
Commun. Korean Math. Soc. 32 (2017), No. 4, pp. 899–908

https://doi.org/10.4134/CKMS.c160253

pISSN: 1225-1763 / eISSN: 2234-3024

FIXED POINTS OF BSC-SEQUENCES

Parviz Sadat Hosseini and Bahmann Yousefi

Abstract. We call a sequence (Tn)n of bounded operators on a Banach

space X, BSC-Sequence if it is a Cauchy sequence in the strong operator
topology and is uniformly bounded below. We determine conditions under

which such sequences has a fixed point.

1. Introduction

In this paper by an operator we mean a linear transformation. First we
extend some notations from [8]. Let X be a complex Banach space and denote
by B(X) the space of all bounded operators on X. For T = (Tn)n a subset of
B(X), we define

orb(T , x) = {Tnx : n ∈ N}
for every x in X. The J-set of T under x is denoted by J(T , x) that is defined
by

J(T , x) = {y : there exist a sequence (xn)n ∈ X and a strictly increasing

sequence (kn)n in N such that xn → x and Tkn
xn → y}.

Also, Jmix-set of T under x is defined by

Jmix(T , x) = {y : there exists a sequence (xn)n ∈ X such that xn → x

and Tnxn → y}.
Note that if T ∈ B(X) and we put Tn = Tn, then by the notations of [8],

orb(T , x) = orb(T, x), J(T , x) = J(T, x) and Jmix(T , x) = Jmix(T, x).
A sequence T = (Tn)n is called J-class (Jmix-class) sequence if J(T , x) = X

(Jmix(T , x) = X), and in this case, x is called a J-vector (Jmix-vector) of T .
In a similar way, we can define AT and Amix

T . The closedness of AT and Amix
T

can be proved by the same method used in [8, Lemma 2.12].

Definition 1.1. A sequence T = (Tn)n of operators on a normed space X
is called bounded below if each Tn is bounded below. We call T uniformly
bounded below if there exists c > 0 such that ‖Tnx‖ ≥ c‖x‖ for all n, and
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for all x. Also, T is called strongly bounded below if for every n there exists
cn ≥ 1 such that ‖Tnx‖ ≥ cn‖x‖ for all x in X.

Definition 1.2. Let T = (Tn)n be a sequence of operators on a normed space
X. A vector x ∈ X is called a fixed point for T if Tnx = x for all n.

In the next section, by using linear dynamics we give a necessary and suffi-
cient condition for a certain sequence of operators has a fixed point.

2. Main results

Fixed point theory has been the focus of attention for several decades and
many properties relating these topics have been studied (e.g. [2, 4–6, 13, 14,
18, 20–22, 24]). R. Agarwal, M. Meehan and D. O’Regan in their book have
provided a clear exposition of the flourishing field of fixed point theory ([1]). In
this book authors start from the basics of Banach’s contraction theorem, most
of the main results and techniques have been developed: fixed point results
are established for several classes of maps and the three main approaches to
establishing continuation principles have been presented. Also, L. Barbet and
K. Nachi considered k-contractions Tn which are only defined on a subset Xn

of a metric space. They introduced a new notion of convergence and obtained
a convergence result for the fixed points ([3]). S. Mishra, S. L. Singh and S.
Stofile proved stability results for a pair of sequences of mappings and their
common fixed points in a Hausdorff uniform space using certain new notions
of convergence ([17]). M. Ertürk and V. Karakaya in [9] studied existence and
uniqueness of fixed points of operator F : Xn → X where n is an arbitrary
positive integer and X is partially ordered complete metric space. A. Soliman
in [26] introduced the concept of new notions related to n-tupled fixed point
and proved some related results for an asymptotically regular one-parameter
semigroup, = = {F (t) : t ∈ G, where G is an unbounded subset of [0,∞)}
of Lipschitzian self-mappings on

∏n
i=1X in the case when X is a complete

bounded metric space with uniform normal structure. In [25] authors compared
relation between n-tuple fixed point results and fixed point theorems in abstract
metric spaces and metric-like spaces. Actually, they showed that the results of
n-tuple fixed point can be obtained from fixed point theorems and conversely.

Regarding the theory of linear dynamics, in 1982, C. Kitai introduced linear
dynamics which mainly concerned with the behaviour of iterates of linear trans-
formations ([15]). Some considerable works have been done by G. Godefroy, J.
H. Shapiro, K. Grosse, and G. Erdmann to develop this theory ([11, 12, 23]).
We recall that the concept of J-sets has been given by localizing dynamic be-
haviour (hypercyclicity) of an operator. G. Costakis and A. Manoussos have
done some valuable works about J-sets of operators ([7, 8]). The purpose of
their work is to treat a new notion related to linear dynamics, which can be
viewed as a “localization” of the notion of hypercyclicity. They investigated
the class of operators satisfying the property of topologically transitivity and
provided various examples. It is worthwhile to mention that many results from
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the theory of hypercyclic operators have their analogues in this setting. For
example they established results related to the Bourdon-Feldman theorem and
they characterized the J-class weighted shifts. In [16], A. Manoussos general-
ized concept of coarse hypercyclicity, introduced by N. S. Feldman in [10], to
that of coarse topological transitivity on open cones. He localized these con-
cepts by introducing two new classes of operators called coarsely J-class and
coarsely D-class operators. Namely, he showed that if a backward unilateral
weighted shift on l2(N) is coarsely J-class (or D-class) on an open cone, then it
is hypercyclic. Then he gave an example of a bilateral weighted shift on l∞(Z)
which is coarsely J-class, hence it is coarsely D-class, and not J-class. Finally,
he showed that there exists a non-separable Banach space which supports no
coarsely D-class operators on open cones. In [19], A. B. Nasseri in his Ph.D.
dissertation investigated J-class operators on non-separable space l∞.

Here, we state and prove some properties of J-sets and then we give theorems
concerning the fixed points of sequences.

Lemma 2.1. Let T = (Tn) be in B(X). We have
(a) If T is a Cauchy sequence and it has a subsequence converges to a bounded

operator U in the strong operator topology, then for every x, both sets J(T , x)
and Jmix(T , x) are equal to the singleton set {Ux}.

(b) If (Tn)n converges to an operator U in the strong operator topology, then

2J(T , x1 + x2)− U(x1 + x2) ⊆ J(T , x1) + J(T , x2)

for all x1, x2 ∈ X.

Proof. (a) Suppose that x∈X and y∈J(T , x), then there exist (xn)n in X and
a strictly increasing sequence of positive integers (kn)n such that xn → x and
Tknxn → y. Now since

‖y − Ux‖ ≤ ‖y − Tkn
xn‖+ ‖Tkn

− U‖‖xn‖+ ‖U‖‖xn − x‖

for sufficiently large n, we get y = Ux. By putting kn = n, we conclude the
same result for Jmix(T, x).

(b) Suppose that y ∈ J(T , x1 + x2), then there exist a strictly increasing
sequence of positive integers (kn)n and a sequence (wn)n in X such that wn →
x1 + x2 and Tkn

wn → y. Now we have

wn − x1 → x2, Tkn(wn − x1)→ y − Ux1
and

wn − x2 → x1, Tkn(wn − x2)→ y − Ux2.
Hence we get

y − Ux1 ∈ J(T , x2), y − Ux2 ∈ J(T , x1).

And so

2y − U(x1 + x2) ∈ J(T , x1) + J(T , x2),

which gives the result. �
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Recall that for T ⊆ B(X), by T ′ we mean the collection of all bounded
operators on X which commutes with each member of T .

Lemma 2.2. Suppose that T = (Tn)n ∈ B(X) and U ∈ T ′. For all positive
integers m and x ∈ X, we have

(a) Um(J(T , x)) ⊆ J(T , Umx).
(b) Um(Jmix(T , x)) ⊆ Jmix(T , Umx), and equality holds if U has bounded

inverse. Moreover, if U is surjective, then AT is a U -invariant subset and
Amix
T is a U -invariant subspace of X.

Proof. (a) Without loss of generality suppose that J(T , x) 6= ∅. Let y ∈ J(T , x),
then there exist a strictly increasing sequence of positive integers (kn)n and a
sequence (xn)n in X such that xn → x and Tkn

xn → y. For any positive integer
m, we have

Umxn → Umx, Tkn(Umxn)→ Umy

as n→∞. Hence Umy ∈ J(T , Umx).
(b) Put, kn = n in the proof of part (a).
Now we suppose that U has bounded inverse. If z ∈ J(T , Umx), then there

exist a strictly increasing sequence of positive integers (kn)n and a sequence
(un)n in X such that un → Umx and Tknun → z. So we get

U−mun → x, Tkn
(U−mun)→ U−mz.

This yields that U−mz ∈ J(T , x) and hence z ∈ Um(J(T , x)). By putting,
kn = n, we can prove for Jmix-sets. Now suppose that T is surjective, if
x ∈ AT , then J(T , x) = X and so we have

X = U(X) = U(J(T , x)) ⊆ J(T , Ux) ⊆ X.
Hence U(AT ) ⊆ AT . Similarly, we can prove that Amix

T is a U -invariant sub-
space. �

Corollary 2.3. If T = (Tn)n ⊆ B(X) and λ 6= 0, then J(T , λx) = λJ(T , x),
and Jmix(T , λx) = λJmix(T , x).

Proof. Put Ux = λx, and m = 1 in Lemma 2.2. �

By Corollary 2.3, if x is a J-vector (Jmix-vector) for T , then for any nonzero
scaler λ, λx is a J-vector (Jmix-vector) for T . So if AT (Amix

T ) is nonempty,
then it should be infinite set.

Definition 2.4. We mean by a BSC-Sequence, a sequence T of operators on
a normed space X that holds in the following conditions:

(a) T is a uniformly bounded below sequence.
(b) T is a Cauchy sequence in the strong operator topology.
If furthermore T is a Cauchy sequence in the norm topology, then we say

that T is a BC-Sequence.

Obviously BC-Sequences are BSC-Sequence. Also, it’s clear that a constant
sequence of operators is a BSC-Sequence. Here we give other examples.
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Example 2.5. Let n ∈ N and Sn be defined on lp (1 ≤ p < ∞) by Sn =
(1 + 1

n )B, where B is forward shift operator. Then

‖Snx‖ = (1 +
1

n
)‖Bx‖ = (1 +

1

n
)‖x‖ ≥ ‖x‖

and so (Sn)n is uniformly bounded below. On the other hand, (Sn)n is a
Cauchy sequence, since for m,n ∈ N. We have

‖Snx− Smx‖ = | 1
n
− 1

m
|‖Bx‖ = | 1

n
− 1

m
|‖x‖.

Thus ‖Sn − Sm‖ = | 1
n
− 1

m
|. Hence (Sn)n is a BC-Sequence.

Example 2.6. Suppose that n∈N is arbitrary and Tn is defined on c0 by

Tn(x1, x2, . . .) = (x1, . . . , xn−1, 2xn, xn+1, . . .),

then Tn ∈ B(c0). In fact ‖x‖ ≤ ‖Tnx‖ ≤ 2‖x‖ for all x ∈ c0. To show
that (Tn)n is a Cauchy sequence in the strong operator topology, suppose that
n < m and x = (x1, . . .) ∈ c0, we have

‖Tnx− Tmx‖ = ‖(0, . . . , xn, 0, . . . , 0,−xm, 0, . . .)‖ = sup{xn,−xm},

which tends to zero as n tends to infinity. Thus (Tn)n is a BSC-Sequence.

Theorem 2.7. Suppose that T = (Tn)n ⊆ B(X) holds in the following condi-
tions.

(a) (Tn)n is a bounded sequence.
(b) Jmix(T , x) 6= ∅ for all x.

Then T is a Cauchy sequence in the strong operator topology.

Proof. For every x in X, we choose y in Jmix(T , x), so there exists (xn)n in X
which tends to x and Tnxn → y. Now we have

‖Tnx− y‖ ≤ ‖Tnx− Tnxn‖+ ‖Tnxn − y‖ ≤M‖x− xn‖+ ‖Tnxn − y‖,

where M is a bound of T . Therefore, for every x in X we can find y in X such
that ‖Tnx−y‖ → 0. By Banach-Steinhaus Theorem there exists U ∈ B(X) such
that ‖Tnx−Ux‖ → 0 for all x. Therefore (Tn)n converges in the strong operator
topology and so it is a Cauchy sequence in the strong operator topology. �

Now immediately we have:

Corollary 2.8. If T = (Tn)n ⊆ B(X) is uniformly bounded below such that
(a) T is bounded.
(b) Jmix(T , x) 6= ∅ for all x.

Then T is a BSC-Sequence.

In the following we state and prove some properties of certain operator
sequences.
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Theorem 2.9. Let T = (Tn)n ⊆ B(X) and x, y ∈ X be such that x 6= y. If T
is uniformly bounded below or T is strongly bounded below, then we have

Jmix(T , x) ∩ Jmix(T , y) = ∅.

Proof. Suppose that z ∈ Jmix(T , x) ∩ Jmix(T , y), then there exist sequences
(xn)n and (yn)n in X such that xn → x, yn → y and

Tnxn → z, Tnyn → z.

Let ε > 0, be given. Then there exists a natural number N such that

‖xN − x‖ < ε, ‖yN − y‖ < ε,

and

‖TNxN − z‖ < ε/2, ‖TNyN − z‖ < ε/2.

So

‖TNxN − TNyN‖ < ε.

If T is uniformly bounded below, then there exists c > 0 such that

‖xN − yN‖ ≤ c‖TNxN − TNyN‖ < cε.

Since

‖x− y‖ ≤ ‖x− xN‖+ ‖xN − yN‖+ ‖yN − y‖,
we conclude that x = y.

If Tn’s are strongly bounded below, then there exists cN ∈ (0, 1] such that

‖xN − yN‖ ≤ cN‖TNxN − TNyN‖ < ε.

and again we obtained x = y, that is a contradiction. �

Corollary 2.10. If T = (Tn)n ⊆ B(X) is a Jmix-class sequence, then it is not
uniformly bounded below. Also, there exists n ∈ N such that Tn is not strongly
bounded below.

Proof. If T is uniformly bounded below (or strongly bounded below), then we
can take x, y ∈ Amix

T such that x 6= y. Since

Jmix(T , x) = X, Jmix(T , y) = X,

so Jmix(T , x) and Jmix(T , y) have nonempty intersection which is a contra-
diction by Theorem 2.9. �

Theorem 2.11. Let T = (Tn)n ⊆ B(X) and x, y∈X such that x 6=y. If T is
a bounded BSC-Sequence (or BC-Sequence), then J(T , x) ∩ J(T , y) = ∅.

Proof. Suppose that T is a bounded BSC-Sequence and z ∈ J(T , x)∩ J(T , y).
Then there exist strictly increasing sequences of positive integers (in)n and
(kn)n and sequences (xn)n and (yn)n in X such that xn → x, yn → y and

Tinxn → z, Tkn
yn → z.
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Let M be a bound of T . For every ε > 0 there exists a natural number N1

such that
‖xN1

− x‖ < ε/9M, ‖yN1
− y‖ < ε/9M

and
‖TiN1

xN1
− z‖ < ε/3, ‖TkN1

yN1
− z‖ < ε/3.

Also, there exists N2 ∈ N such that for i, k ≥ N2 we have

‖Tiy − Tky‖ < ε/9.

Since the sequences (in)n and (kn)n are strictly increasing, there exists a natural
number N3 such that iN3 , kN3 ≥ N2 and so

‖TiN3
y − TkN3

y‖ < ε/9.

Put N = max{N1, N3}. Therefore we have

‖TiN yN − TkN
yN‖ ≤ ‖TiN yN − TiN y‖+ ‖TiN y − TkN

y‖+ ‖TkN
y − TkN

yN‖
≤M‖yN − y‖+ ‖TiN y − TkN

y‖+M‖y − yN‖
< ε/3.

Now, we have

‖TiNxN − TiN yN‖ ≤ ‖TiNxN − z‖+ ‖z − TkN
yN‖+ ‖TkN

yN − TiN yN‖ < ε.

But T is uniformly bounded below, thus there exists c > 0 such that

‖xN − yN‖ ≤ c‖TiNxN − TiN yN‖ < cε.

Since
‖x− y‖ ≤ ‖x− xN‖+ ‖xN − yN‖+ ‖yN − y‖,

we conclude that x = y, which is a contradiction.

In the case that T is a BC-Sequence, since any BC-Sequence is a bounded
BSC-Sequence, the result is true for BC-Sequences, but we can also prove it
directly: suppose contrary that z ∈ J(T , x) ∩ J(T , y), then there exist strictly
increasing sequences of positive integers (in)n and (kn)n and sequences (xn)n
and (yn)n in X such that xn → x, yn → y and

Tinxn → z, Tkn
yn → z.

For every ε > 0 there exists a natural number N1 such that for every i, k ≥ N1

we have
‖Ti − Tk‖ < ε/3,

and
‖xk − x‖ < ε, ‖yk − y‖ < ε.

Since the sequences (in)n and (kn)n are strictly increasing, there exists a natural
number N2 such that iN2 , kN2 ≥ N1 and

‖TiN2
xN2
− z‖ < ε/3, ‖TkN2

yN2
− z‖ < ε/3.

Now, we have

‖TiN2
xN2
− TiN2

yN2
‖ ≤ ‖TiN2

xN2
− z‖+ ‖z − TkN2

yN2
‖
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+‖TkN2
yN2
− TiN2

yN2
‖ < ε.

But T is uniformly bounded below, thus there exists c > 0 such that

‖xN2
− yN2

‖ ≤ c‖TiN2
xN2
− TiN2

yN2
‖ < cε.

Since
‖x− y‖ ≤ ‖x− xN2‖+ ‖xN2 − yN2‖+ ‖yN2 − y‖,

we conclude that x = y. �

Remark 2.12. Note that a bounded sequence T = (Tn)n ⊆ B(X) is not J-class
sequence, since otherwise there is some nonzero x ∈ X such that J(T , x) = X.
But by boundedness, if xn → x, then there exists M > 0 such that for any
sequence (kn), ‖Tkn

xn‖ < M . Now, let y be in X with ‖y‖ > M , then
no sequence (Tkn

xn) can approximate y. Hence, BC-Sequences and bounded
BSC-Sequences are not J-class sequence.

Now, we present our main theorems about fixed points of certain sequences:

Theorem 2.13. Let T = (Tn)n ⊆ B(X) be a BC-Sequence. A vector x ∈ X is
a fixed point for T if and only if 0 ∈ J(T , x− Tnx) for all n. The same result
holds for bounded BSC-Sequences.

Proof. Suppose that x ∈ X, and for all n, 0 ∈ J(T , x − Tnx). If n0 ∈ N is
fixed but arbitrary, then since 0 ∈ J(T , x−Tn0

x), there exist a sequence (uk)k
in X and a strictly increasing sequence of positive integers (mk)k such that
uk → x− Tn0

x and Tmk
uk → 0 as k →∞. Put, xk = uk + Tn0

x, then xk → x.
Note that B(X) is complete and so (Tn)n converges in B(X). Since

lim
k
Tmk

(xk − Tn0
x) = lim

k
Tmk

uk = 0,

we have
lim
k
Tmk

xk = lim
k
Tmk

Tn0
x ∈ J(T , x) ∩ J(T , Tn0

x).

By Theorem 2.11, we get Tn0
x = x. Since n0 ∈ N is arbitrary, the result is

obtained. Conversely, if x is a fixed point for T , then we have to show that
0 ∈ J(T , 0). For any strictly increasing sequence of positive integers (kn)n, and
a sequence (xn)n converges to zero, (Tkn

xn)n tends to zero, which gives the
result. By similar method we can proved for bounded BSC-Sequences. �

Theorem 2.14. Let T = (Tn)n be a Cauchy sequence in B(X) and suppose
that T is either uniformly bounded below or strongly bounded below. Then a
vector x is a fixed point of T if and only if for all n, 0 ∈ Jmix(T , x− Tnx).

Proof. Let x ∈ X and suppose that 0 ∈ Jmix(T , x − Tnx) for all n. For n0
fixed but arbitrary, there exists a sequence (uk)k in X such that

uk → x− Tn0
x, Tkuk → 0

as k tends to infinity. Put xk = uk + Tn0
x, then xk → x. Since (Tk)k is

converges and
lim
k
Tk(xk − Tn0x) = lim

k
Tkuk = 0,
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we have

lim
k
Tkxk = lim

k
TkTn0

x ∈ Jmix(T , x) ∩ Jmix(T , Tn0
x).

Hence by Theorem 2.9, Tn0
x = x. Since n0 is arbitrary, we conclude that x is

a fixed point of T . The converse can be proved by the same method used in
Theorem 2.13. �

Example 2.15. Let S = (Sn)n be the same defined in Example 2.5. Then
Sn → B as n → ∞, and by Lemma 2.1(a), J(S, x) = Jmix(S, x) = {Bx} for
all x. Therefore, the only fixed point of S is the zero vector.
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