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Abstract. We will consider the asymptotic toeplitzness associated with
weighted composition operators on the Hardy-Hilbert space H2.

1. Introduction

Throughout let H2 be the Hardy-Hilbert space of all analytic functions on
the open unit disk D with square-summable Taylor coefficients. For f(z) =∑∞
n=0 anz

n and g(z) =
∑∞
n=0 bnz

n in H2, identifying functions in H2 with
their boundary functions, the standard inner product is defined as

〈f, g〉 =

∞∑
n=0

anbn

=

∫
∂D
f(eiθ)g(eiθ)dm(θ),

where m is the normalized Lebesgue measure on the boundary ∂D of D. Refer
to [8, 15] for the basic properties of the classical Hardy spaces.

Let T be a bounded linear operator on H2. Then T is a Toeplitz operator if
and only if S∗TS = T , where S is the forward shift defined by Sf(z) = zf(z)
for z ∈ ∂D and f ∈ H2 and S∗ is the backward shift on H2. In the natural way,
for a bounded measurable function u ∈ L∞(∂D), a Toeplitz operator Tu on H2

is defined as Tuf = P (uf) for f ∈ H2, where P is the orthogonal projection
from L2(∂D) to H2. Recall that the compact Toeplitz operator on H2 is only
the zero operator. See [6, 13] for operator theory on H2.

In [1], Barŕıa and Halmos firstly called an operator T on H2 asymptotically
Toeplitz if the sequence of operators {S∗nTSn} converges strongly onH2. Then
Feintuch [9] suggested the analogous conditions relative to either weak or norm
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operator convergence. So there are actually three different kinds of asymptotic
toeplitzness.

Definition. Let T be a bounded linear operator on H2.
(i) T is said to be uniformly asymptotically Toeplitz if there is a bounded

linear operator A on H2 such that ‖S∗nTSn −A‖ → 0 as n→∞.
(ii) T is said to be strongly asymptotically Toeplitz if there is an operator A

on H2 such that ‖(S∗nTSn −A)f‖ → 0 as n→∞ for any f ∈ H2.
(iii) T is said to be weakly asymptotically Toeplitz if there is an operator A

on H2 such that 〈(S∗nTSn −A)f, g〉 → 0 as n→∞ for all f, g ∈ H2.

Feintuch [9] showed the following result.

Theorem of Feintuch. A bounded linear operator on H2 is uniformly asymp-
totically Toeplitz if and only if it is the sum of a Toeplitz operator and a compact
operator.

The asymptotic toeplitzness of composition operators originally was consid-
ered by Shapiro. For an analytic self-map ϕ of D, the composition operator
Cϕ is defined by Cϕf = f ◦ ϕ. It has been known for a long time that such
operators are bounded linear operators on H2. See [3, 16, 19] for the study of
composition operators. Nazarov and Shapiro [14] investigated properties of the
asymptotic toeplitzness of composition operators and adjoints. Also, refer to
[17, 18] for a survey of early results on the toeplitzness of composition opera-
tors. Recently the toeplitzness of products of composition operators and their
adjoints is independently investigated in [4, 7].

The concept of composition operators has been generalized to weighted com-
position operators. Let u be a non-zero bounded analytic function on D and ϕ
an analytic self-map of D. We define the weighted composition operator MuCϕ
by

MuCϕf = u · (f ◦ ϕ)

for f ∈ H2. Then MuCϕ is a bounded linear operator on H2.
In this article we would consider the asymptotic toeplitzness associated with

weighted composition operators on H2.

2. Toeplitzness of weighted composition operators

First we consider the condition for the weighted composition operator to be
a Toeplitz operator.

Theorem 2.1. Let u be a non-zero bounded analytic function on D and ϕ a
non-constant analytic self-map of D. Then MuCϕ is Toeplitz if and only if ϕ
is the identity.

Proof. By the definition, MuCϕ is Toeplitz if and only if S∗MuCϕS = MuCϕ.
Then, taking f ≡ 1, S∗MuCϕS 1 = MuCϕ 1 and S∗(uϕ) = u. So

u(z)ϕ(z)− u(0)ϕ(0)

z
= u(z) and u(z)(ϕ(z)− z) = u(0)ϕ(0).
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Next, taking f(z) ≡ z, S∗MuCϕS z = MuCϕ z and S∗(uϕ2) = uϕ. Thus

u(z)ϕ(z)(ϕ(z)− z) = u(0)ϕ2(0).

Consequently it holds that ϕ(z)u(0)ϕ(0) = u(0)ϕ2(0). If u(0)ϕ(0) 6= 0, ϕ(z) =
ϕ(0) = constant and this is a contradiction. If u(0)ϕ(0) = 0, then u(z)(ϕ(z)−
z) = 0. By the analyticity, ϕ(z) ≡ z. �

In [12], toeplitzness of weighted composition operators on H2 is considered
from another viewpoint.

Due to Feintuch’s theorem, we can show the following.

Theorem 2.2. Let u be a non-zero bounded analytic function on D and ϕ a
non-constant analytic self-map of D. Then MuCϕ is uniformly asymptotically
Toeplitz if and only if MuCϕ is compact or ϕ is the identity.

Proof. Suppose that MuCϕ is uniformly asymptotically Toeplitz. By Theorem
of Feintuch, it holds that MuCϕ − Tf = K, where f ∈ L∞(∂D) and K is
a compact operator. Moreover, assume that MuCϕ is not compact and ϕ

is not the identity. Let Kλ(z) = 1/(1 − λz) for each λ ∈ D and kλ(z) =√
1− |λ|2Kλ(z). By the compactness of K, 〈(MuCϕ − Tf )∗kλ, kλ〉 → 0 as

|λ| → 1.

〈(MuCϕ − Tf )∗kλ, kλ〉 = (1− |λ|2)〈u(λ)Kϕ(λ),Kλ〉 − 〈fkλ, kλ〉

=
(1− |λ|2)u(λ)

1− ϕ(λ)λ
− P [f ](λ),

where P [f ] is the Poisson integral of f .
As ϕ is not the identity, ϕ(eiθ) 6= eiθ a.e. on ∂D. Whenever λ tends to eiθ,

then

〈(MuCϕ − Tf )∗kλ, kλ〉 → −f(eiθ) = 0 a.e. on ∂D.

So MuCϕ = K and this contradicts that MuCϕ is not compact. �

The compactness of MuCϕ on H2 is an interesting problem and was char-
acterized in [2, 5] in terms of Carleson measures, but there would not be the
function-theoretic characterization. Gunatillake [10] characterized some suffi-
cient conditions for the compactness, assuming the continuity of u and ϕ. We
here would present the condition independently of the continuity hypothesis,
using the similar notion as in [11].

For a non-constant analytic self-map ϕ of D, denote Γ(ϕ) = {eiθ ∈ ∂D :
|ϕ(eiθ)| = 1}, where we are identifying ϕ with its boundary function. For each
r, 0 < r < 1, let

{|ϕ| > r} = {eiθ ∈ ∂D : |ϕ(eiθ)| > r}

and ‖f‖∞ the essential supremum norm of a function f on ∂D.
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Theorem 2.3. Let u be a non-zero bounded analytic function on D and ϕ a
non-constant analytic self-map of D. If MuCϕ is compact on H2, then |ϕ| < 1
a.e. on ∂D.

Moreover, if ‖uχ{|ϕ|>r}‖∞ → 0 as r → 1, then MuCϕ is compact on H2.

Proof. Let {zn} be an orthogonal basis in H2. By the compactness,

‖(MuCϕ)zn‖ → 0 as n→∞.

Suppose m(Γ(ϕ)) > 0. Then

‖(MuCϕ)zn‖2 =

∫
∂D
|u(eiθ)|2|ϕ(eiθ)|2n dm(θ)

≥
∫

Γ(ϕ)

|u(eiθ)|2 dm(θ).

So we obtain u = 0 on Γ(ϕ). By the analyticity of u, u ≡ 0. This is a
contradiction.

Moreover we assume that ‖uχ{|ϕ|>r}‖∞ → 0 as r → 1. For any ε > 0, there
exists a constant δ, 0 < δ < 1 such that ‖uχ{|ϕ|>r}‖∞ < ε for δ < r < 1.

Let {fn} in H2 with ‖fn‖ ≤ 1 such that fn converges to 0 uniformly on
compact subsets of D. Then we have

‖(MuCϕ)fn‖2

=

∫
{|ϕ|>r}

|u(eiθ)fn(ϕ(eiθ))|2 dm(θ) +

∫
{|ϕ|≤r}

|u(eiθ)fn(ϕ(eiθ))|2 dm(θ)

≤ ε2‖Cϕfn‖2 + sup
|ϕ(eiθ)|≤r

|fn(ϕ(eiθ))|2‖u‖2∞.

Taking n→∞, ‖(MuCϕ)fn‖2 ≤ ε2‖Cϕ‖2. As ε is arbitrary, MuCϕ is compact
on H2. �

For example, u(z) = 1 − z and ϕ(z) = (1 + z)/2 satisfy this condition.

Indeed, |ϕ(eiθ)| =
∣∣∣∣cos

θ

2

∣∣∣∣ and

sup
{|ϕ|>r}

|1− eiθ| = sup
{|ϕ|>r}

2

∣∣∣∣sin θ2
∣∣∣∣ ≤ 2

√
1− r2.

As r → 1, sup
{|ϕ|>r}

|1− eiθ| → 0. So MuCϕ is compact on H2.

Let u(z) = exp
(
z+1
z−1

)
be a singular inner function and ϕ(z) = (1 + z)/2 as

in [10]. Then ‖uχ{|ϕ|>r}‖∞ 6→ 0 as r → 1. In fact, MuCϕ is not compact on

H2.
Next we consider the strongly asymptotically toeplitzness. If MuCϕ is com-

pact, then MuCϕ is uniformly asymptotically Toeplitz and so strongly (weakly)
asymptotically Toeplitz.
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Theorem 2.4. Let u be a non-zero bounded analytic function on D and ϕ a
non-constant analytic self-map of D such that MuCϕ is not compact. If |ϕ| < 1
a.e. on ∂D, then MuCϕ is strongly (and so weakly) asymptotically Toeplitz with
asymptotic symbol zero.

Proof. For f ∈ H2,

‖S∗
n

(MuCϕ)Snf‖2 ≤ ‖uϕnf ◦ ϕ‖2

=

∫
∂D
|u(eiθ)ϕn(eiθ)f(ϕ(eiθ))|2 dm(θ)

=

∫
{|ϕ|<1}

|u(eiθ)ϕn(eiθ)f(ϕ(eiθ))|2 dm(θ).

By the Lebesgue Dominated Convergence Theorem, ‖S∗n(MuCϕ)Snf‖ → 0.
Thus MuCϕ is strongly asymptotically Toeplitz with asymptotic symbol zero.

�

We could obtain the converse of the theorem above under the hypothesis.

Theorem 2.5. Let u be a non-zero bounded analytic function on D and ϕ a
non-constant analytic self-map of D with ϕ(z) 6≡ z. Suppose that ϕ(0) = 0.
If MuCϕ is strongly asymptotically Toeplitz with asymptotic symbol zero, then
|ϕ| < 1 a.e. on ∂D.

Proof. As ϕ(0) = 0, ϕ(z) = zψ(z) where ψ is analytic on D. Then

S∗
n

(MuCϕ)Sn1 = S∗
n

(uϕn) = uψn.

Suppose m(Γ(ϕ)) > 0. We have

‖S∗
n

(MuCϕ)Sn1‖2 =

∫
∂D
|u(eiθ)ψn(eiθ)|2 dm(θ)

≥
∫

Γ(ϕ)

|u(eiθ)|2 dm(θ).

Thus, since ‖S∗n(MuCϕ)Sn1‖ → 0 as n → ∞, u = 0 on Γ(ϕ). By the analyt-
icity of u, u ≡ 0. This is a contradiction. �

Finally we obtain the criterion for MuCϕ to be weakly asymptotically
Toeplitz.

Theorem 2.6. Let u be a non-zero bounded analytic function on D and ϕ a
non-constant analytic self-map of D. If MuCϕ is weakly asymptotically Toeplitz
with asymptotic symbol zero, then ϕ is not a nontrivial rotation. Furthermore,
if ϕ is not a rotation with ϕ(0) = 0, MuCϕ is weakly asymptotically Toeplitz
with asymptotic symbol zero.

The proof is done by the same way as in [14]. In this case the behavior of
the weight u does not cause the weakly asymptotic toeplitzness.
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3. Adjoint asymptotic toeplitzness

In this section we consider the adjoint of MuCϕ. But it is easily checked
that the toeplitzness, uniformly asymptotic toeplitzness and weakly asymptotic
toeplitzness of (MuCϕ)∗ are ones of MuCϕ.

We could show the following by the same method as in [14].

Theorem 3.1. Let u be a non-zero bounded analytic function on D and ϕ a
non-constant analytic self-map of D. Suppose that ϕ(0) = 0 and ϕ is not a
rotation. Then (MuCϕ)∗ is strongly asymptotically Toeplitz.

Acknowledgment. The author would like to thank the referee for the very
careful reading and for helpful comments that improved the manuscript. Espe-
cially, the author would appreciate that the referee pointed out Gunatillake’s
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Birkhäuser, Basel, 1989.
[10] G. Gunatillake, Compact weighted composition operators on the Hardy space, Proc.

Amer. Math. Soc. 136 (2008), no. 8, 2895–2899.
[11] K. J. Izuchi, Y. Izuchi, and S. Ohno, Weighted composition operators on the space

of bounded harmonic functions, Integral Equations Operator Theory 71 (2011), no. 1,

91–111.
[12] S. Jung and E. Ko, On Tu-Toeplitzness of weighted composition operators on H2, Com-

plex Var. Elliptic Equ. 60 (2015), no. 11, 1522–1538.

[13] R. A. Martinez-Avendano and P. Rosenthal, An introduction to operators on the Hardy-
Hilbert space, Graduate Texts in Mathematics, 237, Springer, New York, 2007.

[14] F. Nazarov and J. H. Shapiro, On the Toeplitzness of composition operators, Complex
Var. Elliptic Equ. 52 (2007), no. 2-3, 193–210.

[15] W. Rudin, Real and Complex Analysis, third edition, McGraw-Hill Book Co., New York,

1987.

[16] J. H. Shapiro, Composition Operators and Classical Function Theory, Universitext:
Tracts in Mathematics, Springer-Verlag, New York, 1993.



THE TOEPLITZNESS OF WEIGHTED COMPOSITION OPERATORS 513

[17] J. H. Shapiro, Every composition operator is (mean) asymptotically Toeplitz, J. Math.

Anal. Appl. 333 (2007), no. 1, 523–529.

[18] , Composition operators ♥ Toeplitz operators, in Five lectures in complex anal-
ysis, 117–139, Contemp. Math., 525, Amer. Math. Soc., Providence, RI, 2010.

[19] K. H. Zhu, Operator Theory on Function Spaces, Monographs and Textbooks in Pure
and Applied Mathematics, 139, Marcel Dekker, Inc., New York, 1990.
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