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1. Introduction

Functionally grade materials (FGM) as one of the 

advanced heterogeneous composite material present good 

service performance under some severe environments. 

Due to high performance, nowadays FGM’s application 

area are increasing in spacecraft, defense, nuclear, and 

automotive industries1). FGM as contains two or more 

than two materials that the composition is structured 

continuously and differed from conventional composite 

which most of their mechanical or thermal properties are 

distributed uniformly. The gradation phase contains 

continuous or gradual particle inclusion depending on the 

assigned volume fraction. One pure material located on 

one side, then continue with gradation phase and other 

pure material located at the end side.

Although the gradients within the FGM can be made 

by a centrifugal force in experiment, it is difficult to 

produce a good continuous gradation2). In order to avoid 

the difficulties in the experiments, the numerical analysis 

through the finite element method can be a solution. And 

in the process of designing the FGM, knowing the failure 

behavior of FGM becomes a crucial factor to prevent the 

crack occurrences. Recently, the numerical analysis 

methods for determining the crack behavior of FGM are 

developed rapidly3,4,5). In this study, we consider two 

different FGM models with different composition to 

obtain the influence of material property distribution on 

the stress intensity factor as one of crack behavior criteria 

in FGM as a heterogeneous material.

The crack criterion used stress intensity factor (SIF or 

KI) which being used commonly in the fracture mechanics 
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for linear elastic material to evaluate the crack of FGM. 

The three point bending test simulation was applied. And 

various cracks were modeled separately through the 

thickness direction at multiple layers of FGM model, such 

as at pure ceramic part, pure metal part and gradation part 

with different particle inclusions at each layer to show the 

presence of continuous material properties.

From those various crack modeling, which consider 

different crack lengths, the stress intensity factors as failure 

behavior criteria were obtained and analyzed. According to 

the continuous structure of FGM, the calculation of spatial 

variation of the exponential function is conducted by 

analytical solution. Various Poisson’s ratio is neglected and 

spatial elastic modulus depends on exponential function6,7) 

is estimated. This exponential function is assigned for 

designing different FGM model thus it is expected to obtain 

other stress intensity factor results. Then the stress intensity 

factors from each FGM model can be compared each other 

to validate the results.

2. Models and Methods

2.1 Material Properties
FGM contains two homogeneous materials which in the 

middle part, a gradual composition of both materials is 

inserted. In this study, the both homogeneous materials are 

aluminum (Al) as the metal matrix constituent and silicon 

carbide (SiC) as the ceramic particle inclusion constituent. 

The material properties for both constituents can be seen 

Table 1. Material properties of Al and SiC

Property
Material

Al SiC

Modulus elasticity (GPa) 70 427

Poisson’s ratio 0.3 0.17

Fig. 1. FGM structure illustration.

clearly in Table 1 and the structure of FGM constituents 

is illustrated in Fig. 1. There is smooth transition interface 

between both constituents which can cause a lower stress 

concentration within the material.

The volume fraction between metal and ceramic constituent 

within one layer in the FGM can be seen as follows.

   (1)

Where,  is defining the volume fraction of metal 

and  is defining the volume fraction of ceramic. This 

ratio is assumed as a percentage and the amount of both 

constituents should be as well as 1. Then the material 

properties distribution across the thickness of FGM can 

be represent as the equation below.

  (2)

Here,  is the elastic modulus of metal,  is the elastic 

modulus of ceramic and  is the elastic modulus depends 

on each layer. This equation is known as the rule of mixture 

(ROM)12) of the composite material in the thickness 

direction. Thus, based on the ROM equation, the presence 

of various volume fractions and elastic modulus can 

influence the material properties in the entirety of FGM.

2.2 FGM Models
In the modeling of FGM, we suggest two different FGM 

models in order to validate the results by comparing each 

FGM model. FGM-A is the model that created by arbitrary 

prediction of volume fraction. FGM-B is the model which 

the composition of FGM layers are depending on the 

exponential function. Additionally, FGM-A consists of 6 

layers and FGM-B consists of 10 layers. The exponential 

variance of elastic modulus through the FGM thickness layer 

was considered to be linear. And the coordinate system also 

carried out in the direction of FGM thickness. The 

exponential function for material properties distribution can 

be seen in Equation (3) and (4).

 

 

(3)

  ln
  (4)
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Where, , i = 1, 2 is the elastic modulus for material 

1 or 2,  is a material constant shown in Equation (4),  

is coordinate in the thickness layer direction and   is the 

width of FGM modeling. This exponential function shows 

that the exponential elastic modulus varies with  

coordinates. Two dimensional analysis is conducted for 

modeling the constituents and structure of FGM-B using 

ABAQUS commercial software8).

2.3 Crack Modeling
Through the FEM, five crack lengths are defined to 

evaluate the stress intensity factor. After FGM model is 

done, a crack line or called as a seam crack is created in 

the initial step. The seam crack can separate the overlapping 

nodes during the analysis. Thus, it is able to show the two 

crack surfaces in the modeling like in Fig. 2.

Fig. 2. Estimation of crack modeling.

Through ABAQUS, the seam crack must be defined as 

independent, so the overlapping nodes along the seam crack 

are free to move and the crack can be opened. And after 

the crack front along with the crack tip or crack line is 

defined, ABAQUS prompts to specify the crack extension 

direction at the crack tip or along the crack line. Thus, q 

vector is provided to determine which direction that crack 

will grow in the simulation. By using q vector, we should 

select the start point at the crack-tip, then select the end 

point or insert the point’s coordinates in the prompt area 

which represents the crack direction, and the crack extension 

direction by q vector also can be seen in Fig. 2.

Five contours integral also defined, because defining 

control integral relates to controlling mesh size. And 

employing smaller meshes around the crack tip will show 

more accurate results. Lastly, the crack extension direction 

should be defined. 

Controlling the singularity at the crack-tip becomes 

necessary in the creating a crack, due to enhance the 

accuracy of contour integral, stress and strain calculation. 

Within the ABAQUS program, we decided the midside 

node parameter as 0.25 to create   strain singularity. 

Then in degenerate element control at crack/tip line option, 

“collapsed element side, single node” is chosen8).

Moreover, 2 kinds of cases are considered in order to 

see the stress intensity factor behavior in different material 

properties distribution. The one is where the crack mouse 

is located at rich metal and the crack tips are located in 

gradation part. In this case, the crack is from softer to stiffer 

material. While the other is where the crack mouse is located 

at rich ceramic and the crack tips are located in gradation 

part. Then the crack advances from stiffer to softer material. 

Two cases can be seen in Fig. 3 and Fig. 4.

The stress intensity factor in FGM is higher and the 

impact of gradient existence is more severe comparing 

with homogeneous materials9). The stress intensity factor 

defines the stress intensity near the crack tip caused by 

force or residual stresses.

The stress intensity factor expression can be seen in 

Equation (5) for linear elastic crack-tip stress field. 

 


   ⋯ (5)

Fig. 3. The crack location (metal to ceramic).

Fig. 4. The crack location (ceramic to metal).



누룰 파토니⋅권오헌

J. Korean Soc. Saf., Vol. 32, No. 4, 20174

Here, KI denotes the stress intensity factor for the 

normal mode loading, T denotes the T-stress and  

denotes the function of the polar angle 3). Besides that, 

the shear stress is zero if   = 0. The stress in the x and 

y direction also can be expressed like below.

   

 (6)

When the stress intensity factor increases, it influences 

the rate of stresses near the crack-tip. Furthermore, the 

stress intensity factor can determine the overall crack-tip 

situation10).

Here, we show the constituent of materials for FGM-A 

and FGM-B. The composition of FGM-A which is created 

by arbitrary prediction of volume fraction can be seen in 

Table 2. And FGM-B which its constituent is structured by 

exponential elastic modulus is depicted in Table 3. Both 

FGM models are considering two cases of material 

properties distribution, where the one is that a crack 

advances from softer to stiffer material and the other is that 

a crack advances from stiffer to softer material.

Table 2. Volume fraction (vf) of FGM-A

Layer
vf of Al to SiC

Softer to stiffer Stiffer to softer

1 1.0 0

2 0.8 0.3

3 0.6 0.4

4 0.4 0.6

5 0.3 0.8

6 0 1

Table 3. The exponential elastic modulus of FGM-B

x (mm)
E exponential (GPa)

Softer to stiffer Stiffer to softer

8 89.1 335.5

12 100.5 297.4

18 120.4 248.2

24 144.3 207.1

30 172.9 172.9

36 207.1 144.3

42 248.2 120.4

48 297.4 100.5

54 356.4 83.9

60 427 70

The different cases on each FGM model are estimated 

to predict the influence of material properties distribution 

on the stress intensity factor. The stress intensity factor 

results are defined by each case and the results from 

FGM-A and FGM-B are compared to acquire the validity.

3. Results and Discussion

3.1 Stress evaluation in FGM by two-scale modeling
We evaluate von Mises stresses from the model which 

consists of volume fraction structure that following the 

exponential function. An FGM assuming stiffer material 

located at bottom part and softer material located at top 

part were defined. Also the two-scales modeling is used 

to analyze the stress variations in FGM13). Fully meshed 

model which involves the localization strain field to 

exchange information from macroscale to microscale. 

While, Representative Volume Element (RVE) model 

which involves the homogenization stress and stiffness to 

update information in both scales. RVE model is shown 

as depicted in Fig. 513).

And the fourth layer of FGM-B of stiffer to softer is 

determined to be analyzed due to its location at the center 

of gradation part. According to the Table 3, the fourth 

layer consists of exponential elastic modulus as 207.1 GPa 

and volume fraction of ceramic particle inclusion as 0.38. 

By using the proposed two-scales modeling, it shows the 

satisfy results from both von Mises stresses. The minimum 

von Mises stress shows around 1.1 MPa and maximum 

shows around 1.4 MPa.

The results can be seen clearly in Fig. 6 and the deviations 

(a)

(b)

Fig. 5. Localization point in fully model (a) and RVE shape (b) 
illustration.
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Fig. 6. von Mises for 0.38 volume fraction of SiC of FGM-B.

Fig. 7. RVE contours of von Mises stress.

of the maximum and minimum values in von Mises stress 

are showing lower than those of the FGM-A. Also, for a 

microscale stress, the von Mises stress distribution contours 

by the simple square RVE is shown in Fig. 7. Thus, we 

conclude that according to the exponential function, the 

mechanical behavior results can be more accurate due to 

the distribution of volume fraction appear in more detail.

3.2 Case of softer to stiffer material
In this case, the crack tip is located at rich metal, then 

the crack advances to the gradation part which 

approaching to the rich ceramic constituents. The crack 

growth is expressed by the crack length ratio. For FGM-A, 

it is seen clearly that crack is passing through 6 layers 

with different volume fractions and particle numbers. 

While, for FGM-B, the crack is passing through 10 layers 

which depend on the exponential elastic modulus. The 

stress intensity factors that obtained from both FGM 

models are shown in Fig. 8. The comparison between both 

FGM models shows satisfactory result and very low 

deviation of stress intensity factors among five different 

crack length ratios. FGM-A shows continuous and smooth 

increase of a stress intensity factor, although FGM-B 

shows a slight decrease at 0.4 crack length ratio because 

Fig. 8. Variation of the stress intensity factor (softer to stiffer).

of the suggestion of the linear material properties change.

From both FGM models, the stress intensity factors start 

from around 5   and getting higher along with 

the higher crack length ratio. But, both FGM models also 

show a slight decrease of stress intensity factor when the 

crack length ratio reach 0.7. Moreover, the variation of 

stress intensity factor from pure metal to gradation part is 

higher rather than the variation of stress intensity factors 

within a gradation part that show a smoother increase. This 

result also in a good agreement with a reference when the 

crack occurs from softer to stiffer material3).

3.3 Case of stiffer to softer material
In this case, the initial crack tip is located at a rich 

ceramic. Then the next crack tips which located at 

gradation part depend on crack length ratios are 

approaching to a rich metal constituents. There is little 

deviation between FGM-A and FGM-B model as shown 

in Fig. 9. Because the crack tip starts from stiffer, the 

very high stress intensity factor occurs at pure ceramic 

part as shown in Fig. 9 and variation of stress intensity 

factor among five different crack length ratios is severe.

When cracks reach to the softer material, the stress 

intensity factors are getting low. At 0.6 and 0.7 crack length 

ratio, the negative stress intensity factors occur. These 

negative values appear because of the presence of 

embedded surface cracks and it means that the compressive 

stress field occurred. 

However, negative values are incorrect in the state of 

physical sense11) investigated the negative values of a 

stress intensity factor by using the interface elements 

method to simulate the crack surface contact. The benefit 

of this interface elements is not permit the crack surfaces 
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Fig. 9. Variation of the stress intensity factor (stiffer to softer).

to overlap. The stress intensity factor in the overlapping 

area is set up to become zero by introducing the interface 

elements. Thus, the interface elements application may 

able to prevent the negative stress intensity factor in the 

near future study. However, the stress intensity factors 

variation from stiffer material to softer material are 

decreasing along the crack length ratio and the result is 

in a good agreement with reference3).

From the Fig. 8 and Fig. 9, the influence of material 

properties distribution on the stress intensity factor was 

revealed. These results would be used to prolong the 

residual lifetime and to serve a safe service on the cracked 

FGM structures.

4. Conclusions

This study was considered about the crack evaluation 

through the stress intensity factor as a failure behavior 

criteria in FGM on the analysis with an exponential 

function. The comparison of the stress intensity factor 

between both methods was shown. And two cases are 

conducted, which are a crack from softer to stiffer 

materials and a crack from stiffer to softer materials. The 

results show that properties distribution on the stress 

intensity factors is established when the crack grows from 

softer to stiffer material, the stress intensity factor were 

increased, while from stiffer to softer material, the stress 

intensity factor were decreased. These results could be 

helpful in the design of FGM for a safe application.
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