 800 terms in each infinite series in the
present calculations. However, the accuracy of these infinite series
can be further increased based on the asymptotic behaviors of the
Bessel functions, which is detailed in Porter and Evans (1995). But
this is not pursued in this study. In Tables 1e3, two cases for each
type of truncated cylinder are examined. It can be seen from these
tables that for all the truncated cylinders, the convergence of the
calculation results is very rapid. The truncated number of S¼ 9 can
yield results of six-figure accuracy. Therefore, S¼ 9 will be used in
the subsequent calculation examples.

For comparison, the corresponding results by the matched
eigenfunction expansion solution (As an example, the solution
procedure for Type 1 cylinder using the matched eigenfunction
expansion method is given in Appendix B.) are listed in Tables 4e6.
It can be seen from Tables 4e6 that the matched eigenfunction
expansion solutions can only ensure three-figure accuracy after
using a large truncated number of T¼ 800. Further increasing the
truncated number cannot effectively enhance the accuracy. The
reason is that the cube-root singularity of the fluid velocity near the
side edges of truncated cylinders is not incorporated into the
matched eigenfunction expansion solutions.

4.2. Comparison with higher-order BEM solution

We have also used the computer codes of a higher-order BEM
solution developed by Professor B. Teng (Teng and Eatock Taylor,
1995; Teng and Ning, 2004; Teng and Gou, 2017a, 2017b) to solve
the present water wave diffraction problem. The calculation results



Table 1
Convergence of the dimensionless wave forces with different values of S for Type 1 cylinder.

Truncated number S Dimensionless wave forces

a/h¼ 0.5, b/h¼ 0.1, k0h¼ 3.0 a/h¼ 1.0, b/h¼ 0.1, k0h¼ 1.0

fx fz my fx fz my

0 0.257126 0.255779 0.124406 1.074028 0.500493 0.352814
1 0.259832 0.257280 0.120287 1.074081 0.501464 0.352782
2 0.259825 0.257300 0.120299 1.074077 0.501474 0.352783
3 0.259825 0.257302 0.120299 1.074077 0.501474 0.352783
4 0.259825 0.257302 0.120298 1.074077 0.501474 0.352783
5 0.259826 0.257302 0.120297 1.074077 0.501474 0.352783
6 0.259826 0.257302 0.120296 1.074077 0.501474 0.352783
7 0.259827 0.257302 0.120295 1.074077 0.501475 0.352782
8 0.259828 0.257302 0.120295 1.074077 0.501475 0.352782
9 0.259828 0.257302 0.120295 1.074077 0.501475 0.352782

Table 2
Convergence of the dimensionless wave forces with different values of S for Type 2 cylinder.

Truncated number S Dimensionless wave forces

a/h¼ 0.2, c/h¼ 0.15, k0h¼ 5.0 a/h¼ 0.25, c/h¼ 0.2, k0h¼ 4.0

fx fz my fx fz my

0 0.706317 0.109487 0.179776 0.736549 0.127382 0.197594
1 0.677770 0.216480 0.126186 0.711487 0.216023 0.151489
2 0.673569 0.233217 0.119490 0.709211 0.223857 0.147795
3 0.673062 0.234359 0.118735 0.708930 0.224203 0.147390
4 0.672936 0.234443 0.118574 0.708865 0.224232 0.147312
5 0.672898 0.234458 0.118531 0.708847 0.224239 0.147292
6 0.672898 0.234458 0.118531 0.708841 0.224242 0.147285
7 0.672879 0.234466 0.118512 0.708838 0.224243 0.147282
8 0.672875 0.234467 0.118508 0.708836 0.224243 0.147280
9 0.672875 0.234467 0.118508 0.708836 0.224243 0.147280

Table 3
Convergence of the dimensionless wave forces with different values of S for Type 3 truncated cylinder.

Truncated number S Dimensionless wave forces

a/h¼ 0.5, b/h¼ 0.1, c/h¼ 0.9, k0h¼ 3.0 a/h¼ 0.5, b/h¼ 0.1, c/h¼ 0.2, k0h¼ 3.0

fx fz my fx fz my

0 0.267973 0.359427 0.398344 0.146922 0.430712 0.548428
1 0.270525 0.361152 0.396697 0.149217 0.457716 0.529315
2 0.270517 0.361175 0.396702 0.148093 0.457729 0.525386
3 0.270517 0.361177 0.396701 0.147835 0.457738 0.524992
4 0.270517 0.361177 0.396701 0.147775 0.457738 0.524938
5 0.270518 0.361177 0.396701 0.147758 0.457738 0.524926
6 0.270518 0.361177 0.396700 0.147751 0.457738 0.524923
7 0.270519 0.361177 0.396700 0.147749 0.457738 0.524921
8 0.270519 0.361177 0.396699 0.147748 0.457738 0.524920
9 0.270519 0.361177 0.396699 0.147748 0.457738 0.524920

Table 4
Results of the matched eigenfunction expansion solution for Type 1 truncated cylinder.

Truncated number T Dimensionless wave forces

a/h¼ 0.5, b/h¼ 0.1, k0h¼ 3.0 a/h¼ 1.0, b/h¼ 0.1, k0h¼ 1.0

fx fz my fx fz my

10 0.281546 0.258901 0.084581 1.075202 0.505836 0.337653
20 0.267942 0.257830 0.106957 1.074499 0.503030 0.347128
40 0.262868 0.257480 0.115304 1.074234 0.502035 0.350672
80 0.260970 0.257364 0.118421 1.074136 0.501680 0.351992
120 0.260467 0.257336 0.119247 1.074110 0.501588 0.352341
160 0.260246 0.257324 0.119609 1.074099 0.501548 0.352493
200 0.260126 0.257317 0.119806 1.074093 0.501527 0.352577
250 0.260037 0.257312 0.119952 1.074088 0.501511 0.352638
400 0.259918 0.257306 0.120146 1.074082 0.501490 0.352720
600 0.259861 0.257303 0.120239 1.074079 0.501480 0.352759
800 0.259836 0.257302 0.120280 1.074078 0.501476 0.352776
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Table 5
Results of the matched eigenfunction expansion solution Type 2 truncated cylinder.

Truncated number T Dimensionless wave forces

a/h¼ 0.2, c/h¼ 0.15, k0h¼ 5.0 a/h¼ 0.25, c/h¼ 0.2, k0h¼ 4.0

fx fz my fx fz my

10 0.667477 0.234887 0.114147 0.706906 0.224297 0.145776
20 0.671888 0.234555 0.117714 0.707906 0.224601 0.146302
40 0.672437 0.234641 0.118062 0.708444 0.224457 0.146821
80 0.672699 0.234561 0.118311 0.708682 0.224339 0.147091
120 0.672777 0.234522 0.118395 0.708750 0.224298 0.147173
160 0.672812 0.234502 0.118435 0.708781 0.224278 0.147211
200 0.672832 0.234490 0.118458 0.708798 0.224267 0.147233
250 0.672846 0.234482 0.118475 0.708810 0.224258 0.147249
400 0.672867 0.234468 0.118500 0.708827 0.224246 0.147271
600 0.672876 0.234461 0.118512 0.708836 0.224240 0.147281
800 0.672881 0.234458 0.118518 0.708839 0.224238 0.147286

Table 6
Results of the matched eigenfunction expansion solution for Type 3 truncated cylinder.

Truncated number T Dimensionless wave forces

a/h¼ 0.5, b/h¼ 0.1, c/h¼ 0.9, k0h¼ 3.0 a/h¼ 0.5, b/h¼ 0.1, c/h¼ 0.2, k0h¼ 3.0

fx fz my fx fz my

10 0.291270 0.363218 0.381346 0.157463 0.459810 0.515406
20 0.278245 0.361852 0.390919 0.150697 0.457905 0.519932
40 0.273406 0.361403 0.394524 0.148870 0.457824 0.523104
80 0.271602 0.361255 0.395879 0.148170 0.457774 0.524254
120 0.271124 0.361219 0.396240 0.147984 0.457759 0.524551
160 0.270915 0.361204 0.396399 0.147902 0.457752 0.524681
200 0.270801 0.361196 0.396485 0.147857 0.457748 0.524751
250 0.270717 0.361190 0.396549 0.147825 0.457746 0.524805
400 0.270605 0.361182 0.396634 0.147781 0.457741 0.524871
600 0.270551 0.361179 0.396675 0.147760 0.457738 0.524903
800 0.270527 0.361177 0.396693 0.147750 0.457736 0.524918
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of the present accurate solutions and the numerical results of the
higher-order BEM solution are compared for cross-checking.
Typical comparison results for three types of truncated cylinders
are given in Figs. 2e4. In the BEM solution, 1008, 1008 and 1216 six-
node triangular elements are used on the surfaces of Type 1, 2 and 3
truncated cylinders, respectively. The lines and dots in Figs. 2e4
denote the present solution and the higher-order BEM solution,
respectively. It can be seen from these figures that the two different
solutions are in good agreement. However, the new developed
analytical solution has the merits of higher computation speed and
higher accuracy of the calculation results when compared with the
numerical BEM solution.
4.3. Comparison with experimental results

Hogben and Standing (1975) measured the wave forces and the
roll moment of Type 1 truncated cylinder by experimental tests.
Figs. 5e7 show the comparison between the present analytical
results and the experimental results of Hogben and Standing (1975,
Fig. 3(a) e 3(c)). In these figures, the lines are for the present re-
sults, and the dots denote the experimental data of Hogben and
Standing (1975). The radius of the cylinder is a/h¼ 0.2, and the
length of the cylinders are (h e b)/h¼ 0.7, 0.8 and 0.9. It can be
observed from Figs. 5e7 that the agreement between the present
solution and the experimental data is reasonable.

Zhao et al. (2003) studied the wave forces and moment acting
on Type 2 truncated cylinder in a wave tank. In their models, the
radius of the cylinders is a/h¼ 0.15, and the immersed depth c/
h¼ 0.5 and 0.314. The rotation center is fixed at (0, 0, 0.483h) in
case of c/h¼ 0.5, and the rotation center is fixed at (0, 0, 0.314h) in
the other case. Figs. 8 and 9 give the comparison between present
analytical results and the experimental results of Zhao et al. (2003).
It can be seen from these figures that present results agree well the
experimental results.
4.4. Comparison with results of Froude-Krylov theory

When the geometry of the truncated cylinder is large, the wave
forces and moments acting on them can be estimated through
Froude-Krylov theory:

Fx ¼ CH∬
Sb

p0nxdS (79)

Fz ¼ CV∬
Sb

p0nzdS (80)

My ¼ Cy∬
Sb

p0½ðz� z0Þnx � xnz�dS (81)

where p0 is the dynamic pressure acting on the truncated cylinders
caused by the incident wave, and CH, CV and Cy are respectively the
coefficients of the horizontal wave force, the vertical wave force
and the roll moment. The values of CH, CV and Cy are calculated
respectively by (Hogben and Standing, 1975):

CH ¼1þ 0:75½l=ð2aÞ�1=3
h
1� 0:3ðk0aÞ2

i
(82)



Fig. 2. Comparison between the present solution and the higher-order BEM solution for Type 1 cylinder at a/h¼ 0.5 and b/h¼ 0.3.

Fig. 3. Comparison between the present solution and the higher-order BEM solution for Type 2 cylinder at a/h¼ 0.5 and c/h¼ 0.7.
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CV ¼


1þ0:74ðk0aÞ2½l=ð2aÞ�; 1:48k0l<1
1þ0:5k0a; 1:48k0l>1 (83)

Cy ¼1:9� 0:35k0a (84)

where l is the height of truncated cylinder underwater. Hogben and
Standing (1975, Table 1) gave 36 groups of values of CH, CV and Cy for
circular cylinders through experimental tests. Based on the data in
Hogben and Standing (1975, Table 1), we use respectively the
present solution and Froude-Krylov theory to calculate the wave
forces and moments for three types of truncated cylinders. Com-
parisons between the present results and the results of Froude-
Krylov theory are given in Figs. 10e12. The center of Type 3 trun-
cated cylinder is fixed on the point (0, 0, �h/2). It can be observed
from these figures that the agreement between the present



Fig. 4. Comparison between the present solution and the higher-order BEM solution for Type 3 cylinder at a/h¼ 0.5, d/h¼ 0.2 and e/h¼ 0.6.

Fig. 5. Comparison between the present analytical solution and the experimental results of Hogben and Standing (1975): a/h¼ 0.2 and b/h¼ 0.7.
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solution and Froude-Krylov theory for the horizontal wave force
and the roll moment is reasonable. However, evident differences of
the vertical wave forces for Type 2 and 3 truncated cylinders exist.

4.5. Calculation examples

Fig. 13 shows the variations of the wave forces and moment on
Type 1 truncated cylinder against the wave number k0h at a/h¼ 0.5
and different b/h. It can be seen from this figure that with the
increasing k0h, the horizontal wave force fx first attains the
maximum values and then decrease to zero. When k0hz 1.25, the
horizontal wave force and the roll moment attain their maximum
values at the same time. With the increasing k0h, the vertical wave
force fz at b/h¼ 0.2 attains a peak value, but the curves of fz at other
values of b/h decrease monotonously. When k0h approaches zero,
the vertical wave force on the truncated cylinder approaches unity.



Fig. 6. Comparison between the present analytical solution and the experimental results of Hogben and Standing (1975): a/h¼ 0.2 and b/h¼ 0.8.

Fig. 7. Comparison between the present analytical solution and the experimental results of Hogben and Standing (1975): a/h¼ 0.2 and b/h¼ 0.9.
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It can also be observed from Fig. 13 that fx, fz and my all decease
significantly with the increasing value of b/h.

The variations of the wave forces and moment on Type 2 cyl-
inder against the wave number k0h at a/h¼ 0.5 and different c/h are
given in Fig.14. It is noted that with the increasing value of k0h, both
the horizontal wave force fx and the roll moment my attain their
peak values at k0h¼ 1.5e2.0; but the vertical wave forces fz at
different c/h all decrease monotonously. A Type 2 truncated cylin-
der with a larger height c bear larger horizontal wave force and roll
moment and smaller vertical wave force. The horizontal wave force
and roll moment cannot approach zero no matter how large wave
number, because the Type 2 truncated cylinder is surface-piercing.

Fig. 15 shows the calculation results of wave forces and moment
on Type 3 cylinder. Here the radius and height of the truncated



Fig. 8. Comparison between the present analytical solution and the experimental results of Zhao et al. (2003): a/h¼ 0.15 and c/h¼ 0.5. (D is cylinder's diameter).

Fig. 9. Comparison between the present analytical solution and the experimental results of Zhao et al. (2003): a/h¼ 0.15 and c/h¼ 0.314. (D is cylinder's diameter).
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cylinder are respectively fixed at a/h¼ 0.5 and (e� d)/h¼ 0.3, and
the submerged depth d/h is increased from 0.1 to 0.5. It can be seen
from Fig. 15 that with the increasing value of k0h, the variations of
the horizontal wave force and the roll moment are similar to the
variation of the horizontal force acting on Type 1 cylinder, but the
vertical wave force on Type 3 cylinder first increases and then
decreases.When the submerged depth d/h increases, themaximum
values of fx, fz and my on Type 3 cylinder all decrease significantly.

Finally, Fig. 16 gives the variations of wave forces and moment
on Type 3 truncated cylinder at a/h¼ 0.5, d/h¼ 0.2 and different c/
h. Here, the submerged depth of the cylinder is fixed, and the
truncated cylinders with different heights are examined. It is noted



Fig. 10. Comparison between the present solution and Froude-Krylov theory for Type 1 cylinder. (N denotes the N-th group of values of CH, CV and Cy).

Fig. 11. Comparison between the present solution and Froude-Krylov theory for Type 2 cylinder. (N denotes the N-th group of values of CH, CV and Cy).
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from Fig. 16 that the maximums of horizontal and vertical wave
forces, fx and fz, acting on the Type 3 cylinder both increase with the
increasing cylinder height. But the roll moment my on the Type 3
cylinder first increases, attains its maximum value and then de-
creases, when the cylinder height increases.
5. Conclusions

This study has developed newanalytical solutions towaterwave
diffraction by three types of truncated cylinders based on the
assumption of linear potential theory. The method of multi-term
Galerkin approximations involving the Gegenbauer polynamials
has been applied tomodel the cube-root singularity of fluid velocity



Fig. 12. Comparison between the present solution and Froude-Krylov theory for Type 3 cylinder. (N denotes the N-th group of values of CH, CV and Cy).

Fig. 13. Variations of wave forces and moment on Type 1 cylinder at a/h¼ 0.5.
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near the side edges of truncated cylinders. The convergence of the
present solution is very rapid, and the results of wave forces and
moments acting on truncated cylinders with six-figure accuracy
can be obtained by truncating the series of the basic function after
nine terms. The calculation results of the present solutions are in
good agreement with the numerical results by a higher-order BEM
solution. For Type 1 and 2 truncated cylinders, the present
calculation results agree reasonably with experimental data in
literature. In terms of horizontal wave force and roll moment, the
present calculation results are in good agreement with the results
of Froude-Krylov theory for all types of truncated cylinders.

Typical calculation examples have been presented to examine
the basic characteristics of wave forces and moments acting on
three different truncated cylinders. It has been found that the wave



Fig. 14. Variations of wave forces and moment on Type 2 cylinder at a/h¼ 0.5.

Fig. 15. Variations of wave forces and moment on Type 3 cylinder at a/h¼ 0.5. and (e� d)/h¼ 0.3.
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forces and roll moment acting on Type 1 truncated cylinder in-
crease with the increase of the cylinder's height. The horizontal
wave force and roll moment on Type 2 truncated cylinder with
increase of the immerged depth, but the vertical wave force de-
creases. The maximum values of wave forces and roll moment on
Type 3 cylinder all decrease with the increases of submerged depth
when the cylinder height is fixed.

This study has provided a new promising procedure to solve
water wave interactionwith truncated circular cylinders. Moreover,
the present solutions have presented a reliable benchmark for
complicated numerical solutions of water wave interaction with
bodies. In addition, based on Graft's addition theorem (Gradshteyn
and Ryzhik, 2007, Eq. (8.530)), the new analytical solutions can be
extended to wave diffraction by an array of truncated circular cyl-
inders, which may be carried out in the future study. Furthermore,
the present solutions may be applied in the study of second-order



Fig. 16. Variations of wave forces and moment on Type 3 cylinder at a/h¼ 0.5 and d/h¼ 0.2.
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wave forces on truncated circular cylinders.
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