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Abstract

This paper attempts to address the motion parameter skip problem associated with three-dimensional trajectory tracking of an underactuated
Autonomous Underwater Vehicle (AUV) using backstepping-based control, due to the unsmoothness of tracking trajectory. Through kinematics
concepts, a three-dimensional dynamic velocity regulation controller is derived. This controller makes use of the surge and angular velocity
errors with bio-inspired models and backstepping techniques. It overcomes the frequently occurring problem of parameter skip at inflection point
existing in backstepping tracking control method and increases system robustness. Moreover, the proposed method can effectively avoid the
singularity problem in backstepping control of virtual velocity error. The control system is proved to be uniformly ultimately bounded using
Lyapunov stability theory. Simulation results illustrate the effectiveness and efficiency of the developed controller, which can realize accurate
three-dimensional trajectory tracking for an underactuated AUV with constant external disturbances.
Copyright © 2017 Production and hosting by Elsevier B.V. on behalf of Society of Naval Architects of Korea. This is an open access article
under the CC BY-NC-ND license (http://creativecommons.org/licenses/by-nc-nd/4.0/).
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1. Introduction

Precise three-dimensional trajectory tracking of Autono-
mous Underwater Vehicles (AUVs) is an important technical
prerequisite for marine resources development, scientific
investigation, and offshore defense (Thor I. Fossen, 2011; Do
Wan Kim, 2015; Yu-shan Sun et al., 2016). However, un-
manned AUVs are usually underactuated, highly coupled, and
nonlinear (K.D. Do, 2015; Fossen. T. I et al., 2015). The AUV
studied in this paper lacks actuators in the sway and heave
directions, and thus can be classified as a typical underactuated
system. With external disturbances, as well as time and space
requirements, three-dimensional trajectory tracking of AUV is
further complicated.

Currently, several methods have been proposed to track
underactuated AUVs, such as sliding mode control (Taha
Elmokadem et al., 2016; Zheping Yan et al., 2015; Jia He-
ming et al., 2012a,b), neural network control (Zhou et al.,
2013), and backstepping technique (F.Y. Bi et al., 2010; Jia
He-ming et al., 2012a,b; Wang Hong-Jian et al., 2015;
Aguiar, A. and Joao, P. 2007; Xu et al., 2014). These control
methods have their own advantages and limitations. Taha
Elmokadem et al. (2016) combined a hyperbolic function with
sliding mode control, based on which the speed jump problem
was solved and planar trajectory tracking for an underactuated
AUV was achieved. In order to deal with the disturbances
caused by model parameters and unknown external environ-
ment, Zheping Yan et al. (2015) proposed a method to realize
global finite-time planar trajectory tracking for an under-
actuated vehicle. These two methods above are still limited to
control only in the horizontal plane, without taking account of
three-dimensional trajectory tracking. To achieve three-
dimensional trajectory tracking control, Jia He-ming et al.
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(2012a,b) used a nonlinear iteration-based sliding mode to
lower the chattering of the hydroplane and reduce the over-
shoot. However, these methods still have difficulties in
fundamentally solving the issue of chatting associated with
sliding mode control. Zhou, Jiajia et al. (2013) proposed three
neural network controllers to estimate unknown parameters
and external disturbances, where a desired spatial path was
tracked successfully for an AUV. However, learning of the
neural network was indeed time consuming.

In order to tackle the speed jump problem of backstepping
technique, F.Y. Bi et al. (2010) simplified the mid-calculation
process in traditional backstepping method using virtual ve-
locity errors, making AUV tracking control possible in a
horizontal plane. Jia He-ming et al. (2012a,b) proposed an
adaptive backstepping approach to suppress disturbances from
ocean current and achieved three-dimensional path tracking
control. Wang Hong-Jian et al. (2015) developed a filtered
backstepping method to simplify the process of obtaining
derivatives and filter out high-frequency noise in three-
dimensional path-following control. However, the effects of
time-varying trajectory on vehicle speed and attitude were not
considered in these studies.

To overcome the uncertainty of model parameters, Aguiar,
A. and Joao, P. (2007) proposed an adaptive switching control
monitoring strategy, which guaranteed the system errors to be
globally bounded. To avoid singularity occurrence in the line-
of-sight backstepping method, Xu et al. (2014) defined mul-
tiple virtual speed error variables to help achieve three-
dimensional trajectory tracking. However, the way it used to
deal with singularity would degrade the control performance
of the system; furthermore, the trajectory inflection point issue
was not considered. K.D. Do (2015) designed a robust adap-
tive controller, which eliminated external disturbances and
succeeded in planar trajectory tracking. In Simon. X. Yang and
T. Hu (2002), Simon X. Yang et al. (2012), Chang-Zhong Pan
et al. (2013), a bio-inspired model combined with back-
stepping was developed for mobile robots and surface ships.
Because the dynamics models of these vehicles were relatively
simple, their controller designs were also fairly easy to
implement. Bing Sun et al. (2014a) and Bing Sun et al (2014b)
successfully applied the bio-inspired model to a fully actuated
manned submarine vehicle and an unmanned underwater
vehicle, respectively. This method only generated smooth and
filtered signals in the kinematic model without considering the
dynamic model.

In this paper, a method of integrating bio-inspired models
and backstepping technique is adopted to carry out three-
dimensional trajectory tracking control for an underactuated
AUV. The rest of this paper is organized as follows. Section 2
describes the problems of AUV modeling and coordinate
transformation. Three assumptions and three bio-inspired
models are proposed to support the control objects of three-
dimensional trajectory tracking. Section 3 develops a three-
dimensional trajectory tracking controller for underactuated
AUVs with velocity regulation using Lyapunov theory and
backstepping technique. Section 4 proves that the control
system is uniformly ultimately bounded under constant

external disturbances. Section 5 presents simulation process
and discussion of the obtained results. Finally, the last section
makes a summary of the three-dimensional trajectory tracking
scheme and concludes its advantages.

2. Problem description

In this section, the three-dimensional kinematic and kinetic
models for an underactuated AUV are established first. The
conversion between earth-fixed coordinate and the body-fixed
coordinate is also performed. Next, issues related to three-
dimensional trajectory tracking control are addressed. The
bio-inspired models used to regulate velocity error are then
introduced.

2.1. Underactuated AUV modeling and coordinate
transformation

This type of AUVs studied in the present work lacks sway
and heave propellers. Therefore, it can be classified as a
typical underactuated AUV. To better analyze the motion of
AUV in the three-dimensional space, we define two coordinate
systems as shown in Fig. 1E and B represent the earth-fixed
coordinate system and the body-fixed coordinate system of
the AUV, respectively.

The matrix-vectors of kinematic and kinetic models for
AUV are:

_h¼ JðhÞv ð1Þ

M _n¼ tþ tu �CðnÞn�DðnÞn� gðhÞ ð2Þ

where h ¼ ½XE; YE; ZE; q;j�T2<5 denotes the AUV's position
and attitude vector in earth-fixed coordinate system; JðhÞ is
the transformation matrix between the earth-fixed coordinate
system and the body-fixed coordinate system; M is inertia
matrix, including added mass; v ¼ ½u; v;w; q; r�T2<5is ve-
locity vector in the body-fixed coordinate system; CðvÞ is the
matrix of centrifugal and Coriolis terms, including centrifugal

Fig. 1. AUV coordinate system.

283J. Zhou et al. / International Journal of Naval Architecture and Ocean Engineering 10 (2018) 282e293



force and Coriolis torque produced by the added mass; DðvÞ is
the damping matrix; gðhÞ is the restoring force and torque
vector; t ¼ ½tu; 0; 0; tq; tr�T2<5 is the input vector control;
tu ¼ ½uu;uv;uw;uq;ur�T2<5 is the external disturbance
vector, and

JðhÞ ¼

2
66664
cos j cos q sinj cos q �sin q 0 0
�sinj cos j 0 0 0

sin q cos j sin q sin j cos q 0 0
0 0 0 1 0
0 0 0 0 1

3
777752<5�5:

The underactuated AUV described here satisfies the
following conditions: 1) the mass distribution of the vehicle is
homogeneous; 2) the center of gravity coincides with the
center of buoyancy; and 3) the roll motion and nonlinear hy-
drodynamic parameters higher than tow are neglected. The
following 5-DOF model is constructed (Do, K.D and Pan, J,
2009.)

Kinematics:8>>>><
>>>>:

_x¼ u cos j cos q� v sin jþw cos jsinq
_y¼ u sin j cos qþ vcosjþwsinjsinq
_z¼�usinqþw cos q
_q¼ q
_j¼ r=cosq

ð3Þ

Dynamics:8>>>><
>>>>:

m11 _u¼ m22vr�m33wq� d11uþ tu þuu

m22 _v¼�m11ur� d22vþuv

m33 _w¼ m11uq� d33wþuw

m55 _q¼ ðm33 �m11Þuw� d55q� rgVGMLsin qþ tq þuq

m66 _r ¼ ðm11 �m22Þuv� d66rþ tr þur

ð4Þ

where m11 ¼ m� X _u; m22 ¼ m� Y _v; m33 ¼ m� N _r;
m55 ¼ Iy �M _u; m66 ¼ Iz � N _r; m denotes the mass of the
vehicle; X _u, Y _v, N _r and M _u are added mass terms;
d11 ¼ Xu þ Xujujjuj; d22 ¼ Yv þ Yvjvjjvj; d33 ¼ Zw þ Zwjwjjwj;
Xu, Yv, Zw, Mq and Nrare hydrodynamic coefficients of the
linear drag terms; d55 ¼ Mq þMqjqjjqj; d66 ¼ Nr þ Nrjrjjrj;
Xujuj, Yvjvj, Zwjwj, Mqjqj and Nrjrjare the hydrodynamic co-
efficients of the quadratic drag terms; r, g, V, GML are the
density of water, gravity, underwater full drainage volume, and
height of initial stability, respectively; uu, uv, uw, uq, and ur

are the components of external constant disturbance.
The desired yaw angle and pitch angle are obtained only

based on the reference trajectory, where

jd ¼ arc tan
_yd
_xd
;qd ¼�arc tan

_zdffiffiffiffiffiffiffiffiffiffiffiffiffiffi
_x2d þ _y2d

q ð5Þ

The position and attitude error variables:

½ex ey ez eq ej �T ¼ JðhÞ½ xe ye ze qe je �T ð6Þ

and

½xe ye ze qe je �T¼½x�xd y�yd z� zd q�qd j�jd �T
ð7Þ

where ð xd; yd; zd; qd; jd Þ is the position and attitude
in the earth-fixed coordinate, and ð ex; ey; ez; eq; ej Þ is
the position and attitude errors in the body-fixed coordinate.

Substituting Eqs. (3), (5) into Eq. (6) yields:2
66664

_ex
_ey
_ez
_eq
_ej

3
77775¼

2
66664

uþ rey � qez � vpsinqdsinq� vtcosqcosej
v� rex � ezrtanqþ vtsinej

wþ qex þ eyrtanqþ vpsinqdcosq� vtsinqcosej
q� _qd

r cos�1 q� _jd

3
77775
ð8Þ

where vp ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
_x2d þ _y2d þ _z2d

q
, vt ¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
_x2d þ _y2d

q
.

We now make three assumptions for the underactuated
AUV:

Assumption 1: The underactuated AUV's velocity and

control input are bounded, i.e., jtuj � tu,
��tq�� � tq, jtrj � tr,

juj � u, jvj � v, jwj � w, jqj � q, jrj � r, where tu, tq, tr, u,

v, w, q, r are the known upper bounds.
Assumption 2: The desired track variables ud , qd, rd are

bounded, and their derivatives _ud, _qd, _rd are also bounded,
t> 0.

Assumption 3: The underactuated AUV's pitch angle
jqðtÞj<p=2, ct � 0.

2.2. Control objects

For further description, we first define the desired state of
AUV as

XdðtÞ ¼ ½xdðtÞ;ydðtÞ; zdðtÞ;qdðtÞ;jdðtÞ�T ð9Þ
AUV's actual state:

XðtÞ ¼ ½xðtÞ;yðtÞ; zðtÞ;qðtÞ;jðtÞ�T ð10Þ
Considering Eqs. (1) and (2), we should design a controller

such that state XðtÞ precisely tracks the desired state XdðtÞ:
lim
t/∞

XðtÞ ¼ XdðtÞ ð11Þ

2.3. Bio-inspired model

To study the occurrence and transmission process of the
signals in biological neuron systems, A. L. Hodgkin and A. F.
Huxley (1952) proposed the famous nerve cell membrane
circuit model (HeH model). The voltage of the neurons Vm in
the model satisfies the following kinetics equation:

Cm

dVm

dt
¼��

Ep þVm

�
gp þ ðENa �VmÞgNa � ðEk þVmÞgK

ð12Þ

where Cm is the membrane capacitance; Ep;ENa;Ek are Nernst
potential, sodium ions, and passive ions of the membrane
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current, respectively; gp, gNa and gK are conductance of
neutral channel, sodium ion, and potassium ion, respectively.

S. Grossberg (1983) further reviewed and developed the
HeH model. Let coefficients of Eq. (12) be as follows:

Cm ¼ 1;xi ¼ Ep þVm;A¼ gp;B¼ ENa þEp;D¼ Ek �Ep;

Sþi ¼ gNa;S
�
i ¼ gK :

Then, a bio-inspired model is obtained:

dxi
dt

¼�Axi þ ðB� xiÞSþi ðtÞ � ðDþ xiÞS�i ðtÞ ð13Þ

where xi represents the membrane potential (activity value) of
ith number neuron; parameters A, B and D are passive decay
rate of the membrane potential, and upper and lower nerve
excitation, respectively; Variables Sþi ðtÞ and S�i ðtÞ are excita-
tion and inhibition inputs of the ith neuron.

In Eq. (13), the activity value of neuron xi varies within the
range of ½�D;B�. For any external excitatory and inhibitory
inputs, this bio-inspired model guarantees that the output
values are in the bounded range. S. Grossberg (1988) has
rigorously proven the stability and output boundedness of this
bio-inspired model. When there is excitatory input

Sþi ðtÞðSþi ðtÞ � 0Þ, neuron xi increases and automatically ob-

tains the control term B� xi. If xi <B, then ðB� xiÞSþi ðtÞ al-
lows neuron xi to increase positively; if xi >B, then

ðB� xiÞSþi ðtÞ becomes negative, causing neuron xi to reach
the upper limit B. On the other hand, neuron xi reaches the
lower limit �D when inhibition input exists.

Given the characteristics of the bio-inspired model, such as
less calculation, gain self-adjustment, and smooth and boun-
ded output, this paper designs a three-dimensional trajectory
tracking controller for underactuated AUVs with velocity

regulation. Modifications are made to the existing control law
of the virtual velocity error control in the backstepping
approach family. Surge velocity error and angular velocity
errors are considered in the bio-inspired models. By regulating
the parameters of decay rate A, upper limit B, and lower limit
D of the neural excitation, not only can skipping at the in-
flection point be efficiently suppressed, singularity problems
in the existing virtual velocity control techniques are also
avoided. Schematic of the designed three-dimensional under-
actuated AUV trajectory tracking control system with constant
external disturbances is shown in Fig. 2.

3. Controller design

Based on the Lyapunov theory and backstepping technique,
a three-dimensional trajectory tracking controller for under-
actuated AUVs with velocity regulation is designed.

Step 1: Choose a Lyapunov function candidate as follows

V1ðtÞ ¼ 1

2

�
e2x þ e2y þ e2z

�
ð14Þ

Combined with Eq. (8), the derivative of Eq. (14) can be
obtained

_V1ðtÞ ¼ ex
�
u� vp sin qd sin q� vt cos q cos ej

�þ eyðv
þ vt sin ejÞ þ ez

�
w� vp sineq � vt sin qðcos ej � 1Þ�

ð15Þ
Define two virtual velocity error variables

a¼ vt sin ej;b¼ vp sin eq ð16Þ
To make _V1ðtÞ negative, the desired values u, a and b are

chosen as follows

Fig. 2. Schematic of the proposed three-dimensional trajectory tracking control system.
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8<
:

ud ¼�k1ex=eþ vpsinqdsinqþ vtcosqcosej
ad ¼�k2ey

�
e� v

bd ¼ k3ez=e� vtsinqðcosej � 1Þ þw
ð17Þ

where k1; k2, and k3 are all positive constants.

e ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ e2x þ e2y þ e2z

q
. It avoids that the velocities (ud, ad

and bd) beyond the vehicle can reach when the initial condi-
tions ex, ey and ez are too large.

Considering that ud;ad; bd are not true control values, we
define three error variables8<
:

eu ¼ u� ud
ea ¼ a� ad

eb ¼ b� bd

ð18Þ

Substitute Eqs. (16)e(18) into Eq. (15) yields

_V1ðtÞ ¼ �
�
k1e

2
x þ k2e

2
y þ k3e

2
z

�.
eþ euex þ eaey � ebez ð19Þ

Step 2: Considering Eq. (14), we choose a Lyapunov
function candidate

V2ðtÞ ¼ V1ðtÞ þ 1

2
e2a þ

1

2
e2b ð20Þ

Its derivative becomes

_V2ðtÞ ¼ _V1ðtÞ þ ea _ea þ eb _eb

¼�
�
k1e

2
x þ k2e

2
y þ k3e

2
z

�.
eþ euex þ ea

�
_ea þ ey

�
þ ebð _eb � ezÞ ð21Þ

Combine Eqs. (16) and (17), and derive both sides of Eq.
(18) to yield8<
:

_eu ¼ _u� _ud
_ea ¼ _vt sin ej þ vt cos ej

�
r=cos q� _jd

�� _ad

_eb ¼ _vp sin eq þ vp cos eq
�
q� _qd

�� _bd

ð22Þ

In order to make _V2ðtÞ negative, and to avoid cos ej and
cos eq appearing in the denominator of virtual control law
using virtual velocity error and backstepping method (see Eq.
(47) in appendix), we redefine the desired values r and q as
follows8>>><
>>>:

rd ¼
�� k4ea � ey þ _ad � _vt sin ej

�
cos q

vt
þ _jd cos q

qd ¼
�� k5eb þ ez þ _bd � _vp sin eq

�
vp

þ _qd

ð23Þ

Although XU Jian et al. (2014) eliminated the singularity
problem in virtual control law rd and qd by removing cos ej
and cos eq from the denominator. However, their designed
controller did not consider the deterioration of the stability
with it; the situation of cos ej ¼ ±p=2 was not given in
simulations either. In order to overcome this shortcoming, this
paper uses the characteristics of the bio-inspired model to
regulate dynamic velocity error. Thus, issues of skipping at
inflection points can be better inhibited. By using the

controller designed in this paper, singularity can be avoided,
right angle inflection point skip issue is resolved, and perfor-
mance of the system control is improved. Simulation results
are given in Appendix for the case of cos ej and cos eq
appearing in the virtual control law denominator rd and qd
using the controller designed in this paper. The process is also
further explained in Appendix, where k4; k5 are positive con-
stants; considering qd and rd are not true controllable vari-
ables, error variables are defined	
er ¼ r� rd
eq ¼ q� qd

ð24Þ

Substituting Eqs. (22)e(24) into Eq. (21), the equation can
be rewritten as

_V2ðtÞ ¼ �
�
k1e

2
x þ k2e

2
y þ k3e

2
z

�.
e� k4e

2
a � k5e

2
b þ euex

þ eavt
cos q

ðer cos ej þ d1Þ þ ebvp
�
eq cos eq þ d2

� ð25Þ

where
d1 ¼ ðrd � _jd cos qÞðcos ej � 1Þ,d2 ¼ ðqd � _qdÞðcos eq � 1Þ.

In order to achieve a better control effect, in the next step
we will substitute surge velocity error and angular velocity
error into the bio-inspired models to realize dynamic
regulation.

Step 3: Consider the following Lyapunov function
candidate

V3ðtÞ ¼ V2ðtÞ þ 1

2

�
e2u þ e2q þ e2r

�
ð26Þ

Calculating the derivative of Eq. (26) along Eqs. (23) and
(24) yields

_V3ðtÞ ¼ _V2ðtÞþ eu _euþ eq _eqþ er _er

¼�
�
k1e

2
x þ k2e

2
y þ k3e

2
z

�.
e� k4e

2
a � k5e

2
bþ euðexþ _euÞ

þ er
�
eavt cos ejcos

�1qþ _er
�þ eq

�
ebvp cos eq þ _eq

�þ d

ð27Þ
where d ¼ eavtd1 cos

�1 qþ ebvpd2.
Substitute surge velocity error eu, pitch angular velocity

error eq, and yaw angular velocity er into the bio-inspired

models, respectively, we get

_Si ¼�AjSi þ
�
Bj � Si

�
f ðeiÞ �

�
Dj þ Si

�
gðeiÞ

¼ �

Aj þ f ðeiÞ þ gðeiÞ

�
Si þ



Bjf ðeiÞ �DjgðeiÞ

� ð28Þ

where ði ¼ u; q; r; j ¼ 1; 2; 3Þ; Su, Sq and Sr are outputs of the
dynamic model, defined as surge, pitch angular and yaw
angular velocity errors, respectively; parameters Aj is a
nonnegative constant representing the passive decay rates of
outputs for dynamic velocity errors; constants Bj and Dj are
the upper and lower limits of outputs for dynamic velocity
errors; f ðeiÞ ¼ maxfei; 0g, gðeiÞ ¼ maxf�ei; 0g.

We choose dynamic velocity regulation control laws tu, tq
and tr as
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8>>><
>>>:

tu ¼ m11ð _ud � fu � ex � SuÞ � buu

tq ¼ m55

�
_qd � fq � eavt cos ej

cos q
� Sq

�
� buq

tr ¼ m66

�
_rd � fr � ebvp cos eq � Sr

�� bur

ð29Þ

where8<
:

fu ¼ ðm22vr�m33wq� d11uÞm�1
11

fq ¼
h
ðm33 �m11Þuw� d55q� rgVGMLsin q

i
m�1

55

fr ¼ ½ðm11 �m22Þuv� d66r�m�1
66

ð30Þ

Substituting Eqs. (28)e(30) into Eq. (27), it can be re-
written as

_V3ðtÞ ¼ �
�
k1e

2
x þ k2e

2
y þ k3e

2
z

�.
e� k4e

2
a � k5e

2
b � Sueu � Sqeq

� Srer þ eu~uu þ eq~uq þ er ~ur þ d

ð31Þ
where ~ui ¼ ui � bui, ði ¼ u; q; rÞ, buu, buq, and bur are the
estimated values of disturbances.

Step 4: Consider a Lyapunov function

V4ðtÞ ¼ V3ðtÞ þ 1

2

�
1

B1

S2u þ
1

B2

S2q þ
1

B3

S2r


ð32Þ

Evaluating its time derivative yields

_V4ðtÞ¼ _V3ðtÞþ 1

B1

Su _Suþ 1

B2

Sq _Sqþ 1

B3

Sr _Sr

¼�
�
k1e

2
x þ k2e

2
y þ k3e

2
z

�.
e� k4e

2
a� k5e

2
bþ eu~uuþ eq~uq

þ er ~urþ dþ 1

B1

Su
�
_Su�B1eu

�þ 1

B2

Sq
�
_Sq�B2eq

�
þ 1

B3

Sr
�
_Sr�B3er

�
ð33Þ

Combined with Eq. (28), the following equation can be
obtained

_V4ðtÞ ¼ �
�
k1e

2
x þ k2e

2
y þ k3e

2
z

�.
e� k4e

2
a � k5e

2
b �AuS

2
u

�AqS
2
q �ArS

2
r þBuSu þBqSq þBrSr þ eu~uu þ eq~uq

þ er ~ur þ d

ð34Þ
where
Ai ¼ B�1

j ½Aj þ f ðeiÞ þ gðeiÞ�,Bi ¼ B�1
j ½Bjf ðeiÞ � DjgðeiÞ

�Bjei�ði ¼ u; q; r; j ¼ 1; 2; 3Þ.
Finally, we obtain the error equations of the trajectory

tracking system as following

8>>>>>>>>>>>>>>>>>>><
>>>>>>>>>>>>>>>>>>>:

_xe ¼�k1ex=eþ eu þ rey � qez

_ye ¼�k2ey
�
eþ ea � rex � ezr tan q

_ze ¼�k3ez=e� eb þ qex þ eyr tan q

_ea ¼�k4ea � ey þ vtðer cos ej þ d1Þ
cos q

_eb ¼�k5eb � ez þ vp
�
eq cos eq þ d2

�
_eu ¼�Su � xe þ ~uu

_eq ¼�Sq � eavt cos ej
cos q

þ ~uq

_er ¼�Sr � ebvp cos eq þ ~ur

ð35Þ

4. Proof of stability

Theorem 1: On the premise of Assumptions 1 and 2, we
consider the models represented by Eqs. (3) and (4) with
external disturbances. If the trajectory tracking controller is
chosen as Eq. (29), then the closed loop system (Eq. (35)) is
uniformly ultimately bounded.

Proof: Let Bj ¼ Djðj ¼ 1; 2; 3Þ,
If ei > 0, then f ðeiÞ ¼ ei, gðeiÞ ¼ 0, and

f ðeiÞ � gðeiÞ � ei ¼ 0 ð36Þ
If ei < 0, then f ðeiÞ ¼ 0, gðeiÞ ¼ ei, and

f ðeiÞ � gðeiÞ � ei ¼ 0 ð37Þ
where ði ¼ u; q; rÞ.

Therefore, Bu ¼ 0, Bq ¼ 0, Br ¼ 0.
Combined with Eqs. (36) and (37), Eq. (34) can be calcu-

lated as

_V4ðtÞ ¼ �
�
k1e

2
x þ k2e

2
y þ k3e

2
z

�.
e� k4e

2
a � k5e

2
b �AuS

2
u

�AqS
2
q �ArS

2
r þ eu~uu þ eq~uq þ er ~ur þ d ð38Þ

From the definitions of f ð$Þ and gð$Þ, it can be known that
f ð$Þ � 0 and gð$Þ � 0. As the parameters Aj, Bj,

Djðj ¼ 1; 2; 3Þ are nonnegative constants, we have

Ai � 0ði ¼ u; q; rÞ.where Au ¼ B�1
1 ½A1 þ f ðeuÞ þ gðeuÞ�,

Aq ¼ B�1
2 ½A2 þ f ðeqÞ þ gðeqÞ�,Ar ¼ B�1

3 ½A3 þ f ðerÞ þ gðerÞ�.
Furthermore, we design another Lyapunov function

V5 ¼ V4 þ 1

2

�
c1~u

2
u þ c2~u

2
q þ c3~u

2
r

�
ð39Þ

where c1; c2; c3 are positive constants.
Then, its derivative becomes
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_V5ðtÞ ¼ _V4ðtÞ þ c1~uu
_~uu þ c2~uq

_~uq þ c3~ur
_~ur

¼�
�
k1e

2
x þ k2e

2
y þ k3e

2
z

�.
e� k4e

2
a � k5e

2
b �AuS

2
u

�AqS
2
q �ArS

2
r þ ~uu

�
eu þ c1 _~uu

�þ ~uq

�
eq þ c2 _~uq

�
þ ~ur

�
er þ c3 _~ur

�þ d

ð40Þ
According to Eq. (40), three adaptive laws for the external

constant disturbances are designed8<
:

_~uu ¼�~uu � eu=c1
_~uq ¼�~uq � eq

�
c2

_~ur ¼�~ur � er=c3

ð41Þ

Substitute Eq. (41) into Eq. (40), we get

_V5 ¼�
�
k1e

2
x þ k2e

2
y þ k3e

2
z

�.
e� k4e

2
a � k5e

2
b �AuS

2
u �AqS

2
q

�ArS
2
r � c1~u

2
u � c2~u

2
q � c3~u

2
r þ d

ð42Þ
where the parameters k1; k2; k3; k4; k5 and c1; c2; c3 are all
positive constants, and Ai � 0ði ¼ u; q; rÞ.

Therefore, under Assumptions 1 and 2, the maximum value

of d ¼ eavtd1 cos
�1 qþ ebvpd2 exists, which means d is

bounded.
Define-

z ¼ ðex=
ffiffiffi
e

p
; ey=

ffiffiffi
e

p
; ez=

ffiffiffi
e

p
; ea; eb; Su; Sq; Sr; ~uu; ~uq; ~urÞT,

together with Eq. (42), we obtain

2V5 ¼ kzk2 ð43Þ
Using Eq. (39), we have

_V5ðtÞ � �2gV5 þ d ð44Þ
where g ¼ minfk1; k2; k3; k4;Au;Aq;Ar; c1; c2; c3g.
By knowing that d is bounded, we can arrive at the

following equation according to the comparison principle
defined by Aguiar, A. and Joao, P (2007).

V5ðtÞ � V5ð0Þe�2gt þ d

2g
ð45Þ

Therefore

kzðtÞk � kzð0Þke�gt þ
ffiffiffi
d

g

s
;ct>0 ð46Þ

It is shown that the Lyapunov function V5 will remain in the
range ð0; d=2gÞ. Moreover, by increasing gains
k1; k2; k3; k4;Au;Aq;Ar; c1; c2; c3, a larger g can be obtained,

which means that all the error signals are uniformly ultimately
bounded.

5. Simulation and discussion

In order to verify the effectiveness and advantages of the
proposed control method, a three-dimensional time-varying
trajectory is designed, which includes a spiral dive and a
planar trajectory. Additionally, the singularity problem is
considered when yaw angle error is ±90� during trajectory
tracking. The spiral dive part of the desired trajectory is
described as:8<
:

xd ¼ 100 sinð0:01tÞ
yd ¼ 100 cosð0:01tÞ
zd ¼ 0:1t

The starting point is ðx0; y0; z0Þ ¼ ð10; 90; 10Þ, so the initial
position error is ðxe; ye; zeÞ ¼ ð10;�10; 10Þ; the initial atti-
tudes are ðq0;j0Þ ¼ ð0; 0Þ and velocities are
ðu0; v0;w0; q0; r0Þ ¼ ð0; 0; 0; 0; 0Þ. The trajectory equations
and switching points on the desired trajectory are selected as
below.

a: ðxa; ya; zaÞ ¼ ð�54:4;�84:0; 100Þ, b: ðxb; yb; zbÞ ¼
ð�104:4;�84:0; 100Þ

c: ðxc; yc; zcÞ ¼ ð�104:4; 66:0; 100Þ, d: ðxd; yd; zdÞ ¼
ð�154:4; 66; 100Þ

e: ðxe; ye; zeÞ ¼ ð�154:4;�84:0; 100Þ, f: ðxf ; yf ; zfÞ ¼
ð�204:4;�84:0; 100Þ.

0� t<10008<
:

xd ¼ 100Sin0:01t
yd ¼ 100Cos0:01t
zd ¼ 0:1t

;

1000� t<10508<
:

xd ¼�54:4þ 1000� t
yd ¼�84
zd ¼ 100

;

1050� t<12008<
:

xd ¼�104:4
yd ¼ 66
zd ¼ 100

;

1200� t<12508<
:

xd ¼�104:4þ 1200� t
yd ¼ 66
zd ¼ 100

;

1250� t<14008<
:

xd ¼�154:1
yd ¼ 66þ 1250� t
zd ¼ 100

;

1400� t<14508<
:

xd ¼�154:1þ 1400� t
yd ¼�84
zd ¼ 100

;

1450� t<16008<
:

xd ¼�204
yd ¼�84� 1450þ t
zd ¼ 100
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The control gains are chosen as:k1 ¼ 2, k2 ¼ 0:5,
k3 ¼ 1,k4 ¼ 0:5, c1 ¼ 0:5, c2 ¼ 0:1, c3 ¼ 0:1. The parameters
of the three bio-inspired models are selected as8<
:

A1 ¼ 12;B1 ¼ D1 ¼ 10
A2 ¼ 14:5;B2 ¼ D2 ¼ 9
A3 ¼ 14;B3 ¼ D3 ¼ 9:5

The parameters of the underactuated AUV are listed as in
K. Y. Pettersen and O. Egeland (1999):m ¼ 185 kg,

Iz ¼ 50 kgm2, X _u ¼ �30 kg, Y _v ¼ �80 kg, N _r ¼ �30 kg,
Xu ¼ 70 kg=s, Xujuj ¼ 100 kg=s, Yv ¼ 100 kg=m,

Yvjvj ¼ 200 kg=m, Zw ¼ 100 kg=s, Zwjwj ¼ 200 kg=s,

Nr ¼ 50 kgm2=s, Nrjrj ¼ 100 kgm2, Mq ¼ 50 kgm2=s,

Mqjqj ¼ 100 kgm2. The external constant disturbances

are:uu ¼ 0:5 N, uv ¼ 0N, uw ¼ 0N, uq ¼ 0:1 Nm,
ur ¼ 0:1 Nm. The simulation results are shown from Fig. 3 to
Fig. 15.

As shown in Fig. 3, the underactuated AUV has achieved a
three-dimensional trajectory tracking mission. To further
illustrate the tracking results, Figs. 4 and 7 show plane pro-
jections of XY and XZ for tracking three-dimensional trajec-
tory, respectively. Figs. 5 and 6 are the 10-times magnification
of points c and d in XY plane projection for tracking three-
dimensional trajectory, respectively. As seen from the fig-
ures, when the switching point becomes a right angle, the
tracking error remains within 2 m relative to the desired tra-
jectory. This suggests that the designed controller is effective
in suppressing the skip problem at inflection points.

From Figs. 8 and 9, it is shown that the tracking errors are
low enough and ultimately approach zero. In Fig. 8,

E ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
e2x þ e2y þ e2z

q
is calculated to observe the overall error

value between the desired and actual trajectories. The 5 yaw
angle errors ej ¼ ±p=2 can be seen clearly. It is displayed that
the position errors approach zero quickly in Fig. 9. This also
demonstrates the effectiveness and robustness of the proposed
control method.

The line velocity responses of the vehicle are shown in
Fig. 10, which illustrates that even with a sudden change in the
curve, the velocity variations are moderate. It is demonstrated
that the proposed method has successfully solved the problem
of sudden velocity change. Fig. 11 indicates angular velocity
responses of the vehicle. Although there is a greater alteration
during sudden angular change, small tracking errors are still
achieved. Fig. 12 displays the responses of actual control
inputs.

Figs. 13e15 show the errors of longitudinal velocity, pitch
angle velocity, yaw angle velocity, as well as their outputs of
bio-inspired models, respectively. It is indicated that the dy-
namic velocity regulation is effective in adjusting the velocity
errors. Fig. 13 shows the overshoot for surge velocity error at
inflection point has been reduced by about 25%. The over-
shoot for pitch angle velocity error from spiral dive to planar

1-Desired trajectory 2-Actual trajectory 

-250
-135

-20
95

210

-100

-25

50

125

200

0

25

50

75

100

x(m)y(m)

z(
m

)

ab

c

d

ef

1
2

Fig. 3. Response of three-dimensional tracking.
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trajectory has been reduced by about 28%, as shown in
Fig. 14. It can be observed from Fig. 15 that the maximum
overshoot of yaw angle velocity error at each inflection point
is reduced by about 26%. The outputs of each velocity error
become smaller after regulation.

From Figs. 3e15, it is clear that the proposed dynamic
velocity control for trajectory tracking of underactuated
AUV can be implemented under constant external distur-
bances, achieving precise tracking of three-dimensional
trajectories.

6. Conclusion

In this work, based on the study of three-dimensional tra-
jectory tracking of an underactuated AUV, a combination of
bio-inspired model with virtual velocity variables in back-
stepping is innovatively adopted. At the dynamic level, a tra-
jectory tracking controller is designed to dynamically regulate
velocity variables. Not only can the controller overcome the
skipping problem at inflection points, it can also avoid the
singularity issue when yaw angle error is ±90�. It reduces the
error overshoots of surge velocity, pitch angle velocity, and
yaw angle velocity. The states of the underactuated AUV and
associated time constraints are satisfied in three-dimensional
trajectory tracking. By using Lyapunov stability theory, the
system is proved to be stable and robust under external con-
stant disturbances. Finally, the simulation results show a
satisfactory three-dimensional tracking accuracy with high
robustness.
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Fig. 12. Actual control inputs for the vehicle.
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Appendix.

In this part, we introduce a controller using a bio-inspired
model (Xu et al., 2014). The backstepping control laws of
virtual velocity error variables are8>>><
>>>:

r0d ¼
�� l4ea � ey þ _ad � _vt sin ej

�
cos q

vt cos ej
þ _jd cos q

q0d ¼
�� l5eb þ ez þ _bd � _vp sin eq

�
vp cos eq

þ _qd

ð47Þ

Similarly, error variables are given	
e0r ¼ r� r0d
e0q ¼ q� q0d

ð48Þ

For the above mentioned Lyapunov function V2ðtÞ,
substituting Eqs. (47) and (48) into Eq. (21), we can obtain

_V
0
2ðtÞ ¼ �

�
l1e

2
x þ l2e

2
y þ l3e

2
z

�.
e� l4e

2
a � l5e

2
b þ e0uex

þ eavte
0
r cos

�1 q cos ej þ ebvpe
0
q cos eq ð49Þ

Define a Lyapunov function

V 0
3ðtÞ ¼ V 0

2ðtÞ þ
1

2

�
e02u þ e02q þ e02r

�
ð50Þ

Then, the time derivative of V 0
3ðtÞ gives

_V
0
3ðtÞ ¼ �

�
l1e

2
x þ l2e

2
y þ l3e

2
z

�.
e� l4e

2
a � l5e

2
b þ e0u

�
xe þ _e0u

�
þ e0r

�
eavt cos ej cos

�1 qþ _e0r
�þ e0q

�
ebvp cos eq þ _e0q

�
ð51Þ

Velocity error e0u and angular velocity errors e0q, e0r are
regulated by the bio-inspired model, as shown in Eq. (28).

Using the same method mentioned in the paper, we can get
control inputs t0u, t

0
q and t0r as follows

The other Lyapunov functions for the stability analysis of
this control system are chosen the same as mentioned in the
paper. Tracking errors of this closed loop system can be
proven to be asymptotically stable. In order to illustrate the
advantage of the control laws expressed in Eq. (23), simula-
tions are carried out using controller Eq. (52).

It is shown in Fig. 16 that the tracking overshoot is rela-
tively small when the yaw angle error is designed to be 89� at
inflection point b. Intentionally, when the yaw angle errors are
set to be 90� at inflection points c and d, we can see that the
actual trajectory would diverge from the desired one imme-
diately, which is caused by singularity. Fig. 17 presents that

8<
:

t0u ¼ m11

�
_u0d � xe � Su

�� buu �m22vrþm33wqþ d11u

t0q ¼ m55

�
_q0d � eavt cos ejcos

�1q� Sq
�� buq � ðm33 �m11Þuwþ d55qþ rgVGMLsin q

t0r ¼ m66

�
_r0d � ebvp cos eq � Sr

�� bur � ðm11 �m22Þuvþ d66r

ð52Þ
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Fig. 17. Actual control inputs for the vehicle.
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the rudder and propeller control values will chatter corre-
sponding to the trajectory tracking at 1200s when the desired
trajectory can no longer be tracked by the vehicle.
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