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Abstract

Hydroelastic interactions of a deformable floating body with random waves are investigated in time domain. Both hydroelastic motion and
structural dynamics are solved by expansion of elastic modes and Fourier transform for the random waves. A direct and efficient structural
analysis in time domain is developed. In particular, an efficient way of obtaining distributive loads for the hydrodynamic integral terms including
convolution integral by using Fubini theory is explained. After confirming correctness of respective loading components, calculations of full
distributions of loads in random waves are expedited by reformulating all the body loading terms into distributed forms. The method is validated
by extensive convergence tests and comparisons against the counterparts of the frequency-domain analysis. Characteristics of motion/defor-
mation responses and stress resultants are investigated through a parametric study with varying bending rigidity and types of random waves.
Relative contributions of componential loads are identified. The consequence of elastic-mode resonance is underscored.
Copyright © 2016 Society of Naval Architects of Korea. Production and hosting by Elsevier B.V. This is an open access article under the
CC BY-NC-ND license (http://creativecommons.org/licenses/by-nc-nd/4.0/).
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1. Introduction

Hydroelasticity, interactions between the floating body
deformation and water waves, can be appreciable for a large-
scale or highly-deformable structure. Representative examples
include very large floating structures in kilometer scale to
utilize offshore space for residential and recreational purposes,
Pelamis-type wave energy converters comprised of multiple
horizontal cylinders with hinge connections, and offshore
renewable energy station that hosts multiple wind turbines or
wave energy converters in a single platform (Bae and Kim,
2014). In the context of wind energy structures, monopile-
supported wind turbines can undergo resonance at the main
tower elastic fore-aft natural frequency including wet effects

typically placed in the high frequency energy of severe sea
states as well as rotor excitation (Marino et al., 2011, 2013,
2015). New large-scale Floating Liquefied Natural Gas
(FLNG) platforms with length over 400 m of high aspect ratio
may also impose the hydroelastic problem due to the large
scale in combination with relatively taut mooring system.

They typically behave as a deformable body rather than the
rigid, and the elastic responses can result in significant con-
sequences on overall structural robustness and fatigue failure.
In this regard, reliable hydroelastic simulation tools are
essential to design, build, and operate such deformable
structures. Contrary to extensive hydroelastic studies for reg-
ular waves in the frequency domain, the interactions of
deformable bodies with random waves that involves time
domain analysis have scantly been studied (Kashiwagi, 2000;
Watanabe et al., 2004; Chen et al., 2006) although it is
indispensable to estimate more accurate maximum stresses
and fatigue life for real random seas as well as apply for
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nonlinear dynamics such as environmental impact loads
(slamming), mooring dynamics and wind turbine dynamics.

Two methods can be representative of the time domain
hydroelasticity: direct simulation method and expanded
Cummins' equation method. The direct simulation method
solves the structure domain by finite element method (FEM)
and the fluid domain by either boundary element method
(BEM) or FEM interacting at interfacing boundaries
(Hamamoto et al., 1998; Kashiwagi, 1998a, 1998b; Liu and
Sakai, 2002; Kyoung et al., 2006; Liuchao and Hua, 2007;
Kim et al. 2009a, 2009b, 2009c, 2015). Although the direct
coupling can be beneficial for strongly nonlinear problems of
fluids and structures, its applications are impeded by time/
cost-consuming computation procedures in the course of
modeling, simulation, and data processing. The expansion of
Cummins' equation consists of impulse response functions,
Fourier transformation, and modal expansion theorem
(Kashiwagi, 1998a, 1998b; Lee and Choi, 2003; Taghipour
et al., 2009). It is simpler in modeling and advantageous in
efficiency so that it can be applied to many practical engi-
neering problems for random waves including weakly
nonlinear cases.

Previous examples of the time-domain hydroelasticity an-
alyses have in most cases been limited to simplified approach
for the random wave interactions without correct convolution
integrals of decaying memory effects as well as to regular
waves, solitary waves, and transient impacts. They mainly
investigated transient deformation/displacements for those
cases without extensive structural resultants. Iijima et al.
(2008) conducted quasi-static structural analysis for regular
waves, and Kim et al. (2015) examined vertical bending mo-
ments for transient impact loads with regular waves by the
direct simulation method. However, the three dimensional
hydroelastic interactions of a deformable body with the
random seas have rarely been fully investigated. Instead, two
dimensional methods or strip theory-based methods were
widely used, and slamming with the irregular waves were
studied without considering fully coupled convolution in-
tegrals of the memory effects (Chen et al., 2006). The struc-
tural analysis for the random waves is further restrained in
time domain since the full loading distributions of the random
waves require costly direct simulations in the time domain. An
alternative method for structural responses interacting with the
random waves is to obtain stresses from deformation by using
Hooke's law, and it necessitates the hydroelastic analysis even
for highly rigid bodies that have negligible hydroelastic re-
sponses and thus doesn't need to consider hydroelasticity in the
analysis. Moreover, the method based on the Hooke's law is
incapable of load mapping, which feeds all the loading com-
ponents into various local structural analyses, and compo-
nential stress analyses, which obtain stresses induced by
respective loading components and enables to reflect the
componential stresses in design.

In this paper, we consider the hydroelasticity with random
seas in time domain to achieve both dynamic motion responses
and stress resultants. The first hydroelastic motion analysis is
essentially the same approach as used in the preceding studies

with the Cummins' method (or Fourier transform method), but
the present work differs from those previous authors in that
more attention is given to an efficient time-domain calculation
of full distributed loads on the deformable floating body
interacting with the random waves, which leads to a direct
hydroelastic structural analysis. Fubini's theorem reformulates
hydrodynamic integral terms in the expanded Cummins'
equation to localized pressure-wise integrals. In the time
domain, the methodology provides all the componential loads
induced by external environmental loading by the random
waves and internal inertia/restoring loading on the deformable
body. It results in dynamic stress resultants, shear forces and
bending moments, and enables continuous time-marching load
mapping in the random waves for various local structural
analyses without more costly direct simulation methods.
Furthermore, one can investigate the respective components of
the loads and stress resultants. We can also do time-domain
load or stress-resultant mappings for the highly rigid bodies
in the random waves without the hydroelastic analysis.

To illustrate the present method, we present computational
results for a horizontally elongated elastic rectangular barge
with five types of random waves in head-sea direction that
gives rise to dominant vertical deflections. In each random
wave, we solved three-dimensional hydroelastic radiation/
diffraction problem for both motion responses and dynamic
stress resultants. The validity and accuracy of the method was
demonstrated by extensive tests for convergence with respect
to body discretization, number of mode shapes, maximum cut-
off wave frequency, and time interval. The time-domain results
were also checked by the counter-part frequency-domain re-
sults. The techniques developed here can directly be used to
solve for an arbitrary structure with arbitrary deformation by
adopting corresponding mode shapes from the modal analysis
of conventional FEM program (Kang, 2014).

2. Formulation of the time-domain hydroelastic problem
for random waves

2.1. Hydroelastic motion dynamics for a deformable
body in random seas

Revisiting background of Cummins' equation (Cummins,
1962), random wave excitation can be regarded as an impact
at each time step, and the fluid domain corresponding to a
floating body can be described by impulse response functions.

Fj ¼ _Xjjj þ
Z t

�∞

4jðt� tÞ _XjðtÞdt; ð1Þ

where Fj is the total velocity potential induced by jth mode,
Xj, which consists of unit potential for impulsive flow jj and
potential for wave elevation 4j. Following the derivation with
the rigid body assumption (Ogilvie, 1964), we can expand the
boundary condition to includes the deformation. With the
linear and small motion assumptions, the total velocity
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potentials satisfy Neumann boundary condition at the wet
surface Sw

vFj

vn
¼ vjj

vn
¼ iun$

8
<

:

zj for j� 3
aj � r! for 4� j� 6
cjð r!Þxj for j� 7

; since
v4j

vn

¼ 0 on Sw; ð2Þ

where zj presents 3 translational modes, aj is 3 rotational
modes, and xj represents a modal response of the ( j�6)th
elastic mode. cj is the mode shape function and r! is a position
vector defined with respect to the body coordinate system. It
also satisfies free surface, bottom boundary conditions, and
far-field radiation condition.

Substituting the total hydrodynamic pressures into the
linear Bernoulli equation, governing equations for the time
domain hydroelastic motion dynamics are formed in a system
of motion equations for 6 þ e variables, the expanded Cum-
mins' equation, where the e is the number of selected elastic
modes.
�
Mij þDM∞

ij

�
€Xj þKH

ij Xj ¼ F
ð1Þ
i ðtÞ þFC

i ðtÞ; where i; j

¼ 1;…;6þ e: ð3Þ
M is an inertia matrix of the elastic floating body including

diagonalized modal inertia terms, DM∞ is infinite-frequency
added inertia matrix, and F(1) and FC are 1st order wave
excitation and convolution integral that presents decaying ra-
diation waves. KH is the stiffness matrix induced by hydro-
static and gravitational restoring effects. Subscripts i and j are
integer presenting the number of DOF (degree of freedom). In
the rigid body assumption, Ogilvie (1964) addressed that the
hydrodynamic coefficients can be obtained from frequency
domain results of radiation damping coefficients B(u) and
added inertia DM(u) by KramerseKronig relations based on
Fourier Transform. We can further expand to the elastic modes
such that

RijðtÞ ¼ 2

p

Z∞

0

BijðuÞcosðutÞduy2

p

Zumax

0

BijðuÞcosðutÞdu;

DM∞
ij ¼ DMijðu∞Þ þ

Z∞

0

RijðtÞ sinðumaxtÞ
umax

dt

yDMijðumaxÞ þ
Ztmax

0

RijðtÞ sinðumaxtÞ
umax

dt;

FC
i ðtÞ ¼ �

Z t

�∞

Rijðt� tÞ _XjðtÞdt¼�
Z∞

�t

RijðtÞ _Xjðt� tÞdt

¼�
Z∞

0

RijðtÞ _Xjðt� tÞdty�
Ztmax

0

RijðtÞ _Xjðt� tÞdt:

ð4Þ

The retardation functions and added inertia terms are
calculated for respective (6 þ e)2 coupling modes, and
convolution loading terms are obtained for the 6 þ e modes.
The infinite integrals need to be approximated by definite
boundaries where the integrands become negligible to ensure
the accuracy. Detail calculations of the hydrodynamic co-
efficients on the frequency domain leaves in the comprehen-
sive literature backgrounds of the frequency-domain
hydroelasticity. For the added inertia terms, one can also take
the added inertia at infinite frequency. An advantage of the
expanded Cummins' equation is efficiency in that the hydro-
dynamic coefficients can be obtained without the costly direct
simulation in the time domain and thus there is no error
accumulation along the time and no need to re-calculate the
hydrodynamics with different wave height and period.

Assuming uniform mass distribution, the time domain
analysis also retains coupling terms of hydrostatic and gravi-
tational stiffness induced by the elastic modes, similarly to the
frequency-domain hydroelasticity (Newman, 1994).

Kij ¼ rgð∬
Sd
znidS�∬

So
znidSÞ ¼ rg∬

So
njðwi þ zDiÞdS: ð5Þ

The mean wetted surface So is deformed to Sd by jth mode,
n is normal velocity for the mode, and D is divergence of the
displacement vector. Eq. (5) stands for the case with any
elastic mode involved, and the final form is given under small
deformation assumption.

The impulse of random sea excitation is given by super-
position of a series of first order regular wave components at
each instant time, including the phase differences. Further-
more, the expanded Cummins' equation is favorable to the
second order wave excitation. The nonlinear hydroelastic
wave loads can be added as two-term Volterra series that
require complete or approximate second order hydroelastic
loading at respective sum and difference frequencies (Neal,
1974). Although fewer researchers discussed on the second
order hydroelastic loading on the frequency domain, it still
remains incomplete and uncertain especially for a floating
deformable body in bichromatic waves (Chen et al., 2003;
Malenica and De Hauteclocque, 2012). The nonlinear hydro-
elasticity is out of scope in this paper.

The expanded Cummins' equation is solved by combination
of AdamseBashforth and AdamseMoulton methods as a
predictor-corrector method (Ran, 2000). To ensure the accu-
racy, a set of verification procedures are implemented. The
elastic modes are preselected until the highest natural fre-
quency is, in wet condition, placed out of main wave energy.
The converged time interval is used in the retardation func-
tions as well as solving the motion equations. To form correct
hydrodynamic loading terms from the approximated integrals
in Eq. (4), the added inertia and radiation damping coefficients
are calculated up to the frequency where the coefficients
respectively reach constant values and negligible values. Each
retardation function ends at negligible magnitude. Wave
repetition is prevented by adopting random phase in the wave
elevation. The robust numerical verification for the hydro-
elasticity with the random waves can be completed by
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equivalence checkup of each DOF's governing equation along
time and comparison against counterparts in the frequency
domain. In Eq. (3) the left hand side should equal to the right
hand side, which represents balance between inertia loading
and external loading. Following the relationship between
general frequency response and unit impulse response,

FðuÞ ¼
Z∞

�∞

FðtÞe�iutdt and XðuÞ ¼ GðuÞ
K

¼
Z∞

�∞

xðtÞe�iutdt;

ð6Þ
for a single DOF, Fourier transform of motion response time
series should result in spectral Response Amplitude Operators
(RAO), which are identical to those on the frequency domain
under the assumptions of linear, no viscous damping, and only
wave applied environment.

The present method can further be utilized to calculate wet
natural frequencies in a more efficient way than typical fre-
quency domain methods used in Senjanovic et al. (2009). In
the frequency domain, one may regard it as eigenvalue prob-
lem for the multiple DOFs, but it requires iteration to take
frequency dependency of the added inertia into account.
Furthermore, the results are not natural frequencies of the
respective DOFs. Based on the modal expansion theorem, they
are technically frequencies corresponding to eigenvectors that
can be combinations of the DOFs at certain ratio. Using the
present method, we realize numerical hammer tests for
respective DOFs that can measure the natural frequencies and
damping ratios directly from the free decay responses. The
wave excitation terms on the right hand side of Eq. (3) are
replaced by short-period impulse loads acting at a position r!
as

FI
j ðtÞ ¼

8
><

>:

Р$cjð r!Þ
t1

t; where 0� t � t1;

0; where t> t1:

ð7Þ

The j is a target elastic mode to measure. The impact, P, is
linearly increased along with time until t1, and the deformable
floating body is released so as to undergo free vibrations. From
the Fourier transform of the transient responses, we obtain wet
natural frequencies that include water contact effects in terms
of added inertia and hydrostatic restoring, coupling with other
DOFs, and minor influence from radiation damping. The
impact should be applied off nodal points of the jth elastic
mode, and it is desirable to be close to nodal points of
neighboring or strongly coupled elastic modes.

2.2. Hydroelastic structural dynamics for a deformable
body in random seas

Subsequent to the hydroelastic motion dynamics, we
consider the hydroelastic structural dynamics for the random
waves. In a consistent manner with the expanded Cummins'
equation method, we develop an efficient and direct hydroe-
lastic structural analysis in order to obtain dynamic stress

resultants, shear forces and bending moments that correspond
to the random waves and dynamic motion responses, and to
provide fully distributed loading data for load-mapping
procedures.

In the preceding time-domain hydroelasticity studies, it has
been regarded that loading distributions are unknown without
the direct simulations and the stress resultants are typically
obtained from total deflections by Hooke's law. For an axial
loading case in an elastic region, normal stress s is propor-
tional to strain ε by Young's modulus E, and the bending
moments M is a surface integral of the bending stress over the
cross section A.

s¼�Ezk qε¼�zk; where k is the curvature of deflection;

M ¼
Z

A

zsdA¼ EIk:

ð8Þ
Assuming the slope of the deflection is much smaller than

unity, the curvature gets approximated as

k¼
d2w
dx2

h
1þ

�
dw
dx

�2i3=2
y

d2w

dx2
; ð9Þ

and it leads to relationship between deflection and bending
moment. In further, shear force results from the deflection,
based on equilibrium relationships among loads, shear forces,
and bending moments

M ¼ EI
d2w

dx2
and V ¼ dM

dx
¼ EI

d3w

dx3
: ð10Þ

When a simplified hydroelastic approach with equivalent
thin plate is used like Kim et al. (2007), total deflections may
omit certain loading components that are negligible in the
deformation response calculation but significant to the stress
resultant. For instance, in the frequency domain analysis we
found that horizontal pressures acting on longitudinal lateral
surfaces of the floating body, which are ignored in the thin-
plate hydroelastic modeling, induce appreciable bending mo-
ments at the lateral surfaces in low frequency waves 5 to 10
times longer than the floating body (Kang and Kim, 2014).
The approximation in Eq. (9) can make the accuracy worse for
moderate or resonated deformation, and one can't extend to
load-mapping applications for various local structure analyses
due to the unknown distribution data of external loads. Those
constraints further lead to limited practices such that the
structural dynamics of a floating body with high rigidity re-
quires either the direct simulations or hydroelastic analysis
although the deformation is negligible.

As a solution to the limitations, we develop the direct and
efficient hydroelastic structural analysis in time domain for the
random waves based on the infinitesimal free-body diagram. If
one has all the clarified loads F acting on a structure, the shear
forces V and bending moments M can be calculated by the
equilibrium among loads, shear forces, and bending moments
in integral forms.
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VðxÞ ¼ V0 þ
Zx

x0

Fð2Þd2; MðxÞ ¼M0 þ
Zx

x0

Vð2Þd2 ð11Þ

V0 and M0 are respective initial values before the spatial in-
tegrals. Contrary to the frequency domain analysis, in time
domain for the random seas it is not straightforward to get all
the distributed loads F of Eq. (11) on the basis of Eq. (3), due
to complexity of the impulse-related terms of Eq. (4). Both of
the added inertia term and decaying energy term respectively
comprises sine integrals and convolution integrals in addition
to the retardation function. The multiple integral sequences are
given in body loading wise instead of pressure wise, thus it is
unable to directly provide with the hydrodynamic pressures of
the random waves.

To enable the direct hydroelastic structural analyses for the
random waves without the costly direct simulations, we
further derive Eq. (4) using the Fubini's theorem in order to
generate all the componential distributed loads and pressures
in time domain. Fubini proved that the order of integrals can
change if the integrand is measurable (Stewart, 2009).

It allows reformulating the two impulse-related terms in Eq.
(4) to the corresponding distributive loads as functions of
space and time. The added inertia at infinite frequency for
each DOF is formed by three consecutive integrals of the
hydrodynamic pressures of the radiation potential at a position
vector r! defined in Eq. (2).

From a series of integral order manipulation to place the
surface integral at the last, the distributed added inertia f A at a
position r! induced by the jth mode is

where PRe and PIm are real and imaginary parts of the radiation
hydrodynamic pressures.

In the similar manner, the distributed convolution loads f C

for the energy decaying or memory effects of the impulse-
generated waves are obtained from the last form of Eq. (4) as

f Cð r!; tÞ ¼ �
Z∞

0

0

@2

p

Z∞

0

h
PIm
j ðu; r!ÞcosðutÞ

i
du

� _Xjðt� tÞ
1

Adt; ð15Þ

where _Xj is the velocity of jth mode. In the hydroelastic
analysis, the j is given up to 6 þ e modes in Eqs. (14) and (15),
and the loads are normal pressures acting on the boundary
elements. The two complicated terms related to the impulse
theory are now decomposed into the distributed loads that
enable the direct structural analysis for the random seas by Eq.
(11) without the costly direct simulations.

All the other loading components for the random seas are
identified from the governing equation, Eq. (3). The deform-

able floating body undergoes inertia loads, restoring loads, and
wave excitation loads as well as the added inertia and
convolution loads. The wave excitation loads and convolution
loads on the right hand side can be regarded as external loads,
whereas other components on the left hand side are internal
loads. It is straightforward to reformulate the remaining

components into the distributive manner. The distributed wave
excitation loading f 1 is obtained by superposing the series of
hydrodynamic pressures induced by diffraction potential PD

for a frequency range. N is the number of frequencies to
generate the irregular waves.

for f ðx;yÞ; which is a A�Bmeasurable function;Z

A�B

f ðx;yÞdðx;yÞ ¼
Z

A

�Z

B

f ðx;yÞdy
�
dx¼

Z

B

�Z

A

f ðx;yÞdx
�
dy: ð12Þ

DM∞
ij ¼ DM∞

ij ðumaxÞ þ
Z∞

0

8
<

:
2

p

Z∞

0

�
∬

SW

h
PIm
j ðu; r!Þ$ni

i
ds
�
cosðutÞdu

9
=

;
sinðumaxtÞ

umax

dt ð13Þ

f Að r!; tÞ ¼ €Xjð r!; tÞ

0

BBB@

PRe
j ðumax; r

!Þþ
Z∞

0

0

@2

p

Z∞

0

h
PIm
j ðu; r!ÞcosðutÞ

i
du

1

A sinðumaxtÞ
umax

dt

1

CCCA
; ð14Þ

270 H.Y. Kang, M.H. Kim / International Journal of Naval Architecture and Ocean Engineering 9 (2017) 266e281



f 1ð r!; tÞ ¼ Re

"
XN

j¼1

AmpjP
D
j ð r!; tÞe�iðuj tþajÞ

#

ð16Þ

The inertia loads here present body inertia including the
added inertia as well as mass, mass moment of inertia, elastic
modal inertia and coupled inertia with nonzero center of gravity
coordinates. The restoring loads represent effects of hydrostatic
pressure and gravity. The distributed inertia loads f I and
restoring loads f R are obtained from kinematics of the elastic
floating body, which results from the hydroelastic motion dy-
namics. The restoring loading and added inertia loading are
distributed over the wet boundary element and other inertia
loads are distributed at each local mass, respectively.

f Ik ð r!; tÞ ¼ dmð r!Þ�€zkðtÞ � ½ r!� €aðtÞ�k þ
�
cjð r!Þ€xjðtÞ

�
k

	
;

f Rk ð r!; tÞ ¼ dAð r!Þ$rg�zkðtÞ � ½ r!� aðtÞ�k þ
�
cjð r!ÞxjðtÞ

�
k

	
;

where j¼ 1; :::; e; k ¼ 1; 2; 3;
and cjð r!Þ is a mode shape of jth elastic mode:

ð17Þ
In addition, the gravity induces bending moments for 3

rotational DOFs, roll, pitch and yaw in terms of the inertia and
restoring loads. With the center of gravity CG and the center
of buoyance CB,

gIkð r!; tÞ¼ dmð r!Þ�CG� €XðtÞ�
k
; where k¼ 4; 5; 6;

gRk ð r!; tÞ¼ dVð r!Þ$rg½ðCBZ �CGZÞXkðtÞþðCBl�CGlÞX6ðtÞ�;

where k¼ 4;5 and l¼


x for k¼ 4;
y for k¼ 5:

ð18Þ
Combining all the distributed internal and external loads,

Fð r!; tÞ ¼ f 1ð r!; tÞ þ f Cð r!; tÞ � f Ið r!; tÞ � f Að r!; tÞ
� f Rð r!; tÞ: ð19Þ

The external loads are balanced with internal loads by
opposite signs. Rewriting r! in terms of x, y, and z coordinates,
the shear forces and bending moments resulted from vertical
deflections along the x axis are

Vðx; tÞ ¼
Z

x

Z

y

Z

z

Fðx;y; z; tÞ$n3dzdydx;

Mðx; tÞ ¼Mx
0ðtÞ þMIðx; tÞ þMRðx; tÞ þ

Z

x

Vðx; tÞdx

where Mx
0ðtÞ ¼ML�x

ðtÞdðxþ L�xÞ þMLþx
ðtÞdðx� LþxÞ;

ML±xðtÞ ¼
Z

y

Z

z

FðL±x;y; z; tÞ,n1dzdy;

MIðx; tÞ ¼ �
Z

x

Z

y

Z

z

gI5ðx;y; z; tÞdzdydx;

MRðx; tÞ ¼ �
Z

x

Z

y

Z

z

gR5 ðx;y; z; tÞdzdydx:

ð20Þ

The d(x) is the Dirac measure that implies local bending
moments, Mx

0, are induced by horizontal loads acting on the
lateral surfaces at x ¼ Lþx or L�x. One of the main loading
components on the lateral surfaces is the horizontal hydro-
dynamic pressures. In case of the vertical deflection along the
y axis, the y would be the principle axis.

To ensure the accuracy of the hydroelastic structural dy-
namics, a set of verification procedures is utilized. Following
the accurate hydroelastic motion dynamics, each surface in-
tegral of distributive loading components is compared to the
corresponding body loading to prove correct application of the
Fubini's theorem. In the stress resultant calculation, both end
boundaries of the body are supposed to have zero or negligible
stress resultants. Since we don't take any artificial constraints
in the structural analysis, we may have nonzero but negligible
shear forces or bending moments due to numerical round-off
errors. In case a significant stress resultant occurs at the end
boundaries, we found that it represents incorrect integrals or
absence of any component. Subsequent to the satisfied free
boundary conditions, respective components at the integral
end of the shear forces need to be coincided with corre-
sponding body forces in the heave motion and those of the
bending moments have to match with corresponding body
moments in pitch for the x axis and roll for the y axis. For
instance, the shear forces induced by the convolution terms at
the integral end should be same as the heave force of the
convolution terms. The comparisons present accuracy of the
componential stress resultants.

In an analogous manner with the previous section, robust
numerical verification of the present structural analysis is
completed by comparison against counterparts on the fre-
quency domain. Based on the linearity of the Fourier trans-
form, Eq. (6) is also satisfied for the stress resultants since in
the stress resultant calculations we superpose the distributed
loads satisfying the relationship. Therefore, all the compo-
nential and total stress resultants at any point are supposed to
have spectral RAOs identical to respective counterparts on the
frequency domain, given both domains are the inviscid linear
system with only wave applied.

The present hydroelastic structural analysis is accurate in
that none of artificial constraints are used as well as all the
loads and the consequent structural responses include the in-
teractions between the random waves and floating body mo-
tions including the deformation. It is also an efficient method
that enables the continuous time-domain load-mapping for the
random sea without the direct simulations as well as provides
the coupled structural analysis of a highly-rigid floating body
in the random waves without the hydroelastic analysis and
direct simulations. The full distributions of all the internal and
external loads in Eqs. (14)e(18), including the random wave-
induced hydrodynamic pressures, can be fed into various
structural analyses in time domain through the load mapping
process including the hydroelasticity. For a localized stress
analysis of a partial structure, the distributed loads can be
mapped along with the sectional loads at boundaries.
Furthermore, for a floating body with high rigidity in the
random waves one can carry out the developed structural
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analysis with the j up to 6 rigid DOFs in order to get the stress
resultants or to perform the load-mapping directly in time
domain.

3. Numerical results and discussions

For illustration, we consider both the hydroelastic motion
and structural dynamics of an elastic pontoon in random
waves. Its length is 80 m, width is 10 m, and draft is 5 m. It is
an identical model used in our preceding frequency-domain
hydroelastic analysis (Kang and Kim, 2014) that allow us
the cross verification. Following the verification procedures, a
parametric study in terms of the elasticity and random wave
types is carried out to investigate the influences of sea-state
type/severity and elastic resonance phenomena. A longer
peak period spectrum is also employed to demonstrate the
increasing effects of the horizontal pressures on the lateral
surfaces to the bending moments. As a critical case, the head
sea condition in the negative x direction is considered.

3.1. Modeling of an elastic elongated rectangular barge
in random seas

As inputs for wave-related terms in Eqs. (3) and (4), the
hydrodynamic pressures and coefficients are calculated by 4th
order B-spline and Galerkin method for the boundary elements
in order to ensure accuracy in the high frequency region
(Kashiwagi, 1998a, 1998b). The size of higher-order elements
is determined after convergence test that leads to 2900 ele-
ments in Fig. 1. The 2900 elements are further employed in the
structural analyses.

The mass and mass moment of inertia are 4.0Eþ06 kg,
6.67Eþ07 kg m2 for roll, and 2.13Eþ09 kg m2 for pitch and
yaw, respectively. The origin of body coordinate system is at
the mean water level of the mid-section with the z axis positive
upward. The center of gravity is given at z ¼ �2 m. The
material density and bending stiffness of the floating structure
are assumed to be uniform. Based on the geometry with head
sea condition, the flexibility of the pontoon is modeled by
vertical deflections of the BernoullieEuler beam with free-
free end condition. The mode shapes are given with respect
to the origin of the body coordinate system (Leissa, 1962;
Newman, 1994)

4om ¼ 1

2

�
sin kom$x

sin kom
þ sinh kom$x

sinh kom

�
; where om¼ 1;3;5;7;

4em ¼ 1

2

�
cos kem$x

cos kem
þ cosh kem$x

cosh kem

�
; where em¼ 2;4;6;8;

and kom;em are roots of ð � 1Þom;em tan kom;em þ tanh kom;em ¼ 0:

ð21Þ
As the parametric study of the elasticity, four different

flexibilities of rigid, Full EI, half EI, and Quarter EI cases in
Table 1 are employed. The modal inertia and stiffness values
are obtained for the 3 flexible cases and the dry natural fre-
quencies are given in Table 2. The most flexible case, Quarter
EI, has the lowest dry natural frequency at about 1.25 rad/sec,
and the Half EI case is about 1.77 rad/sec.

To identify the true natural frequencies that include the
wetted condition and coupling with other modes through fluid,
the numerical hammer tests for the Quarter and Half EI cases
are implemented. The true natural frequencies of the two
lowest elastic modes are compared in Table 3.

It is interesting that the first natural frequency of the
Quarter EI case is increased due to the stiffness change by
hydrostatic restoring pressure as much as 1.961E þ 6 N. It is
about 1.3 times larger than the dry modal stiffness. In this

Fig. 1. Schematic view of the floating body.

Fig. 2. Comparison of incident wave spectra.
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case, the increase of stiffness is larger than the increase of
inertia. Meanwhile, other three natural frequencies are
decreased due to the increase of inertia through added mass.
Both the first and second elastic modes can be under the risk of
resonance by typical ocean waves, which will significantly
influence the structural dynamics as well as motion dynamics.

For the random seas, a set of irregular waves are generated
by 2-parameter Pierson-Moskowitz (PM) spectrum and 3-
parameter JONSWAP (JS) spectrum. Dependency of the
hydroelastic responses and resulting stresses on the severity of
sea state is investigated by three consecutive sea states of PM
spectrum i.e. sea state 3 of 0.88 m significant wave height (HS)
and 7.8 s peak period (TP), sea state 4 of HS ¼ 1.88 m and
TP ¼ 8.6 s, and sea state 5 of HS ¼ 3.25 m and TP ¼ 9.7 s.
Furthermore, another sea state 5 (sea state 5*) is applied with a
bit longer peak period TP ¼ 10.8 s to more clearly demonstrate
horizontal pressure effects to the bending moment (see Fig. 2).

Finally, an irregular wave condition for a shallow site of
offshore Korea (Cho et al., 2012) is simulated by JONSWAP
spectrum with HS ¼ 2 m, TP ¼ 4.49 s, and g ¼ 3.3, which has
dominant wave energy around 1.4 rad/sec. The significant
energy in the high frequency region is expected to generate
resonance phenomena of the Half and Quarter EI cases, based
on the wet natural frequencies in Table 3.

3.2. Hydroelastic dynamic responses to random seas

The four structures undergo the five types of the random
waves. After verification, we investigated motion responses up

to 4000 s by the time-domain hydroelastic motion analysis.
Through a series of convergence tests, the time interval of
0.05 s for sea state 3, 0.03 s for sea state 4 and the JONSWAP
spectrum, and 0.02 s for sea state 5 and 5* were used.
Ramping period is applied for the first 10,000 steps. In inte-
grating the impulse related terms such as infinite-frequency
added inertia and convolution terms, du ¼ 0.01 rad/sec is
employed up to the umax ¼ 2.0 rad/sec and total 10,000
retardation steps are used after the convergence tests. To
generate the random sea, total 80 regular wave components are
superposed from 0.1 to 2.0 rad/sec. The wave frequency is
randomly perturbed to avoid the periodic repetition of the
generated wave elevations.

Following the verification procedures including conver-
gence tests for the number of elastic modes as well as the
hydrodynamic coefficients along the wave frequency, we
compare the regenerated motion spectral RAOs against the
frequency-domain RAOs calculated in our preceding study
(Kang and Kim, 2014). The lowest elastic modes of half and
quarter EIs are demonstrated in Fig. 3. The regenerated
spectral RAOs are calculated from the respective time histories
of sea state 5 by PM spectrum.

All the three elastic cases by time-domain simulations show
excellent agreement compared to the frequency-domain results
with error less than 1%. In regard to the resonance, the first
elastic modes of the Quarter and Half EI cases have the peaks
around 1.4 rad/sec and 1.7 rad/sec, which coincide with the
values obtained from the numerical hammer tests. For more
complete verifications, other 12 modes of all four cases
including the rigid case are identically tested and the corre-
spondences are confirmed within similar tolerance. As already
pointed out in the frequency-domain analysis (Kang and Kim,
2014), the elastic motions do not appreciably influence the
6DOF rigid-motion responses, thus the rigid motion responses
are almost the same in the four EI cases.

The elastic-response time series in Fig. 4 shows that the
elastic mode amplitudes get doubled from sea state 3 to 4 or 4
to 5. When compared to frequency-domain estimation for the
same random seas, the maximum values of Fig. 4 tend to be
smaller.

Fig. 5 shows the corresponding the first elastic mode
spectra regenerated from the respective time series. We can
detect minor resonances at the lowest elastic natural fre-
quencies of Quarter EI (Q-EI) and Half EI (H-EI) cases as
circled in the figure. Due to small incident-wave energy near
the lowest elastic resonance frequencies, the resonance am-
plifications are not very noticeable.

To better show the elastic resonance, the JONSWAP
spectrum of a Korean site is applied with TP ¼ 4.49 s and
similar HS to the sea state 4. The elastic-response time series
and spectra for the two lowest modes are presented in Figs. 6
and 7, respectively.

The first elastic mode of the Quarter EI case dominates due
to the resonance phenomenon, as shown in the top plot of
Fig. 6. In the left plot of Fig. 7, the corresponding first elastic
mode of Quarter EI case has main resonance peak. Minor peak
for the Half EI case is also seen. Although the amplitudes of

Table 3

True natural frequencies of the flexible floating bodies.

Elastic mode Quarter EI Half EI

1 1.44 rad/sec 1.71 rad/sec

2 2.82 rad/sec 3.84 rad/sec

Table 1

Four cases with different bending stiffness.

Case Bending stiffness (EI )

1: Rigid body ∞
2: Full EI body 2.5601E þ 10 Nm2

3: Half EI body 1.2801E þ 10 Nm2

4: Quarter EI body 6.4003E þ 09 Nm2

Table 2

Resultants of the modal analysis.

Elastic Mode Modal stiffness [N]/Dry natural frequency [rad/sec]

Full EI case Half EI case Quarter EI case

1 6.26E þ 6/2.50 3.13E þ 6/1.77 1.56E þ 6/1.25

2 4.75E þ 7/6.90 2.38E þ 7/4.88 1.19E þ 7/3.45

3 1.83E þ 8/13.53 9.14E þ 7/9.59 4.57E þ 7/6.76

4 4.99E þ 8/22.35 2.50E þ 8/15.80 1.25E þ 8/11.17

5 1.11E þ 9/33.38 5.57E þ 8/23.60 2.79E þ 8/16.69

6 2.17E þ 9/46.62 1.09E þ 9/32.97 5.43E þ 8/23.31

7 3.85E þ 9/62.07 1.93E þ 9/43.89 9.63E þ 8/31.04

8 6.36E þ 9/79.73 3.18E þ 9/56.37 1.59E þ 9/39.86
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the time series are similar to those of the sea state 4 of Fig. 4,
the response frequencies are higher than those of Fig. 4 since
more contributions come from the elastic resonance, which
means it can be more vulnerable to fatigue failures. The
second-order sum-frequency wave loading, which is not
covered here, would be another source to amplify the reso-
nated elastic deformation. The Half EI case also shows the
resonance in smaller magnitude at higher frequency.

In the considered frequency range, the amplitudes of 2nd
elastic modes are much smaller than those of 1st elastic modes.
The second elastic mode of the Quarter EI case shows coupling
with the first mode, which illustrates minor interactions among
the elastic modes. The incident wave spectra are truncated at
2 rad/sec with only the first-order waves, and thus the reso-
nances at the 2nd lowest natural frequencies are not presented.

3.3. Hydroelastic dynamic structural resultants in
random seas

Subsequently, the developed time-domain hydroelastic
structural analysis is implemented for the random waves
including an additional environment, the sea state 5*. All the
internal and external loading components are decomposed in
the distributive manner, and the stress resultants, shear forces
and bending moments, are obtained in each sea state.
Following the verification procedures such as free stresses at
the boundaries, equivalences between internal and external
loads, and convergence for the numerical integral schemes, the
spectral RAOs of the stress resultants are compared against the
counterpart RAOs from the frequency domain analysis (Kang
and Kim, 2014). The shear forces and bending moments are

Fig. 3. Verification of time-domain hydroelastic motion dynamic analysis.
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Fig. 4. Variation of modal responses for sea state 3e5.
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measured at the quarter section and mid-section, respectively,
and the componential values as well as the total values are
compared. To demonstrate the verification, the sea state 5 is
selected.

Along the wave frequency to 1.8 rad/sec, the stress re-
sultants of the four EI cases are compared between the time-
and frequency-domain results. Since the present method is
direct calculations from the distributed loads that doesn't
require the pre-calculation of deflections, we can obtain the
stress resultants even for the rigid case. In Fig. 8, the lines
represent the frequency-domain results and marks show the
time-domain results. The total values are well matched over
the frequency range including typical wave energy and the
lowest natural frequencies for half and quarter EIs. In the
RAOs of the stress resultants, the resonance is detected near
1.4 rad/sec for the Quarter EI case and 1.7 rad/sec for the Half
EI case. Except for the resonance regions, more flexible body
has less stress resultants. Whereas, the more flexible, the more
vulnerable to elastic resonances.

The constituent components of the stress resultants are
further compared in Fig. 9. They comprise restoring-induced
stresses, inertia-induced stresses, and hydrodynamic
pressure-induced stresses. In the time domain analysis, the
hydrodynamic pressures include the wave excitation, added
inertia pressures at infinite frequency, and convolution-integral
terms. The excellent agreement presents the accurate calcu-
lations of the respective components. It also warrants correct
phase differences among the components. In the componential
comparison, it is also seen that the largest differences for the
different EI's occur near the resonance frequencies, especially
at the inertia loads.

Influence of the sea-state increase on the stress resultants
are compared in Fig. 10. Here, the total shear forces and
bending moments are plotted for the rigid and Quarter EI
cases. From the sea state 3 to 5, both the shear forces and
bending moments are doubled in proportional to the respective
sea-state increases similar to the case of modal responses in
Fig. 4. As for the variation with the elasticity, the stress

Fig. 5. Response spectra for sea state 5 and minor resonance peaks.
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resultants are smaller in the Quarter EI case by 5e10% than
the rigid case in all the 3 sea states. However, this trend may
be reversed if there is significant wave energy near the lowest
elastic natural frequency.

Following the three sea states without notable high fre-
quency energy, the JONSWAP spectrum of a shallow Korean
site with peak frequency around 1.4 rad/sec is applied. It
shows strong influences of elastic resonance as in Fig. 11. The
resonances of the lowest elastic modes cause significant in-
creases of stress resultants in the Quarter and Half EI cases
(more in Q-EI case). The Full EI case without elastic reso-
nance has much less (1/3e1/2) shear forces and bending
moments compared to those of the H-EI and Q-EI cases. The
Full-EI results are almost identical to the rigid case. For the
maximum value, the JONSWAP spectrum results in similar
magnitude to sea-state 5 although its HS is similar to that of
sea-state 4 (see Fig. 12). Likewise in the frequency domain,

the stress-resultant spectrum can be obtained by the product of
wave spectrum and RAO squared, which can also be signifi-
cantly magnified due to the elastic resonance.

The time-domain structural analyses of the four EI cases in
the four random seas imply that the structural responses to
random waves are significantly influenced by the energy dis-
tribution of incident waves and the locations of resonance peaks
of elastic modes. From the case studies, in the cases of random
waves with spectral peaks in low or intermediate frequency
regions would result in 3e10% stress-resultant reductions by
the elasticity. For random waves with higher peak frequencies,
elastic resonances can significantly amplify the stress resultants
if the lowest wet natural frequencies are close the spectral peaks.
This case typically happens in shallow water regions due to
wave-dispersion effect. Therefore, we can conclude that the
shear forces and bending moments without including hydro-
elasticity would be either overestimated without noticeable

Fig. 7. Comparison of elastic-response spectra for JONSWAP spectrum including resonance.

Fig. 8. Verification of time-domain hydroelastic structural analysis.
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elastic resonances or significantly underestimated with pro-
nounced elastic resonances. Here, the structural damping is not
considered, so the actual effect of elastic resonance is expected
to be less in the real situation. Following the modal expansion
theorem, the present method can include the structural damping
by a modal damping matrix C in

�
Mij þDM∞

ij

�
€Xj þCij

_Xj þKH
ij Xj ¼ F

ð1Þ
i ðtÞ þFC

i ðtÞ: ð22Þ
For i ¼ j greater than 6, the damping matrix can be

described by Rayleigh proportional damping

Cij ¼ aMij þ bKij: ð23Þ

Fig. 9. Componential verification of hydroelastic structural analysis.
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or critical damping ratio (2ziuiMij). The empirical co-
efficients, a in 1/sec and b in sec, have dominant contributions
respectively in low and high elastic modes.

Our preceding study revealed that the frequency-domain
linear stochastic method tends to overestimate the maximum
stresses than time-domain simulation (Kang and Kim, 2014).

The difference may be attributed to phase effects of respective
components that is correctly taken into account in the time
domain simulation. Therefore, in view of cost effectiveness
with higher accuracy, the present time-domain method is
preferred than the direct simulations (CFD). Furthermore, the
time series of the stress resultants can directly be used for
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fatigue analysis. The followings discuss additional merits of
this method, such as horizontal pressure effects and the pos-
sibility of full distributions of all the components.

The last sea state 5* including longer waves is utilized to
identify the front or rear lateral surface effects to the stress
resultants such that hydrodynamic pressures acting there
mainly cause local bending moments and the magnitudes get

larger for longer waves. The bending moments induced by the
horizontal pressures on the lateral surface at x ¼ �40 m are
compared among the four different sea states; JONSWAP, sea
state 4, 5*, and 5. The two elastic cases, Full EI and Quarter
EI, are selected.

In the cases considered, the horizontal pressures induce
about 10% of the total bending moments in the random seas,
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and the influence is more amplified by longer waves due to
deeper penetration of pressure field. With high-frequency
waves like JONSWAP spectrum, its effect is small. The
1.1 s shift of TP in the sea state 5* causes 7% increase than the
sea state 5 by the lateral surface effects. Therefore, if the
lateral surface effects are not taken into consideration, as in
the simplified thin-plate-based hydroelastic analyses, it may
result in about 10% loss of the bending moments. Moreover,
the differences may vary with the wave to barge length ratio.

To obtain random wave-induced local or global stresses
without the costly direct time domain simulations and the
hydroelastic analysis, the convolution integral terms tend to be
ignored due to the numerical complications involved. To
clarify the importance of the convolution integral to the stress
resultants, its contributions are compared to those induced by
the wave excitation in the sea state 5. The wave excitation
presents the loading caused by the wave diffraction. In Fig. 13,
the shear forces at the quarter section and bending moments at
the mid-section are compared between the two causes.

In magnitude wise, the convolution term reaches about
30e40% of the wave excitation and the ratio is similar in other
four sea states. On a closer view, the convolution-integral-
induced bending moments get decreased by 1e3% for each
higher EI case. It implies that the load mapping of wave
excitation without the convolution loading can result in error
over 30%. The percentage would be larger with more sub-
merged volume since it would increase radiation waves
causing the convolution term.

4. Conclusions

Using the expansion of impulse response functions and
Fourier transform, the hydroelastic interactions of a deform-
able floating body with random waves are solved for the
motion and structural dynamics in time domain. An important
part of the solution is the efficient and accurate calculation of
the fully distributed componential loads acting on the
deformable body in random waves. The distributive loading
terms are reformulated to be efficacious and the balance be-
tween the internal and external loads is verified. An important
benefit is that the full distributions of loads and stress re-
sultants are now available in both total and componential
values without using more costly CFD simulations. Further-
more, the present method can directly estimate the stresses of
a highly rigid body without hydroelastic analysis.

For illustration, an elongated rectangular barge with four
different bending rigidities is applied to five different random
sea states covering sea states 3 to 5. Prior to the dynamic re-
sponses, the true wet elastic natural frequencies of the floating
flexible bodies are identified by the numerical hammer tests
and they are compared against the dry elastic natural fre-
quencies. It is seen that both hydrostatic stiffness and added
inertia influence the wet elastic natural frequencies.

The parametric hydroelastic study shows that both motion
responses and dynamic stress resultants increase with the sea
states and vary with the elasticity. Elastic motion responses
generally increase with flexibility but the stress resultants

without significant elastic resonances decrease with the flexi-
bility. The lowest elastic modes can undergo resonances,
which amplify both motion responses and stress resultants
significantly. An example of noticeable resonance with elastic
modes is demonstrated by a shallow-water incident wave
spectrum that imposes main energy in relatively high fre-
quency region. The elastic resonance resulted in significant
increase in stress resultants.

Furthermore, local bending moments induced by horizontal
pressures at lateral surfaces are illustrated. The convolution-
term-induced stress resultants, which are typically not
included in most existing hydroelastic computer programs for
random waves due to numerical complications, are appre-
ciable and essential for accurate estimation of the stresses. The
developed method is to be further extended to couple with
other environmental loads, such as ice, or various dynamic
units such as mooring-riser and wind turbine in random seas.
The application of the present method for more general 3D
bodies including oblique waves is straightforward by taking
modal results from a conventional FEM tool (e.g. Kang
(2014)).
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