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a b s t r a c t

This article presents a new globalelocal hybrid coarse-mesh finite difference (HCMFD) method for
efficient parallel calculation of pin-by-pin heterogeneous core analysis. In the HCMFD method, the one-
node coarse-mesh finite difference (CMFD) scheme is combined with a nodal expansion method (NEM)
ebased two-node CMFD method in a nonlinear way. In the global-local HCMFD algorithm, the global
problem is a coarse-mesh eigenvalue problem, whereas the local problems are fixed source problems
with boundary conditions of incoming partial current, and they can be solved in parallel. The global
problem is formulated by one-node CMFD, in which two correction factors on an interface are introduced
to preserve both the surface-average flux and the net current. Meanwhile, for accurate and efficient pin-
wise core analysis, the local problem is solved by the conventional NEM-based two-node CMFD method.
We investigated the numerical characteristics of the HCMFD method for a few benchmark problems and
compared them with the conventional two-node NEM-based CMFD algorithm. In this study, the HCMFD
algorithmwas also parallelized with the OpenMP parallel interface, and its numerical performances were
evaluated for several benchmarks.
© 2018 Korean Nuclear Society, Published by Elsevier Korea LLC. This is an open access article under the

CC BY-NC-ND license (http://creativecommons.org/licenses/by-nc-nd/4.0/).

1. Introduction

Accurate analysis of a nuclear reactor core is needed to maxi-
mize the core performance and to minimize the uncertainties used
in the safety analysis of the reactor system. Currently, the so-called
two-step method is exclusively used for the analysis of light water
reactor (LWR) cores. In the conventional two-step method, fuel
assemblies or subassemblies are analyzed by the accurate transport
method to determine homogenized few-group constants; this is
followed by a nodal analysis of the three-dimensional whole core
using the diffusion theory method with the homogenized group
constants [1,2]. In spite of the successful application of two-step
procedures in LWR core analysis, it is still necessary to improve the
accuracy of conventional two-step methods to minimize the core
design uncertainties of both modern LWRs and the more chal-
lenging advanced LWR designs.

Recently, to improve the accuracy of reactor core design and
analysis, significant efforts have been made for the development of
direct whole-core transport calculations without the preanalysis of
the lattice [3e7]. Although this whole-core transport approach can
provide accurate results, it is very costly in terms of computing time
and memory requirements. Another possible way to improve the
accuracy of the reactor analysis is to do a pin-by-pin core analysis,
in which only the small fuel pins are homogenized, and the three-
dimensional core analysis is still performed by low-order methods
such as diffusion theory [1,2,8e10]. Therefore, the pin-by-pin core
analysis can directly provide detailed core power distributions
without any need to use the approximate pin power reconstruction
procedure, which is commonly required in the conventional two-
step method.

Pin-wise core calculation is a lotmore tractable thanwhole-core
transport calculations and is generally known to provide higher
accuracy than the standard two-step approaches. However, the
pin-wise approach is still computationally intensive because there
are a lot more unknowns to be considered, e.g., 17 � 17 meshes per
fuel assembly versus one or four meshes per fuel assembly in the
nodal methods. For an efficient pin-wise core calculation, the one-
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node coarse-mesh finite difference (CMFD) method [9] has been
developed, in which the global CMFD equations are formulated
based on local fine-mesh finite-difference method (FDM) solutions
for pin-wise heterogeneous fuel assemblies. The one-node CMFD
method is a very promising method because local problems can be
solved independently or in parallel. However, its parallel perfor-
mance has not been investigated by the original developers.

In the recent works by the authors [11,12], the computing effi-
ciency of the one-node CMFD method was substantially enhanced
by solving the local problems with the well-developed nodal
expansion method (NEM)ebased two-node CMFD method [13,14].
Consequently, the one-node CMFD method can now be coupled
with the conventional two-node nodal CMFD method. This two-
level combination of the two CMFD methods has an unsurpass-
able advantage in that each local problem can be solved in parallel
and efficiently; more importantly, the parallelism is extremely high
because most of the computing work is for local problem analysis.

In this article, we present the one- and two-node hybrid CMFD
method, called HCMFD, in detail for pin-by-pin whole-core calcu-
lation, and its numerical characteristics and performance are
evaluated in both serial and parallel platforms for several bench-
mark problems. In addition, a comparison with the standard two-
node CMFD method is made. We evaluated the parallel perfor-
mance of the HCMFD algorithm on an OpenMP [15] parallel
platform.

2. One-node CMFD for global domain

2.1. Basic theory

The one-node CMFD module solves the global neutron balance
equation for the whole reactor domain. The global CMFD module
provides the eigenvalue and average partial currents at large
coarse-mesh boundaries, which are used in the local two-node
NEM CMFD and the two-level hybrid algorithm. The main frame-
work of one-node CMFD is expressed in Eq. (1).

Aglobal
CMFDf

global
CMFD ¼ 1

k
FglobalCMFD ⇔fMlocal

i flocal
i ¼ Slocali ; i¼ 1;2;…N

�
(1)

In the nodal equivalence theory, nodal method based on coarse
mesh can provide the reference nodal quantities of the neutron
diffusion equation when the surface net currents are preserved. In
the one-node CMFD method, the fine-mesh heterogeneous local
problem, which is a high-order method, is accelerated by a
balancing equation based on the coarse-mesh global problem in a
nonlinear iteration scheme. The low-order equation comprises
homogenized parameters based on equivalence theory. Therefore,
the preservation of the reference net currents at the interface can
make the one-node CMFD method reproduce reference nodal
quantities.

The right side of Eq. (1) shows the local calculation of the one-
node CMFD method with fine mesh. The local problem, which is
a fixed source problem, is solved by a high-order method, i.e., the
nodal method or the transport method. The solution of the local
domain produces correction factors which correct the surface cur-
rent values. In the one-node CMFD method, the local domain is
calculated independently with the incoming partial current
boundary conditions, which are calculated from the global domain.
Therefore, the one-node CMFD method can provide the best
computational framework for a parallel global-local nonlinear
iteration.

The one-node CMFD equations can be derived from the two-
dimensional neutron diffusion equation, which is integrated over
the spatial volume of a mesh cell as follows:

JTopg þ JDown
g þ JRightg þ JLeftg þ S

i;j
r;gfg;i;jDx

global
i Dyglobalj

¼
0@XG

g¼1

cg
keff

ngSf ;gfi;j;g

1ADxglobali Dyglobalj : (2)

The direction of each node's net current is outward from the
center of the mesh.

As shown in Fig. 1, at each interface of the coarse-mesh unit cell
(i,j), the two FDM approximations for the net current are expressed
in Eqs. (3a) and (3b).

Jglobal;þε ¼ � 2Diþ1;j

Dxglobaliþ1

�
fs � fiþ1;j

�
; (3a)

Jglobal;�ε ¼ � 2Di;j

Dxglobali

�
fs � fi;j

�
; (3b)

where

D:diffusion coefficient;
ε:infinitesimally small value;
f :volume� averaged flux;
fs:suface flux at the boundary

A finemesh is clearly needed to solve Eq. (2) with good accuracy.
However, this would unfortunately require larger computing time
than when the problem is solved using a coarse mesh. To reduce
computing time, the CMFD method is widely used as an efficient
acceleration scheme of the nodal method. It should be noted that,
unlike the conventional CMFD, the one-node CMFD formulation
uses two correction factors instead of one. With two correction
factors, the interface net currents can still be corrected to a
reasonable accuracy even when the problem is solved using a
coarse mesh. The two net currents in Eqs. (3a) and (3b) can be
corrected with two correction factors in the following way:

Jglobal;þε ¼ � 2Diþ1;j

Dxglobaliþ1

�
fs � fiþ1;j

�� 2bDþε

Dxglobaliþ1

�
fs þ fiþ1;j

�
; (4a)

Jglobal;�ε ¼ � 2Di;j

Dxglobali

�
fs � fi;j

�� 2bD�ε

Dxglobali

�
fs þ fi;j

�
; (4b)

where bD±ε
are two different correction factors.

Based on diffusion theory, these two currents at the interface are
the same. Hence, the two-sided current limits in Eqs. (4a) and (4b)
can be made equal to solve the surface flux at the interface. This

Fig. 1. Two meshes in a global problem.

S. Song et al. / Nuclear Engineering and Technology 50 (2018) 327e339328



surface flux can be substituted back into Eqs. (4a) and (4b) to yield
the net current on the right side of node cell (i,j), as follows:

JglobalR ¼ �D1
�
fiþ1;j � fi;j

�� D2
�
fiþ1;j þ fi;j

�
; (5)

where

D1 ¼
2
�
Di;jDiþ1;j � bDþε bD�ε

�
�
Di;j þ Diþ1;j þ bD�ε þ bDþε

�;
D2 ¼

2
�
Diþ1;j

bD�ε � Di;j
bDþε

�
�
Di;j þ Diþ1;j þ bD�ε þ bDþε

� :
From Eq. (5), the correction factors in the global domain can be

derived.

bDþε ¼ �Dxglobaliþ1 Jglobal þ 2Diþ1;j
�
fs;iþ1;j � fiþ1;j

�
2
�
fs þ fiþ1;j

� : (6a)

bD�ε ¼ �Dxglobali Jglobal þ 2Di;j
�
fs;i;j � fi;j

�
2
�
fs þ fi;j

� : (6b)

As shown in Eqs. (6a) and (6b), the two reference values (the net
current and the surface flux) are used to calculate the two correc-
tion factors (bD±ε

). The net current and surface flux are obtained
after the completion of local problems.

When the global CMFD calculation is performed, the incoming
partial currents of the global domain are then obtained. Incoming
partial currents are used to apply a boundary condition for local
problems. The incoming partial current can be represented as
follows:

2.2. Updating information of local and global domains

It should be noted that the global CMFD problem is solved using
a coarse mesh, whereas the local problems are calculated using a
fine mesh. The results obtained from the global CMFD calculation
cannot therefore be used directly in the local problems. As such, a
number of modulation steps are necessary to couple the results
from the global and the local domains. There are two specific pieces
of information that require modulation for the global-local
coupling; these are the incoming partial current and the volume-
averaged flux. In local problems, modulation of the incoming par-
tial current can be performed by equating the incoming partial
current distribution with the outgoing partial current distribution
at the boundary region.

Meanwhile, modulation of the flux can be performed by
normalizing the flux distribution from the previous one-node
CMFD calculation. Results of the two modulations (of the global
incoming partial current and flux) can then be transferred to the

local CMFD calculations. As shown in Fig. 2 and Eqs. (8a) and (8b),
the modulated global incoming partial current is used as the
boundary condition, whereas the modulated global flux is used for
the determination of the fixed source in the local problem.

f
localðnÞ

i;j ¼ f
globalðnÞ

I;J � f
localðn�1Þ

i;jPNx

i¼1

PNy

j¼1
f
localðn�1Þ

i;j

: (8a)

Jin;local
ðnÞ

i;j ¼ Jin;global
ðnÞ

I;J �
Jin;local

ðn�1Þ

lsPNs

ls¼1
Jin;local

ðn�1Þ

ls

: (8b)

where i and j denote local mesh index, I and J denote global mesh
index number, Nx and Ny denote total number of local meshes in
each axis, Ns denotes the total number of meshes in boundary re-
gion, and n denotes the global outer iteration number.

3. Two-node NEM CMFD for the local domain

3.1. Basic theory

In the HCMFD algorithm, the two-node NEM CMFD is used to
calculate pin-wise meshes of local problems. The NEM algorithm,
used in this work, is based on the Purdue advanced reactor core
simulator (PARCS) manual [13]. Note that in NEM, the flux is
expanded to a quartic form of the one-dimensional transverse-in-
tegrated equation, and the leakage is approximated by the
quadratic leakage model. In the two-node NEM CMFD, the surface
flux and net current are calculated to update the global correction
factor.

To update the values of the two correction factors, two as-
sumptions are made: (1) the global CMFD surface-average current
is equal to the averaged value of the local NEM CMFD currents, and
(2) the global CMFD surface flux is equal to the averaged value of
the local NEM CMFD.

In HCMFD, the local problem is solved as a fixed source problem.
As such, the source is not updated, and the eigenvalue is not
calculated in all local iterations. Using the two-node CMFD calcu-
lation, the volume-averaged flux, surface flux, and net current are
calculated to update the global CMFD parameters.

FDM approximations for the net current at each interface be-
tween the coarse meshes shown in Fig. 3 can be expressed as
follows:

J
local
s ¼ �2

Di:j

Dxlocali;j

Diþ1;j

Dxlocaliþ1;j

� fiþ1;j � fi;j�
Di;j

Dxlocali;j
þ Diþ1;j

Dxlocaliþ1;j

� : (9)

J�R ¼
�
Diþ1;j � bDþε þ 4Di;jDiþ1;j � 4bDþε bD�ε þ 4Diþ1;j

bD�ε � 4Di;j
bDþε

4
�
Di;j þ Diþ1;j þ bD�ε þ bDþε

� fiþ1;j

þ
�
Di;j � bD�ε � 4Di;jDiþ1;j þ 4bDþε bD�ε þ 4Diþ1;j

bD�ε � 4Di;j
bDþε

4
�
Di;j þ Diþ1;j þ bD�ε þ bDþε

� fi;j:

(7)
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In this case, one correction factor (bD) is used to preserve the net
current, and the corrected net current in the two-node CMFD is
expressed by

J
local
s ¼ �~D

�
fiþ1;j � fi;j

�� bD�fiþ1;j þ fi;j
�
; (10)

where

~D ¼ �2

Di;j

Dxlocali;j

Diþ1;j

Dxlocaliþ1;j�
Di;j

Dxlocali;j
þ Diþ1;j

Dxlocaliþ1;j

�:

From Eq. (10), the correction factor in the local domain is
derived as

bD ¼ �~D
�
fiþ1;j � fi;j

�� Js�
fiþ1;j þ fi;j

� : (11)

The correction factor is updated using the reference net current
from the two-node nodal solution. It should be noted that the net
current fromNEM kernel can be equal to the net current in the FDM
equation. Therefore, the net current from the NEM can be used as
the reference value to update the two-node CMFD correction factor.
In this case only, the flux, the net current, and the surface flux are
calculated for global CMFD parameters within the fixed iteration
numbers.

By substituting the corrected current values into Eq. (2), the
two-node CMFD equation is now expressed as follows:

where L, R, T, and D denote the four directions of the node.
The incoming partial current expressed in Eq. (7) is used as a

boundary condition between two local problems, as shown in
Fig. 4.

Unlike the intranodal equation, the net current at the boundary
is expressed by the volume-averaged flux and the surface flux with
the local domain correction factor, as follows:

J
local
s ¼ �Di;j

fs � fi;j

Dxlocali;j

.
2
� bDs

fs þ fi;j

Dxlocali;j

.
2
: (13)

Therefore, the incoming partial current at the boundary be-
comes a known value and can be expressed as follows:

J� ¼ fs

4
� 1
2

 
� Di;j

fs � fi;j

Dxlocali;j

.
2
� bDs

fs þ fi;j

Dxlocali;j

.
2

!
: (14)

The surface flux can be derived from Eq. (14), and then
substituted into Eq. (13).

Fig. 2. Modulation of the incoming partial current.

Fig. 3. Two meshes in a local problem.

�
� ~DL � bDL

�
Dyi;jfi�1;j þ

�
� ~DR � bDR

�
Dyi;jfiþ1;jþ�

� ~DT � bDT

�
Dxi;yfi;jþ1 þ

�
� ~DD � bDD

�
Dxi;yfi;j�1þ�

S
i;j
r;gfi;jDxi;yDyi;j þ

�
~DL þ ~DR � bDL � bDR

�
Dyi;j þ

�
~DT þ ~DD � bDT � bDD

�
Dxi;y

�
fi;j

¼ SDxi;yDyi;j:

(12)
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Js ¼
�8
�
Di;j þ bDi;j

�
Dxi;j þ 4

�
Di;j þ bDi;j

�J� þ
2
�
Di;j � bDi;j

�
Dxi;j þ 4

�
Di;j þ bDi;j

�fi;j: (15)

Note that the incoming partial current part in Eq. (15) is a known
value. Hence, this quantity can be moved to the right-hand side
together with the source term during local CMFD calculations. From
Eq. (15), the correction factor of the local CMFD at the boundary can
be expressed as follows:

bDBoundary
local ¼ �8DiJ�local þ 2Difi � 4DiJNEMs � Dxlocali JNEMs

4JNEMs þ 8J�local þ 2fi
: (16)

3.2. NEM kernel in the local domain

In the NEM kernel, all coefficients in the flux expansion are
obtained from the NEM kernel, which provides the surface flux and
the net current. The values of both the surface flux and the net
current are used to update the local CMFD correction factors. The
quartic expansion of the one-dimensional transverse-integrated
flux and quadratic leakage model, for the transverse leakage, in-
cludes a basis function that is used to expand the flux and trans-
verse leakage. Therefore, in NEM, the one-dimensional averaged
flux and transverse leakage are expanded as a general polynomial,
as follows:

f
n
gðxÞ ¼

X4
i¼0

aiPiðxÞ ¼ f
n
g þ a1P1ðxÞ þ a2P2ðxÞ þ a3P3ðxÞ þ a4P4ðxÞ:

(17)

LuðxÞ ¼
X2
i¼0

LiPiðxÞ ¼ L0P0ðxÞ þ L1P1ðxÞ þ L2P2ðxÞ: (18)

where PnðxÞ is the basis function, an is the coefficient of flux, and Ln
is the coefficient of transverse leakage.

Three equations are required to find the three coefficients in the
transverse leakage expansion. These three equations can be found

through quadratic approximation of the transverse leakage over
three adjacent nodes in the x direction, as shown in Fig. 5. Owing to
the characteristics of the basis function, the first coefficient can be
the node-averaged transverse leakage, as follows:

Lgy;0 ¼ Jg;L þ Jg;R; Lgx;0 ¼ Jg;T þ Jg;D: (19)

The other two coefficients can be expressed as follows:

L1 ¼ LR � LL; L2 ¼ 3� ðLR þ LL � 2L0Þ: (20)

Althoughderivative of the transverse leakagehasno real physical
meaning, the continuity of the derivative of the transverse leakage
at the interface between two nodes can be considered as follows:

Dg;i�1;j
v

vx
Lgxr;i;j ¼ Dg;i;j

v

vx
Lgxl;i;j: (21)

In Eq. (21), the derivative of the transverse leakage is approxi-
mated by using the surface and node-averaged transverse leakages,
and the continuity condition in Eq. (21) can be rewritten as

Dg;i�1;j
Lgxr;i�1;j � Lg;i�1;j

Dxg;i�1;j
	
2

¼ Di
g
Lg;i;j � Lgxl;i;j
Dxg;i;j

	
2

: (22)

After the flux coefficients are obtained, the surface net currents
are calculated at the boundary to update the local correction factor.
Furthermore, surface fluxes are used as reference values to update
the global correction factors. The outgoing partial currents are
calculated using the net current and surface flux to modulate the
incoming partial current.

3.3. NEM kernel in the incoming boundary condition

At the boundary condition, some constraints are different from
the intranodal condition. Therefore, when the current node is a
boundary one, NEM should be solved using a one-node approach,
in which there are four unknown coefficients. As such, four con-
straints are needed: a node balance equation, an albedo boundary
condition equation, a first moment equation, and a secondmoment
equation. Note that flux and current continuity are not available in
the one-node calculation. In addition, the nodal balance and the
first and second moment equations are similar in intranodal
equations. There are two kinds of boundary conditions in this
problem: one is the albedo boundary condition; the other is the
incoming boundary condition. In the albedo boundary condition,
the incoming partial current can be expressed as follows:

J� ¼ aJþ (23a)

fs

4
� J
2
¼ a

 
fs

4
þ J
2

!
(23b)

Therefore, the one mesh, right and top boundary, and albedo
boundary conditions are derived by substituting the surface

Fig. 5. Transverse leakage with three nodes.

Fig. 4. Boundary condition between two local problems.
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flux and surface current, which are derived from Eq. (17), as
follows:

Furthermore, when the incoming partial current is used as a
boundary condition, Eq. (23b) changes slightly due to the incoming
partial current.

f
s
i;j

4
� Ji;j

2
¼ Jin;globalI;J �

Jin;locallsPNs

ls¼1
Jin;localls

(25)

The incoming partial current is identical to the outgoing par-
tial current of the neighboring node at an interface of two nodes.
Therefore, the outgoing partial current will be used to modulate
the incoming partial current for each local mesh. Then, the
boundary conditions at right and top surfaces can be written as
follows:�
f
g
i;jþ1

2a
g
1;i;jþ1

6a
g
2;i;j

�
4

þ
Dg
i;j

2Dxi;j

�
ag1;i;jþag2;i;jþ

1
2
ag3;i;jþ

1
5
ag4;i;j

�

¼ Jin;globalI;J �
Jin;locallsPNs

ls¼1
Jin;localls

: (26)

4. Parallelization of the HCMFD method

It should be noted that the one-node CMFD partitions the whole
problem into nonoverlapping local problems. Consequently, the
local problems can be efficiently solved independently using par-
allel computing platforms, which is a big advantage of the HCMFD
method. In this article, OpenMP is used as the application pro-
gramming interface (API) for the multiplatform parallel computa-
tion. In HCMFD, the global CMFD calculation is solved sequentially.
After calculating the incoming partial current, the local problems
are solved simultaneously in parallel. In this case, the global CMFD
will take up a small portion of the total computing time because
most of the computing burden comes from the local problem Fig. 6.

In the parallel algorithm, before performing the local calcula-
tions, all incoming partial currents for all interfaces are calculated
and modulated using the previous outgoing partial currents and
then the local problem is computed. By solving the local problem,
both the net current and surface flux are obtained and then only the
global correction factors are updated. The overall flowchart of the
parallel algorithm is shown in Fig. 7.

Because the local problems can be solved independently in the
HCMFD method, the local problems are solved simultaneously in
parallel computing cores by parallelization. Therefore, the heavy
computing burden loaded in the local problems can be distributed

Fig. 6. Calculation flow of the HCMFD algorithm.
CMFD, coarse-mesh finite difference; HCMFD, hybrid coarse-mesh finite difference; NEM, nodal expansion method.

1
4
ða�1Þfg

i;j ¼
"
1
8
ð1�aÞ�

Dg
i;j

2Dxi;j
ðaþ1Þ

#
ag1;i;jþ

"
1
24

ð1�aÞþ
Dg
i;j

2Dxi;j
ðaþ1Þ

#
ag2;i;jþ

 
Dg
i;j

4Dxi;j
ðaþ1Þ

!
ag3;i;jþ

 
Dg
i;j

10Dxi;j
ðaþ1Þ

!
ag4;i;j: (24)
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Fig. 7. Parallel algorithm in the HCMFD method.
CMFD, coarse-mesh finite difference; HCMFD, hybrid coarse-mesh finite difference; NEM, nodal expansion method.

Fig. 8. EPRI-9 benchmark problem configuration and fuel assemblies.
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over the cores. As the local problems are solved independently in
independent cores, the total computing time consumed in the
HCMFD method can be reduced.

5. Numerical results and analysis

The HCMFD method was tested using the OpenMP API. In this
section, sequential and parallel results are compared for two nu-
merical problems. All the numerical problems have the same
convergence criteria. The parallel implementation of the HCMFD
algorithm was carried out on a CPU with 28 physical cores (Intel
Xeon CPU E5-2697, version 3, @ 2.60 GHz). To solve the global and
local CMFD equations, the conjugate gradient (CG) method [16] was
used in the two-node NEM CMFD and HCMFDmethods. In the NEM
kernel, complicated equations are condensed analytically using the
Mathematica program [17].

5.1. EPRI-9 benchmark problem

To test the feasibility of the HCMFD method, a two-dimensional
pressurized water reactor (PWR) quarter-core benchmark problem
was considered. The EPRI-9 benchmark problem [18] is a well-
known problem for PWRs. This problem consists of fuel and wa-
ter. Fig. 8 shows the heterogeneous fuel assembly geometry of the
EPRI-9 benchmark problem. The CR stands for control rod in Fig. 8.
The EPRI-9 benchmark problemmodel includes the PWR baffle and
reflector regions. The convergence criteria of the HCMFD and two-
node NEM CMFD were set as 1.0E-07 for the multiplication factor
and the source distribution.

Results for the EPRI-9 benchmark problem when using the
HCMFD, FDMwith fine mesh, two-node NEM CMFD, and COREDAX
[19,20], which was developed with the analytic function expansion
nodal method, are shown in Table 1.

Parallelism indicates how much of the algorithm can be paral-
lelized: 96.7% of total calculation can be parallelized in HCMFD
method. The EPRI-9 benchmark problem is a small problem
because it is a quarter-core problem. Owing to the inherent char-
acteristics of the HCMFD method, the computing time of HCMFD is
similar to that of the two-node NEM CMFD method. When the
problem size is bigger than the current problem, HCMFD can pro-
vide a faster calculation time than the NEM CMFD. To test the ac-
curacy, the normalized pin flux calculated with HCMFD is
compared with that calculated using the standard NEM CMFD
method. Fig. 9 shows the maximum relative percentage error of
pin-wise fluxes in each local domain between the two-node NEM
CMFD and HCMFD solutions. It should be noted that the two so-
lutions are practically identical.

The sensitivity of local calculation frequency is an important
factor in HCMFD. After certain number of global calculations, the
local problem is solved. The optimized computing time depends on
the local calculation frequency.

Table 2 shows the computing time and number of outer itera-
tions. When the local problem is solved after one global calculation,

the computing time is 0.86s. After 20 global calculations, the
computing time decreases to 0.25s, although the number of outer
iterations increases. However, the optimized local calculation fre-
quency is problem dependent.

The NEMkernel is invoked during the local calculations. After the
first local CMFD calculation, the local NEM kernel is solved to find
the NEM coefficients. For better accuracy, outgoing partial currents
obtained from the NEM kernel are exchanged between adjacent
nodes to update the latest local information as input for the local
CMFD. This latest local information is then used to solve the local
CMFD again. The invoked number of NEM kernels is equal to the
exchange of partial currents taking place between the adjacent
nodes. This invoking of the NEM kernel corresponds to the cycle-
wise calculations. Note that frequency of the call affects the overall
computing time; the results are shown in Table 3. With only one
local calculation, the global solution does not converge. The local

Table 1
Calculation results (EPRI-9 problem).

Method Mesh size (cm) keff value Time (s) Parallelism (%)

FDM 0.035 0.927532 d d

COREDAX (AFEN) 0.700 0.927530 d d

Two-node NEM CMFD Pin-wise (1.4) 0.927543 0.25 10.5
HCMFD Pin-wise (1.4) 0.927543 0.25 96.7

*Analytic NEM kernel is used in both two-node NEM CMFD and HCMFD.
AFEN, analytic function expansion nodal; CMFD, coarse-mesh finite difference;
HCMFD, hybrid coarse-mesh finite difference; NEM, nodal expansion method.

Fig. 9. Maximum RPE of pin-wise fluxes in local assemblies.
RPE, relative percentage error.

Table 2
The frequency of local calculation (EPRI-9 problem).

Frequency of local calculation Eigenvalue No. of outer iteration Time (s)

1 0.9275433 91 0.86
5 0.9275433 131 0.26
10 0.9275433 261 0.26
15 0.9275433 391 0.26
20 0.9275433 501 0.25
25 0.9275433 651 0.27

Table 3
The sensitivity of iterations per local calculation (EPRI-9 problem).

No. of partial current sweeping No. of outer iteration Time (s)

1 Diverge d

2 501 0.25
3 801 0.47
4 681 0.46
5 841 0.65

Table 4
The parallel calculation results (EPRI-9 problem).

No. of core Computing time (s) Speed-up Efficiency (%)

1 0.25 1.00 100.0
2 0.17 1.49 74.7
4 0.15 1.74 43.5
8 0.11 2.35 29.4
16 0.10 2.65 16.5
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problem needs to be solved at least twice to have the global solution
converge. As such, to minimize the computing time, it is best that
the NEM kernel be solved twice during the local calculations.

Table 4 shows the computing time, speed-up, and efficiency of
parallelization. Speed-up indicates how much faster the parallel
computing is than when the problem is solved using only a single

core. Efficiency indicates an effectiveness of the parallel computing
with a given number of CPUs.

The EPRI-9 benchmark problem has 16 local problems. There-
fore, four parallel calculations were considered, i.e., 2, 4, 8, or 16
CPUs. As shown in Table 4, the computing time is 0.25s using only a
single core. When the problem is solved using 16 cores, the
computing time significantly decreases to 0.10s. However, the ef-
ficiency decreases as the number of core increases.

Fig. 10. Convergence rate of the fission source between two methods (EPRI-9 problem).
CMFD, coarse-mesh finite difference; HCMFD, hybrid coarse-mesh finite difference; NEM, nodal expansion method.

Fig. 11. Large-size quarter-core problem configuration.

Table 5
Calculation results (large-size quarter-core problem).

Method Mesh size (cm) keff value Time (s) Parallelism (%)

Two-node NEM CMFD Pin-wise (1.4) 0.9781222 8.63 4.0
HCMFD Pin-wise (1.4) 0.9781222 2.06 99.0

*Analytic NEM kernel is used in both two-node NEM CMFD and HCMFD.
CMFD, coarse-mesh finite difference; HCMFD, hybrid coarse-mesh finite difference;
NEM, nodal expansion method.

Table 6
The frequency of local calculation (large-size quarter-core problem).

Frequency of local calculation Eigenvalue No. of outer iteration Time (s)

5 0.9781222 471 5.76
10 0.9781222 511 3.15
15 0.9781222 556 2.30
20 0.9781222 661 2.06
25 0.9781222 1001 2.49
30 0.9781222 1321 2.74

Table 7
The sensitivity of iterations per local calculation (large-size quarter-core problem).

No. of partial current sweeping No. of outer iteration Time (s)

1 Diverge d

2 661 2.06
3 801 2.93
4 781 3.33
5 821 3.96

Table 8
The parallel calculation results (large-size quarter-core problem).

No. of core Computing time (s) Speed-up Efficiency (%)

1 2.06 1.00 100.0
2 1.17 1.77 88.4
4 0.63 3.26 81.4
10 0.33 6.22 62.2
20 0.30 6.92 34.6
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Fig. 10 shows the convergence rate of the HCMFD and two-node
NEM CMFD for the fission source. For small-size problems, owing to
the partial current-based partitioning of the one-node algorithm,
the HCMFD has a slower convergence rate than does the standard
two-node NEM CMFD.

For better global solution convergence, fewer CG iterations are
needed to converge to the localflux. Therefore, themaximumerrorof
the local flux can be checked, and if the relative error of the local flux
is less than the selected error criteria, the local CG loop is terminated.
This method reduces the computing time. The flux error criterion in

Fig. 12. Convergence rate of fission source between two methods (Large-size quarter-core problem).
CMFD, coarse-mesh finite difference; HCMFD, hybrid coarse-mesh finite difference; NEM, nodal expansion method.

Fig. 13. Extended EPRI-9 whole-core problem configuration.
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the local domain was set as 1.0E-09 in this calculation. Computing
time is also significantly decreased using the proper error criteria.

5.2. Large-size quarter-core problem

The large-size quarter-core problem is simply the extension of
the EPRI-9 benchmark problem. All of the fuel assembly geometry
and cross-section data are the same as in the EPRI-9 benchmark

problem. The problem geometry is given in Fig. 11. Similar to EPRI-
9, the large-size quarter-core problem has baffle and reflector
regions.

The error criteria for the large-size quarter-core problem are the
same as for the previous test. Table 5 provides a comparison of the
effective multiplication factor between the two-node NEM CMFD
and the HCMFD methods.

This problem size is bigger than in the previous test. Therefore,
as shown in Table 5, the computing time is slightly smaller than in
the two-node NEM CMFD method. For computing time optimiza-
tion, the optimum iteration number to solve the global problem is
20. The results are shown in Table 6.

The sensitivity results of invoking the NEM kernel are given in
Table 7. As discussed for the previous test, to minimize computing
time, it is best that the NEM kernel be solved twice during the local
calculation. This is the recommended option for the HCMFD
method.

The large-size quarter-core problem was also tested using
OpenMP API for parallel computation. The parallel calculation re-
sults are shown in Table 8. One can see in Table 8 that when using
10 cores, the parallel efficiency is better than when using 20 cores.
This is due to the maximum limit of parallel computation. With no
parallel part in the calculations, limited efficiency is expected.

The tendency of the convergence rate for HCMFD is more similar
to that of the two-node NEM CMFD than it was in the previous
problem. Furthermore, the difference in the number of outer iter-
ations between the two-node CMFD method and the HCMFD
method is smaller than in the previous small-size problem. The
sensitivity graph is shown in Fig. 12.

5.3. Whole-core problem

This is the last problem that clearly demonstrates the main
purpose of the HCMFD method, in which whole-core calculations
are performed. Furthermore, it demonstrates the ability of HCMFD
to correctly handle strong absorbing material in the problem's ge-
ometry. This ability demonstrates an important advantage of the
HCMFD method where control rods were not included in the pre-
vious tests. The whole-core problem can simply be considered an

Table 9
Calculation results (whole-core problem).

Method Mesh size (cm) keff value Time (s) Parallelism (%)

Two-node NEM CMFD Pin-wise (1.4) 0.9669019 254.33 4.2
HCMFD Pin-wise (1.4) 0.9669019 26.68 98.7

*Analytic NEM kernel is used in both two-node NEM CMFD and HCMFD.
CMFD, coarse-mesh finite difference; HCMFD, hybrid coarse-mesh finite difference;
NEM, nodal expansion method.

Table 10
The frequency of local calculation (whole-core problem).

Frequency of local calculation Eigenvalue No. of outer iteration Time (s)

15 0.9669019 3391 63.14
20 0.9669019 3421 47.67
25 0.9669019 3451 38.64
30 0.9669019 3481 33.90
40 0.9669019 3601 26.68
50 0.9669019 4701 27.11
55 0.9669019 5721 30.58

Table 11
The parallel calculation results (whole-core problem).

No. of core Computing time (s) Speed-up Efficiency (%)

1 26.68 1.00 100.0
2 13.74 1.94 97.1
4 7.56 3.53 88.2
10 3.38 7.89 78.9
20 1.96 13.58 67.9

Fig. 14. Convergence rate of the fission source between two methods (Whole-core problem).
CMFD, coarse-mesh finite difference; HCMFD, hybrid coarse-mesh finite difference; NEM, nodal expansion method.
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extension of the EPRI-9 benchmark problem. Fuel assemblies that
contain control rods were loaded unsymmetrically in the core. The
problem's geometry is shown in Fig. 13. Through this test, the
performance of the parallelized HCMFD method for asymmetric
whole-core calculation was checked.

The red and yellow assemblies illustrated in Fig. 13 contain
inserted control rods, whereas the white assemblies do not contain
inserted control rods. The convergence criteria and local iteration
strategy are similar to those in the previous test. The calculation
results of the whole-core problem are shown in Table 9.

Similar to the case of the large-size quarter-core problem, at
least two iterations of the local problem are required for conver-
gence. This is because of the inherent characteristics of HCMFD and
because the fuel assemblies that contain inserted control rods are
loaded unsymmetrically in the whole-core problem. Therefore,
carrying out the local sweeping calculation fewer than two times
cannot accurately solve the local problem. To ensure convergence of
the solution, the local problem must be solved accurately. If the
solution of the local problem is not accurate, it has a tendency to
oscillate instead of converging to a final solution. This geometry
complication causes a further complication in the flux shape in the
problem and prevents the convergence of the final solution.

As shown in Table 10, for the whole-core problem, 40 iterations
of global calculation are the optimized frequency for local calcula-
tion. The computing time is one-tenth that of the two-node NEM
CMFD method. Table 11 shows results of parallel calculation of the
whole-core problem. The computing time using 20 cores is 1.96s,
which is significantly less than that of the conventional NEM CMFD
method.

The convergence of the fission source is shown in Fig. 14. In the
HCMFD method, based on the previous tests, when the problem
size is large, the difference in the convergence rate between the
HCMFD and conventional NEM CMFDmethods is much less than in
the standard NEM CMFD method. Moreover, fluctuation of the
source error is diminished.

6. Conclusions

We developed a new globalelocal hybrid CMFD, which we
called the HCMFD method, to perform whole-core pin-by-pin cal-
culations. In this method, we introduced a combination of the one-
node CMFD and the NEM-based two-node CMFD methods in a
nonlinear way. In the new HCMFD scheme, the local problem is
solved using the two-node NEMCMFD, whereas the global problem
is solved using the one-node CMFD. Local problems in the HCMFD
method can be naturally parallelized, which demonstrates an un-
surpassable advantage of the one-node CMFD method.

To verify the accuracy and the performance of parallel calcu-
lation, three types of two-dimensional problems (EPRI-9 prob-
lem, large-size quarter-core problem, and a whole-core problem)
were analyzed using the HCMFD method. The HCMFD method is
basically a globalelocal nonlinear iteration scheme involving a
global eigenvalue problem and many local fixed source problems
for steady-state reactor problems. To minimize the computing
time, it is necessary to intermittently update the global CMFD
correction using the local solutions, which is usually imple-
mented for solving reactor eigenvalue problems. In addition, for a
minimal computing time with the parallel HCMFD algorithm, the
number of partial current sweepings in the local problems should
be minimized. We recommended that, for large-size two-
dimensional problems, the local partial current sweeping be done
twice. The computing time can be noticeably decreased simply by
adopting a single cycle of local sweeping in which various
sweeping strategies are alternatingly implemented. Therefore, in
the HCMFD method, more than 96% of total calculation time is

consumed by the local problem, permitting a significant reduc-
tion in the total computing time in a parallel platform, i.e., the
OpenMP architecture. We also illustrate that the parallel effi-
ciency on a small OpenMP architecture can be as high as 70% for
up to 28 CPUs. It is expected that the parallel efficiency can be
significantly improved by optimizing the parallel HCMFD algo-
rithm. Furthermore, based on the numerical performance intro-
duced in this article, we conclude that the new HCMFD method
will enable very efficient parallel calculation of pin-wise het-
erogeneous core calculations.

As future works, the HCMFD method can be extended to three-
dimensional reactor problems, and the parallel scheme needs to be
improved to fully utilize both the OpenMP and massage passing
interface (MPI) architectures. Furthermore, development of a
time-dependent HCMFD method can be an interesting research
topic.
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