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GLOBAL EXISTENCE FOR A PARTIALLY LINEAR 3D

EULER FLOW

Namkwon Kim and Bataa Lkhagvasuren

Abstract. We consider a certain three dimensional Euler flow with in-

finite energy, which is sometimes called the columnar or two and half
dimensional flow. We prove the global smoothness of such flow in R3

when the initial data is in some Sobolev or Besov spaces and ∂3u3 is

nonnegative.

1. Introduction

We study the three dimensional incompressible Euler equations

∂u

∂t
+ (u · ∇)u+∇p = 0, ∇ · u = 0(1)

in R3 with the assumption

(2) u1 = u1(x1, x2, t), u2 = u2(x1, x2, t), u3 = x3γ(x1, x2, t) + ϕ(x1, x2, t)

for some scalar fields γ, ϕ : R2 × R+ → R. Here, u is the velocity field, and p
is the pressure.

It is well known that (1) is well-posed in various spaces of fields with finite
energy (See [3], [10], and [11]). However, it remains open whether an energy
finite smooth solution of the 3D Euler equations for a given smooth initial data
exists globally or blows up in a finite time. Solutions of the form (2) have
infinite energy and, therefore, must be considered as a different one from those
of finite energy. However, they still satisfy the 3D Euler equations and hence
may enhance our understanding of the local behavior of the Euler flow with
finite energy.

The flows of the type (2) have been first studied in [14] when γ = 0 and in
[7] when γ depends only on time γ = γ(t) for both the Navier-Stokes and the
Euler equations. It is known that there exists a finite time blow-up solution
for (1)-(2) both in R2 and in a flat torus ([4], [8]). Also, the global existence
and blow-up of the flow (2) for the Navier-Stokes equations is known when the
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initial data is in W 1,p over the whole domain ([12]). In this paper, we consider
the global existence of the smooth solution of (1) of the type (2) under an
additional condition. That is the nonnegativeness of γ0.

Plugging (2) into (1), one can derive

−∂3p = c(t)x3 + d(t)(3)

for some c(t) and d(t) depending only on t. And, at the same time, one can
reduce (1) to

∂ũ

∂t
+ ũ · ∇ũ+∇p = 0,

∂γ

∂t
+ ũ · ∇γ + γ2 = c(t),

∂ϕ

∂t
+ ũ · ∇ϕ+ ϕγ = d(t),

∇ · ũ = −γ,

(4)

where ũ ≡ (u1, u2).
It is not easy to control the pressure in the formulation (4), due to the lack

of the divergence free condition. Therefore, we will consider a system of the
derivatives of the velocity instead of (4) and analyze it. We assume c(t) = 0
and d(t) = 0. This assumption is reasonable. In fact, it was proved rigorously
for the same type of the Navier-Stokes flow in the Sobolev space setting in [12].
We remark that Bs2,2(R2) = Hs(R2). Hence, our result implies local and global
existence in Sobolev spaces.

From now on, we present a more favorable formulation of (4). The vorticity
of the flow (2) is given by (x3γ2 +ϕ2,−x3γ1−ϕ1, u2,1−u1,2) and if we denote
the third component of the vorticity by ω, then ω satisfies [16]:

∂ω

∂t
+ ũ · ∇ω = γω.(5)

Using Helmholtz-Hodge decomposition and the relations

∇ · ũ = −γ,
∇× ũ = ω,

ũ can be expressed formally by

ũ = −∇(∆−1γ) +∇⊥(∆−1ω),(6)

with ∇⊥ = (−∂2, ∂1).

Since we are considering the Besov spaces Bsp,q = Lp ∩ Ḃsp,q for s > 0, γ and
ω may decay slowly near infinity, hence the exact meaning of (6) is as follows:

(1) If 1 < p < 2, then, up to a harmonic function,

ũ = − 1

2π

∫
R2

(x− y)

|x− y|2
γ(y)dy +

1

2π

∫
R2

(x− y)⊥

|x− y|2
ω(y)dy.(7)
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In this case, by the Sobolev embedding and the property of multiplier
operator for homogeneous Besov spaces, it yields

(8) ũ ∈ L
2p

2−p ∩ Ḃs+1
p,q .

(2) If 2 ≤ p <∞, then we define

ũ = ũ(0)− 1

2π

∫
R2

{
(x− y)

|x− y|2
+

y

|y|2

}
γ(y)dy

+
1

2π

∫
R2

{
(x− y)⊥

|x− y|2
+
y⊥

|y|2

}
ω(y)dy.

(9)

Note that the above integrals are well defined since the contribution
near infinity cancels out by the mean value theorem. And by the
Sobolev embeddings, we have

(10) ũ ∈

{
BMO, if p = 2,

C0,1− 2
p = B

1− 2
p

∞,∞, if 2 < p <∞,
where BMO is the space of functions of bounded mean oscillations and

C0,1− 2
p is the space of Hölder continuous functions with the exponent

1− 2
p .

Then, we can reformulate (4) as the following closed system:

∂ω

∂t
+ ũ · ∇ω − γω = 0,

∂γ

∂t
+ ũ · ∇γ + γ2 = 0,

∂ϕ

∂t
+ ũ · ∇ϕ+ γϕ = 0,

(11)

with ũ given by (7) and (9) and with the initial data (ω(0, x), γ(0, x), ϕ(0, x)) =
(ω0, γ0, ϕ0). From now on, we will interpret the formula (6) by (7) and (9) in
the subsequent sections.

Now we are ready to give the main results of this paper.

Theorem 1. Let p ∈ (1,∞), q ∈ [1,∞], s > 0 and (s, p, q) satisfy

s >
2

p
, if q <∞,

s ≥ 2

p
, if q = 1.

(12)

If ω0, γ0, ϕ0 ∈ Bsp,q, there exists a time T such that (11) has a distributional
solution ω, γ, ϕ in L∞([0, T );Bsp,q). Moreover, if

s > 1 +
2

p
, if q <∞,

s ≥ 1 +
2

p
, if q = 1,

(13)
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then the solution is unique and ω, γ, ϕ ∈ L∞([0, T );Bsp,q) ∩ Lip([0, T );Bs−1
p,q ).

Remark 1. For any 1 < p < ∞, the condition ω, γ ∈ Bsp,q with (12) imply

ũ ∈ C0,σ for some σ ∈ (0, 1). Indeed, since ω, γ ∈ L∞∩Lp by Bsp,q ↪→ Lp∩L∞,

we have ω, γ ∈ Lp
′

for some 2 < p′ < ∞. Then, by the Calderon-Zygmund
inequality and the Sobolev inequality,

(14) ũ ∈ C0,σ, with σ = 1− 2

p′
.

We will use this information to estimate the convective term.

Theorem 2. Let ω0, γ0, ϕ0 ∈ Bsp,q and s > 2
p . If γ0 ≥ 0, then there exists a

global solution ω, γ, ϕ in L∞([0,∞);Bsp,q). Furthermore, it is unique if (13) is
satisfied.

In the sequel, for the sake of convenience, we use the notations ‖f‖p =
‖f‖Lp(R2), θ = (ω, γ, ϕ) and define

‖θ‖p = ‖ω‖p + ‖γ‖p + ‖ϕ‖p,
‖θ‖Bsp,q = ‖ω‖Bsp,q + ‖γ‖Bsp,q + ‖ϕ‖Bsp,q .

Also, all the constants will be denoted by the same C.
The outline of our paper is as follows. In Section 2, we collect the basic

tools and the preliminary information. In Section 3, we give the local existence
result. In Section 4, we establish the global existence result based on the
nonnegativeness of γ0 and the logarithmic inequality for Besov spaces.

2. Preliminaries

In this section, we give the essential tools for the main results. For more
detailed information for Besov spaces and their properties, we refer to [1], [2],
[5] and [13].

Fix a smooth bump function χ with supp(χ) ⊂ {ξ ∈ R2 : |ξ| < 2} and χ ≡ 1
on {ξ ∈ R2 : |ξ| < 1/2} and set ϕ(ξ) = χ(ξ/2)− χ(ξ) so that

χ(ξ) +
∑
j≥0

ϕ(2−jξ) = 1 and
∑
j∈Z

ϕ(2−jξ) = 1 if ξ 6= 0.

The nonhomogeneous dyadic blocks ∆j are defined as

∆jf(x) := 0 if j ≤ −2,

∆−1f(x) := χ(D)f = F−1(χ(ξ)f̂(ξ)),

∆jf(x) := ϕ(2−jD)f = F−1(ϕ(2−jξ)f̂(ξ)) if j ≥ 0,

where F−1 is the inverse Fourier transform.
The low frequency cut-off operator Sj is defined as

Sjf(x) =
∑
i≤j−1

∆if(x).
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The Bony decomposition for the product is

fg = Tfg + Tgf +R(f, g),

where the paraproduct Tfg and remainder R(f, g) are defined respectively by

Tfg =
∑
j

Sj−1f∆jg, R(f, g) =
∑
|i−j|≤1

∆if∆jg.

Let s ∈ R and p, q, r ∈ [1;∞]. For f ∈ S′(R × R2), the nonhomogeneous
Besov spaces Bsp,q and LrtB

s
p,q are defined by the following norms:

‖f‖Bsp,q =
( ∑
j≥−1

2jsq‖∆jf‖qLp
)1/q

,

‖f‖LrtBsp,q =
∥∥∥( ∑

j≥−1

2jsq‖∆jf‖qLp
)1/q∥∥∥

Lr(0,t)
,

with the usual convention when q =∞.

Lemma 1 (Bernstein, [1], Lemma 2.1). Let 1 ≤ p ≤ q ≤ ∞. Then

suppf̂ ⊂ {|ξ| ≤ C2j} ⇒ ‖∂αf‖q ≤ C2j|α|+2j(1/p−1/q)‖f‖p,

suppf̂ ⊂ {2j/C ≤ |ξ| ≤ C2j} ⇒ ‖f‖p ≤ C2−j|α|‖∂αf‖p.

Next, we recall an Lp estimate for the solution of the following general scalar
transport equation:

∂f

∂t
+ v · ∇f = g,

f |t=0 = f0.
(15)

Proposition 1 ([5]). Let ∇v ∈ L∞([0, T ] × R2). For r ∈ [1,∞], the solution
of (15) satisfies:

‖f(t)‖r ≤ e
1
r

∫ t
0
‖∇·v‖∞dτ (‖f0‖r +

∫ t

0

e−
1
r

∫ τ
0
‖∇·v‖∞dτ ′‖g(τ)‖rdτ),(16)

where it is understood that 1
r = 0 if r =∞.

We give a version of the commutator estimate in the Besov spaces, which is
not included in Lemma 2.100 in [1].

Proposition 2. Let s > 0 and p, q ∈ [1,∞]. For the commutator

Rj = [v · ∇,∆j ]f = v · ∇∆jf −∆j(v · ∇f),(17)

the estimate

‖
(
2js‖Rj‖p

)
j
‖lq ≤ C

(
‖∇v‖∞‖f‖Bsp,q + ‖f‖∞‖∇v‖Bsp,q

)
(18)

is valid.
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Proof. First, after splitting v into low and high frequencies by v = S0v+ ṽ, we
have

Rj = v · ∇∆jf −∆j(v · ∇f) = [ṽk,∆j ]∂kf + [S0v
k,∆j ]∂kf.(19)

Now, if we write the Bony’s decomposition for the term [ṽk,∆j ]∂kf , we get

Rj =
∑8
i=1R

i
j with

(20)

R1
j = [Tṽk ,∆j ]∂kf, R2

j = T∂k∆jf ṽ
k,

R3
j = −∆jT∂kf ṽ

k, R4
j = ∂kR(ṽk,∆jf),

R5
j = −R(∇ · ṽ,∆jf), R6

j = −∂k∆jR(ṽk, f),
R7
j = ∆jR(∇ · ṽ, f), R8

j = [S0v
k,∆j ]∂kf.

The terms R1
j , R

2
j , R

4
j , R

5
j , R

6
j , R

7
j and R8

j are estimated as in the proof
of Lemma 2.100 in [1]:

2js‖R1
j‖p ≤ Ccj‖∇v‖∞‖f‖Bsp,q ,

2js‖R2
j‖p ≤ Ccj‖∇v‖∞‖f‖Bsp,q ,

2js‖R4
j‖p ≤ Ccj‖∇v‖∞‖f‖Bsp,q ,

2js‖R5
j‖p ≤ Ccj‖∇v‖∞‖f‖Bsp,q ,

2js‖R6
j‖p ≤ Ccj‖∇v‖∞‖f‖Bsp,q ,

2js‖R7
j‖p ≤ Ccj‖∇v‖∞‖f‖Bsp,q ,

2js‖R8
j‖p ≤ Ccj‖∇v‖∞‖f‖Bsp,q ,

(21)

where (cj)j≥−1 is a sequence such that ‖(cj)‖lq ≤ 1.
For the term R3

j , we have

R3
j = −

∑
|j′−j|≤4

∆j(Sj′−1∂kf∆j′ ṽ
k).(22)

By Bernsteins’ lemma,

2js‖R3
j‖p ≤ C

∑
|j′−j|≤4

‖Sj′−1f‖∞2j
′s‖∆j′∇ṽ‖p,(23)

which gives

2js‖R3
j‖p ≤ Ccj‖f‖∞‖∇v‖Bsp,q .(24)

Combining the inequalities (21) and (24) yields (18). �

Proposition 3 (Corollary 2.86 in [1]). Let s > 0 and f, g ∈ L∞ ∩ Bsp,q for
p, q ∈ [1,∞]. There exists a constant C such that the following inequality is
true.

‖fg‖Bsp,q ≤ C(‖f‖∞‖g‖Bsp,q + ‖g‖∞‖f‖Bsp,q ).(25)

We provide a product estimate involving a derivative and recall the loga-
rithmic inequality in the Besov spaces.
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Proposition 4. For s, σ > 0, f ∈ Bσ∞,∞∩Bs+1
p,q , ∇f ∈ L∞ and g ∈ L∞∩Bs+1

p,q ,
the inequality

(26) ‖f∇g‖Bsp,q ≤ C(‖f‖Bσ∞,∞‖∇g‖Bsp,q + ‖∇f‖∞‖g‖Bsp,q + ‖∇f‖Bsp,q‖g‖∞)

is valid.

Proof. Using Theorem 2.82 and Theorem 2.85 in [1] in conjunction with Bern-
stein’s lemma, we obtain

‖T∂kgf‖Bsp,q ≤ C‖g‖L∞‖∇f‖Bsp,q ,
‖R(f, ∂kg)‖Bsp,q ≤ C‖∇f‖B0

∞,∞
‖g‖Bsp,q .

The remaining paraproduct is estimated as follows:

‖Tf∂kg‖Bsp,q ≤ C‖2
js‖Sj−1f∆j(∂kg)‖p‖lq

≤ C sup
1≤j
‖Sj−1f‖∞‖∂kg‖Bsp,q

≤ C‖∂kg‖Bsp,q sup
1≤j

∑
i≤j−2

2−σi2σi‖∆if‖∞

≤ C‖∂kg‖Bsp,q‖f‖Bσ∞,∞ sup
1≤j

∑
i≤j−2

2−σi

≤ C‖∇g‖Bsp,q‖f‖Bσ∞,∞ .

Since L∞ ↪→ B0
∞,∞, the desired inequality follows. �

Proposition 5 (Proposition 1.1 in [3]). Let s > 2
p , p ∈ (1,∞) and q ∈ [1,∞].

There exists a constant C such that the following inequality is true.

‖f‖∞ ≤ C(1 + ‖f‖Ḃs∞,∞(log+ ‖f‖Bsp,q + 1)).(27)

3. The proof of Theorem 1.

We will prove the theorem by the Galerkin argument. Let us assume the
condition (12) is satisfied.

We start by recalling the orthonormal wavelet basis and multiresolution ap-
proximation. We refer to [6], [9] and [15] for more details of the characterization
of functions spaces and the projection kernel properties. For some integer r > s,
there are real valued compactly supported functions

ψ0(x) ∈ Cr(R2) and ψl(x) ∈ Cr(R2), l = 1, 2, 3,(28)

with ∫
R2

xαψl(x)dx = 0, |α| ≤ r,(29)

such that

{2kψlkm(x) : k ∈ N0, 1 ≤ l ≤ 3,m ∈ Z2},(30)
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with

ψlkm(x) =

{
ψ0(x−m), if k = 0, l = 1,
ψl(2k−1x−m), if k ∈ N, 1 ≤ l ≤ 3,

(31)

is an orthonormal basis in L2(R2) (see [17]).
Let {Vk, k ∈ Z} be r-regular multiresolution approximation of L2(R2) and

the space Vk is spanned by the orthonormal wavelet basis {2kψlkm(x), m ∈
Z2, 0 ≤ l ≤ 3}, and Pk : L2(R2) → Vk denote the orthogonal projection. The
integral kernel of the operator Pk is given by

Pk(x, y) = 22k
∑

m∈Z2,0≤l≤3

ψlkm(x)ψlkm(y).(32)

Let us consider the following approximated equation in the space Vk:

∂ωk

∂t
+ Pk(ũk · ∇ωk)− Pk(γkωk) = 0,

∂γk

∂t
+ Pk(ũk · ∇γk) + Pk(γkγk) = 0,

∂ϕk

∂t
+ Pk(ũk · ∇ϕk) + Pk(γkϕk) = 0,

(33)

where ωk, γk and ϕk belongs to Vk and ũk is defined by (6).
The system (33) is the system of ODEs and it can be solved by the standard

methods with the initial data (ωk0 , γ
k
0 , ϕ

k
0) = (Pkω0, Pkγ0, Pkϕ0).

Next, we prove the approximate solutions (ωk, γk, ϕk) are uniformly bounded
in the space Bsp,q. To do so, we apply the spectral localization operator ∆j to
the first equation in (33) and obtain

(34)
∂∆jω

k

∂t
+ ũk · ∇∆jω

k = ∆jPk(γkωk) +Rj ,

with Rj = ũk · ∇∆jω
k − ∆jPk(ũk · ∇ωk). By multiplying the both sides of

(34) by sgn(∆jω
k)|∆jω

k|p−1, integrating over [0, t]×R2 and using integration
by parts, we get

(35)

‖∆jω
k(t)‖p ≤ ‖∆jω

k
0‖p +

∫ t

0

‖∆jPk(γk(τ)ωk(τ))‖pdτ

+

∫ t

0

(
‖Rj(τ)‖p +

1

p
‖∇ · ũk(τ)‖∞‖∆jω

k(τ)‖p
)
dτ.

Since we are using real wavelet bases, the spectral localization operator ∆j and
projection operator Pk commute:

∆jPkf = Pk∆jf.(36)

Moreover, from the property of the wavelet basis, we find that the operator Pk
has the Lp boundedness (Calderon-Zygmund operator):

‖Pkf‖p ≤ C0‖f‖p for 1 < p <∞,(37)
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and the constant C0 is independent of k. Now, multiplying (35) by 2js and
taking lq norm, it yields
(38)
‖ωk(t)‖Bsp,q

≤ ‖ωk0‖Bsp,q + C

∫ t

0

(
‖γkωk‖Bsp,q + ‖∇ũk‖∞‖ωk‖Bsp,q + ‖∇ũk‖Bsp,q‖ω

k‖∞
)
dτ,

where we used the properties (36) and (37) for estimating Rj as in the proof of
Proposition 2. Repeating the same argument to the second and third equation
in (33), and using the product estimate and the embedding Bsp,q ↪→ L∞, in
particular, we obtain

‖θk(t)‖Bsp,q ≤ ‖θ
k
0‖Bsp,q + C

∫ t

0

(
‖θk(τ)‖Bsp,q

)2

dτ.(39)

Fix some T such that T < 1
C‖θ0‖Bsp,q

and note that we have ‖θk0‖Bsp,q ≤ ‖θ0‖Bsp,q
from the theory of characterization of Besov spaces in terms of the wavelet
expansions. By the Grönwall type inequality, from (39), we readily get

‖θk(t)‖Bsp,q ≤
‖θ0‖Bsp,q

1− CT‖θ0‖Bsp,q
for all t < T.(40)

This means that our approximated solutions (ωk, γk, ϕk) are uniformly bounded
in the space L∞([0;T );Bsp,q).

Now, by the Theorem 2.94 in [1], as the embedding Bsp,q ↪→ Bs−1
p,q is locally

compact, the Arzelà-Ascoli theorem and Cantor’s diagonal process give us, up
to a subsequence, the sequence {θk} tends to a limit θ in L∞([0;T ); (Bs−1

p,q )loc).
And, by Fatou’s property, the limit θ belongs to L∞([0;T );Bsp,q). By interpo-

lation, the convergence of ψθk to ψθ holds in L∞([0;T );Bs
′

p,q) for any s′ < s

and ψ ∈ C∞0 (R2). This tells us that θ = (ω, γ, ϕ) solves the equation (11) in a
distributional sense.

Next, we show that if we impose more regularity on the initial data, i.e., the
condition (13) is satisfied, then the solution is unique and

ω, γ, ϕ ∈ L∞([0, T );Bsp,q) ∩ Lip([0, T );Bs−1
p,q )

for some T .
Suppose that there are two solutions θ = (ω, γ, ϕ) and θ′ = (ω′, γ′, ϕ′) with

the same initial data and (13) is satisfied. Let us introduce the notations

δω = ω − ω′,
δγ = γ − γ′,
δϕ = ϕ− ϕ′,
δũ = ũ− ũ′.

(41)
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Subtracting the equations of θ′ from the equations of θ, we have

∂δω

∂t
+ ũ · ∇δω + δũ · ∇ω′ − γδω − ω′δγ = 0,

∂δγ

∂t
+ ũ · ∇δγ + δũ · ∇γ′ + γδγ + γ′δγ = 0,

∂δϕ

∂t
+ ũ · ∇δϕ+ δũ · ∇ϕ′ + γδϕ+ ϕ′δγ = 0.

(42)

Applying the similar procedure to (34), (34) and (38) to each equation in (42)
and combining them, it yields

‖δθ‖L∞T Bs−1
p,q
≤ C

∫ T

0

(‖δũ∇θ′‖Bs−1
p,q

+ ‖θδθ‖Bs−1
p,q

+ ‖θ′δθ‖Bs−1
p,q

)dτ

+C

∫ T

0

(‖∇ũ‖∞‖δθ‖Bs−1
p,q

+ ‖∇ũ‖Bs−1
p,q
‖δθ‖∞)dτ.

(43)

By Remark 1, δũ ∈ C0,σ for some 0 < σ < 1. Then, by Proposition 4, we
obtain

(44)

‖δũ∇θ′‖Bs−1
p,q

≤ C(‖δũ‖Bσ∞,∞‖∇θ
′‖Bs−1

p,q
+ ‖∇δũ‖∞‖θ′‖Bs−1

p,q
+ ‖∇δũ‖Bs−1

p,q
‖θ′‖∞)

≤ C(‖δθ‖Bs−1
p,q
‖∇θ′‖Bs−1

p,q
+ ‖δθ‖Bs−1

p,q
‖θ′‖Bs−1

p,q
+ ‖δθ‖Bs−1

p,q
‖θ′‖Bsp,q )

≤ C‖δθ‖Bs−1
p,q
‖θ′‖Bsp,q .

By product estimate (25), we obtain

‖θδθ‖Bs−1
p,q
≤ C‖θ‖Bsp,q‖δθ‖Bs−1

p,q
(45)

and

‖θ′δθ‖Bs−1
p,q
≤ C‖θ′‖Bsp,q‖δθ‖Bs−1

p,q
.(46)

Since θ and θ′ are uniformly bounded in L∞T B
s
p,q, from (43)-(46), we have

‖δθ‖L∞T Bs−1
p,q
≤ CT‖δθ‖L∞T Bs−1

p,q
.(47)

We can choose some smaller time T > 0 such that

CT <
1

2
.(48)

We find that

‖θ − θ′‖L∞T Bs−1
p,q
≤ 1

2
‖θ − θ′‖L∞T Bs−1

p,q
.(49)

This implies θ = θ′ and the solution is unique on [0, T ).
From the equation of ω in (11), we obtain

(50)
‖∂tω‖L∞T Bs−1

p,q
≤ ‖ũ · ∇ω‖L∞T Bs−1

p,q
+ ‖γω‖L∞T Bs−1

p,q

≤ C‖θ‖2L∞T Bsp,q ,
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where we repeated the arguments in (44) and (45). Repeating (50) for the
equations of γ and ϕ, we obtain ∂tθ ∈ L∞([0, T );Bs−1

p,q ).

Therefore, we have θ ∈ L∞([0, T );Bsp,q)∩Lip([0, T );Bs−1
p,q ) and the proof of

Theorem 1 is completed.

4. The proof of Theorem 2.

In this section, we prove Theorem 2, i.e., the local solution, which was
found in Theorem 1, becomes global by obtaining a priori estimate in the
corresponding space. The boundedness of γ, ω and ϕ for positive γ0 is the key
estimate for the global existence.

Lemma 2. Let γ(t) ∈ Bsp,q, 0 < t < T be a local solution of (11) with (s, p, q)
satisfy (12). If γ0 ≥ 0, then we have

0 ≤ γ(x, t) ≤ ‖γ0‖∞(51)

for all x ∈ R2 and 0 < t < T .

Proof. To prove (51), we use the maximum principle to the equation of γ in
(11).

First, let us prove the right hand side of the inequality (51). Let γε =
γ − εt, ε > 0, then γε satisfies

∂γε

∂t
= −ũ · ∇γε − γ2 − ε.(52)

Suppose the right inequality in (51) is not satisfied for γε for some ε > 0.
We have γ → 0 as |x| → ∞, since γ ∈ Lp(R2). It follows that γε → −εt

as |x| → ∞. Therefore, γε attains its maximum at some point (x∗, t∗) in
R2 × (0, T ]. At the point (x∗, t∗), we have

∂γε

∂t
≥ 0, ∇γε = 0.(53)

This contradicts (52), since −γ2 − ε < 0. Sending ε to 0, we obtain the result.
In order to prove the left hand side of inequality (51), denote γε = γ+ ε+ εt

for ε > 0. Then γε satisfies

∂γε

∂t
= −ũ · ∇γε − γ2 + ε.(54)

We will prove the inequality for γε. Suppose the inequality is not satisfied for γε

for some small enough ε > 0. We know, initially, γε(0) = γ0 +ε > 0. Therefore,
there exists the first time t∗ at which γε hits 0, that is γ(x) = −ε− εt∗ for some
x ∈ R2.

Since this point is minimum for γε, it must be

0 ≥ ∂γε

∂t
= −γ2 + ε,(55)
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which implies

(1 + t∗)2 ≥ 1

ε
.(56)

The inequality (56) contradicts the condition t∗ ∈ (0, T ] for small enough ε.
Therefore, γε ≥ 0 for small enough ε and t ∈ [0, T ]. Since ε > 0 is arbitrary,
γ ≥ 0 for t ∈ [0, T ]. This proves (51). �

Now if we apply Proposition 1 to the equation of ω in (11), it yields

(57) e−
1
r

∫ t
0
‖γ‖∞dτ‖ω(t)‖r ≤ (‖ω0‖r +

∫ t

0

‖γ‖∞e−
1
r

∫ τ
0
‖γ‖∞dτ ′‖ω(τ)‖rdτ)

for r <∞.
Applying the Grönwall’s inequality to (57) and using Lemma 2, we get

‖ω(t)‖r ≤ ‖ω0‖re
2
r t‖γ0‖L∞ , t ∈ [0, T ].(58)

If we let r →∞ in (58), we obtain

‖ω(t)‖∞ ≤ ‖ω0‖∞, t ∈ [0, T ].(59)

Repeating the above argument to the equation of ϕ, in particular, we have

(60) ‖θ(t)‖∞ ≤ ‖θ0‖∞, t ∈ [0, T ].

By analogy with (38),

(61)

‖ω(t)‖Bsp,q

≤ ‖ω0‖Bsp,q + C

∫ t

0

(‖γω‖Bsp,q + ‖∇ũ‖∞‖ω‖Bsp,q + ‖ω‖∞‖∇ũ‖Bsp,q )dτ

+
1

p

∫ t

0

‖γ‖∞‖ω‖Bsp,qdτ.

If we repeat the same computation for the equation of γ and ϕ, then we get

‖θ(t)‖Bsp,q ≤ ‖θ0‖Bsp,q + C

∫ t

0

(‖θ‖∞ + ‖∇ũ‖∞)‖θ‖Bsp,qdτ,(62)

where the product estimate is used. According to Proposition 5, ũ satisfies

‖∇ũ‖∞ ≤ C(1 + ‖∇ũ‖Ḃ0
∞,∞

(log+ ‖∇ũ‖Bsp,q + 1)).(63)

By the property of multiplier operators for the homogeneous Besov space and
the embedding L∞ ↪→ Ḃ0

∞,∞, we have

‖∇ũ‖Ḃ0
∞,∞
≤ C‖θ‖∞.(64)

Thus, applying (60), (63) and (64) to (62), we obtain

‖θ(t)‖Bsp,q ≤ ‖θ0‖Bsp,q + C

∫ t

0

(1 + ‖θ0‖Bsp,q )(log+ ‖θ‖Bsp,q + 1)‖θ‖Bsp,qdτ.(65)
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Finally, Grönwall’s inequality gives us

‖θ(t)‖Bsp,q ≤ ‖θ0‖Bsp,q exp(C exp(Ct(1 + ‖θ0‖Bsp,q ))).(66)

The inequality (66) implies the solution obtained in Theorem 1 does not blow
up in a finite time, therefore, the solution becomes global by the standard
continuation argument.
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