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LINEAR EXTENSIONS OF DIAMOND POSETS

Hyeong-Kwan Ju and Seunghyun Seo∗

Abstract. In this paper, we obtain the enumeration results on
the number of linear extensions of diamond posets. We find the
recurrence relations and exponential generating functions for the
number of linear extensions of diamond posets. We also get some
results for the volume of graph polytope associated with bipartite
graphs which are underlying graphs of diamond posets.

1. Introduction

Given a simple graph G = (V,E), define the graph polytope P (G)
associated with G by

P (G) := {(x1, . . . , xn) ∈ [0, 1]n : {i, j} ∈ E ⇒ xi + xj ≤ 1}.
Let vol(G) := vol(P (G)). Then, vol(G) satisfies the following recurrence
relation.

Theorem 1.1. [2] Let G = ([n], E) be a simple graph having no
isolated vertices. Then

vol(G) =
1

2n

n∑
i=1

vol(G− i),

where [n] := {1, 2, . . . , n} and G − i is the induced subgraph of G with
the vertex set [n]− {i}.

For the connected bipartite simple graph, there is the following rela-
tionship between the number of linear extensions of the graph poset and
the volume of the associated graph polytope.
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Theorem 1.2. [3] Let G be a connected bipartite graph with n
vertices. If e(G) is the number of linear extensions of the bipartite
poset induced from G, then the formula

e(G) = n!vol(G)

holds.

As an immediate consequence of Theorem 1.1 and Theorem 1.2, we
can easily show the following result.

Theorem 1.3. Let G be a connected bipartite graph with the vertex
set [n]. Then the recursive formula on the number of linear extensions
holds:

e(G) =
1

2

n∑
i=1

e(G− i).

In the middle of this study, we came across the paper ‘the number
of linear extensions of bipartite graphs’ published by G. Stachowiak in
1988 [6]. In fact, the result agrees with that of Theorem 1.3. However,
his proof proceeded using the induction on the number of vertices.

The main purpose of this paper is to obtain the enumeration results
on the number of linear extensions of diamond posets which is a certain
kind of bipartite posets. We defer the exact definition of diamond posets
to Section 2.

The rest of this paper is organized as follows. In Section 2, we de-
fined diamond posets, and present some results on the number of linear
extensions of diamond posets. In Section 3, using Bessel functions of
the first kinds, we find a simple expression of the generating function
for the number of linear extensions of linear diamond posets. In the last
section we summarize our main results.

2. Diamond posets

2.1. Linear diamond posets

Definition 2.1. For m ≥ 0, let Dm be the poset on the (3m+ 1)-set

{xi : 0 ≤ i ≤ m} ∪ {yi : 1 ≤ i ≤ m} ∪ {zi : 1 ≤ i ≤ m}
with the following cover relations:

xi < yi, xi < zi (1 ≤ i ≤ m),

xi < yi+1, xi < zi+1 (0 ≤ i ≤ m− 1).
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Figure 1. Linear diamond poset Dm

We call Dm linear diamond posets with m parts (see Figure 1). Note
that D0 is a singleton.

Definition 2.2. Let x0 (resp. xm) be the leftmost (resp. rightmost)
minimal element of Dm. Define sequences {em}, {fm}, and {gm} as
follows:

• em := e(Dm) = # of linear extensions σ of Dm.
• fm := # of linear extensions σ of Dm with σ(x0) = 1.
• gm := # of linear extensions σ of Dm with σ(x0) = 1, σ(xm) = 2.

Next lemma is a simple fact that helps to get enumeration results
about the number of linear extensions of the given posets.

Lemma 2.3. Let Pi(1 ≤ i ≤ k) be a poset with |Pi| = ni and
P = ∪ki=1Pi with |P | = n = n1 + n2 + · · ·+ nk. Then

e(P ) =

(
n

n1, n2, . . . , nk

)
e(P1)e(P2) · · · e(Pk).

By decomposing Dm with respect to each minimal point and using
Lemma 2.3, we can deduce the following theorem.
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Theorem 2.4. The sequences {em}, {fm}, and {gm} satisfy the fol-
lowing recurrence relations:

gm =

m−1∑
k=1

(
3m− 2

3k − 1

)
gk gm−k, (m ≥ 2), g1 = 2.(1)

fm =

m∑
k=1

(
3m− 1

3k − 1

)
gk fm−k, (m ≥ 1), f0 = 1.(2)

em =

m∑
k=0

(
3m

3k

)
fk fm−k, (m ≥ 0).(3)

Now we introduce exponential generating functions for sequences em,
fm, and gm.

Definition 2.5. Define E(x), F (x), and G(x) by

• E = E(x) :=
∑
m≥0

em
x3m

(3m)!
,

• F = F (x) :=
∑
m≥0

fm
x3m

(3m)!
,

• G = G(x) :=
∑
m≥1

gm
x3m−1

(3m− 1)!
.

By Theorem 2.4, we can relate E, F , and G as follows.

Theorem 2.6. The generating functions E, F , and G satisfy the
following equations:

G′ = 2x+G2, G(0) = 0.(4)

F ′ = GF, F (0) = 1.(5)

E = F 2.(6)

From the last two equations we have

E(x) = exp

[∫ x

0
2G(t) dt

]
.

Thus, to obtain em(= e(Dm)), it is enough to solve the differential equa-
tion (4).
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2.2. Cyclic diamond posets

Definition 2.7. For m ≥ 1, let Cm be the poset on the (3m)-set

{xi : 0 ≤ i ≤ m− 1} ∪ {yi : 1 ≤ i ≤ m} ∪ {zi : 1 ≤ i ≤ m}
with the following cover relations:

xi < yi, xi < zi (1 ≤ i ≤ m− 1),

xi < yi+1, xi < zi+1 (0 ≤ i ≤ m− 1),

x0 < ym, x0 < zm.

We call Cm cyclic diamond posets with m parts. Note that we can
also obtain Cm by identifying x0 and xm in Dm.

Definition 2.8. For m ≥ 1, define the sequence {hm} by

hm := e(Cm) = the number of linear extensions σ of Cm.

By decomposing Cm with respect to each minimal point and using
Lemma 2.3, we can deduce the following theorem.

Theorem 2.9. For m ≥ 1,

hm = mgm.

Define an exponential generating function for {hm} by

H = H(x) :=
∑
m≥1

hm
x3m−1

(3m− 1)!
.

Clearly (xG)′ = 3H. Thus, from Theorem 2.6, we have

H =
1

3

(
2x2 + xG2 +G

)
.

Again, to obtain hm(= e(Cm)), it is enough to solve the equation (4).

3. Bessel functions

The equation (4) is a Riccati type equation. In principle, it is not easy
to find a way to solve the general solutions of the equation if we do not
know any particular solution. In our case, however, we will manipulate
these functions well using the specific properties of the Bessel functions
of the first kind to construct a function that satisfies the equation (4).

Bessel functions of the first kind are defined as follows:

Jν(x) =

∞∑
m=0

(−1)m

m!Γ(ν + 1 +m)

(x
2

)ν+2m
.
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The following computation results for the Bessel function of the first
kind are known and can be derived from the definition.

Lemma 3.1. [1, p. 229] The following equations for the Bessel func-
tions of the first kind hold.

• (xνJν(x))′ = xνJν−1(x)

• (x−νJν(x))
′
= −x−νJν+1(x)

Let u(x) = 2
√

2
3 x

3
2 . From Lemma 3.1,

d

dx

(
u(x)νJν(u(x))

)
= u(x)νJν−1(u(x))

√
2x,

d

dx

(
u(x)−νJν(u(x))

)
= −(u(x))−νJν+1(u(x))

√
2x.

Let

(7) G(x) =

√
2xJ2/3(u(x))

J−1/3(u(x))
.

Then G(x) can be written as

(8) G(x) = 31/3

(
(u(x))2/3J2/3(u(x))

(u(x))1/3J−1/3(u(x))

)
.

By differentiating both sides of (8), we can show that the G(x) satis-
fies (4).

Now let us find a simpler expression of E(x). From (7), we have

G(x) =
u(x)1/3u′(x)J2/3(u(x))

u(x)1/3J−1/3(u(x))

=
− d
dx

(
u(x)1/3J−1/3(u(x))

)
u(x)1/3J−1/3(u(x))

=
d
dx

(
u(x)1/3J−1/3(u(x))

)−1(
u(x)1/3J−1/3(u(x))

)−1 .

Due to (5), we can deduce that

F (x) = c
(
u(x)1/3J−1/3 (u(x))

)−1
.

Since F (0) = 1, we have c = limz→0 z
1/3J−1/3(z) = 21/3

Γ(2/3) . By the

definition of the Bessel function and Gamma functions, we can obtain a
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simpler expression of F (x) as follows:

F (x) =

1 +
∑
m≥1

(3m− 2)!!!
(−2x3)m

(3m)!

−1

,

where n!!! is the triple factorial of n, so (3m − 2)!!! = (3m − 2)(3m −
5) · · · 4 · 1. By (6), we finally get the following result.

Theorem 3.2. Let E(x) :=
∑

m≥0 e(Dm) x3m

(3m)! . Then we have

E(x) =

1 +
∑
m≥1

(3m− 2)!!!
(−2x3)m

(3m)!

−2

.

4. Conclusion

We summarize our main results as in the table below:
Poset P Number of linear extensions of P Generating functions for e(P )

Dm (linear) {e(Dm)}m≥0 = 1, 4, 208, 38080, . . . E(x) = exp

(
2

∫ x

0
G(t) dt

)

Cm (cyclic) {e(Cm)}m≥1 = 2, 48, 6048, 2032128, . . . H(x) =
2x2 +G(x) + xG(x)2

3

Here G(x) =
√

2xJ2/3(u(x))

J−1/3(u(x)) , where Jν(x) is the Bessel function of the first

kind and u(x) = 2
√

2
3 x

3
2 . For E(x), we found a simpler expression in

Theorem 3.2. However, we have not found a simpler expression of H(x).
There are many interesting posets of other types which come from

bipartite graphs. Enumeration of linear extensions of some of them still
remains open, for example, like the garland poset (which is a generalized
version of the zigzag poset). See [5, p.368] and A227656 of [4] for details
about the garland poset.
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