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Estimation of Voltage Swell Frequency Caused by Asymmetrical Faults

Chang-Hyun Park†

Abstract This paper proposes a method for estimating the expected frequency of voltage swells 
caused by asymmetrical faults in a power system. Although voltage swell is less common than voltage 
sag, repeated swells can have severe destructive impact on sensitive equipment. It is essential to 
understand system performance related to voltage swells for finding optimal countermeasures. An 
expected swell frequency at a sensitive load terminal can be estimated based on the concept of an area 
of vulnerability (AOV) and long-term system fault data. This paper describes an effective method for 
calculating an AOV to voltage swells. Interval estimation for an expected swell frequency is also 
presented for effective understanding of system performance. The proposed method provides long-
term performance evaluation of the frequency and degree of voltage swell occurrences.

Keywords: Asymmetrical faults, Interval estimation, Power quality, Single line to ground fault,
Voltage swells

1. Introduction

Voltage swell is a short duration disturbance characterized
by voltage magnitude and duration, and defined as an 
RMS voltage increase of 1.1-1.8 p.u. at the power 
frequency for durations 0.5 cycle to 1 minute, i.e., the 
opposite phenomenon of voltage sag [1]. Voltage swell is 
usually associated with single line to ground fault (SLGF), 
which is the most common fault type in power systems. 
Such faults can produce sudden voltage increase on 
unfaulted phases along with voltage drop on the faulted 
phase. The voltage increase of a swell is more severe in 
ungrounded or delta systems. Since ungrounded systems 
have a high impedance path in the zero sequence circuit, 
there will be significant voltage swells on unfaulted phases 
[1]. Voltage swell can also occur with sudden load decreases
and capacitor bank switching. Fig. 1 shows the relative 
frequency of event type power quality disturbances [2]. 
Although voltage swell is less frequent than voltage sags, 
the swell can cause destructive impacts on sensitive 
equipment. For industry sites, cumulative swell conditions 
can cause power supply breakdown of sensitive equipment, 
which can halt the entire industrial process [1]. Moreover, 
voltage swells exceeding high voltage ride-through (HVRT) 
capabilities of grid connected wind turbines lead to the 
turbine disconnections. Such unexpected failures of wind 
turbines can have a significant influence on system stability. 
To establish optimal design and countermeasures against 
voltage swells, system performance assessment pertaining 
to voltage swells is required. Estimating expected swell 
frequencies at sensitive load terminals is an effective way 
to understand system swell performance. Although various 
voltage sag assessment methods have been proposed [3-10], 

no effective method for voltage swell assessment has 
been developed. Voltage swells caused by SLGFs can be 
stochastically predicted using an area of vulnerability 
(AOV) and system statistics of asymmetrical faults. In 
this paper, an effective method to calculate an AOV to 
voltage swell is proposed, and an estimation method to 
predict annual swell frequency at a load point of interest 
is described. Interval estimation for an expected swell 
frequency is also proposed for effective understanding of 
system voltage swell performance.

2. Vulnerable Area and Analytical Fault Voltage 

Equations

2.1 Vulnerable area leading to voltage swells

The AOV to voltage swells describes a system area 
where the occurrence of faults will lead to voltage swells 
higher than a given voltage threshold. Thus, the AOV is 
useful for stochastic evaluation of voltage swells at a load 
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Fig. 1. Relative occurrence of power quality events [2]
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point of interest. The concept of an AOV was primarily 
introduced in voltage sag assessment [10]. Fig. 2 shows 
examples of AOVs to voltage sag and swell. Boundary 
points of the AOVs are called critical points, which are 
fault positions causing fault voltage magnitudes equal to a 
voltage threshold. When faults occur in AOVswell, the 
sensitive load point experiences voltage swells. On the 
other hand, when faults occur in AOVsag, the sensitive load 
point experiences voltage sags. However, there is a big 
difference between AOVswell and AOVsag. AOVsag generally 
appears at faulted phases, whereas AOVswell appears at 
unfaulted phases. Especially, SLGFs in the overlapping 
region of the two AOVs can cause simultaneous voltage 
sags and swells. We can estimate voltage disturbance 
frequency by assessing fault performance in the AOV 
from historical fault statistics. Therefore, it is important 
to accurately identify an AOV for estimating voltage 
swell frequency. Several methods for identifying an AOV 
to voltage sags have been proposed. Two well-known 
methods are critical distance and fault position methods [6-
10]. The critical distance method addressed in [6, 7] is a 
simple method based on a voltage divider model. However, 
the critical distance method has a crucial disadvantage 
that it cannot be applied to meshed systems. On the other 
hand, the fault position method can be applied to meshed 
systems as well as radial systems [8, 9]. Therefore, the 
fault position method has been widely used in many studies. 
In the method, many fault positions and line sections in a 
network are determined, and fault calculations are 
performed at the fault positions. Then, AOV is determined 
by including fault positions and sections leading to voltage 
sags or swells. However, to obtain an accurate AOV, the 
method basically requires a large number of fault positions 
and simulations. As a system size becomes larger, the 
computational complexity of fault calculation as well as 
the number of fault positions significantly increase [5]. 

This point is a well-known major drawback of the fault 
position method. The method proposed in [10] appears 
the most accurate and fastest performance for calculating 
an AOV in large power systems. The method is based on 
residual voltage equations and various numerical algorithms. 
To calculate accurate critical points, quadratic interpolation 
equations for network lines were derived using three sag 
magnitudes due to faults at both ends and middle point on 
the lines. And root(s) of the equations were used as starting 
values for secant root finding. However, in the case of large 
differences between quadratic interpolation and real sag 
magnitudes, the method can lead to slow convergence or 
divergence in the calculation of critical points. In [11], the 
limitations of the method have been overcome. However, 
because swell magnitude variation along network lines 
differs from sag magnitude variation, the AOV calculation 
methods cannot be directly applied to AOV determination 
for voltage swells.

2.2 Analytical equations for calculating voltage swell 
magnitudes 

Electromagnetic simulation with detailed system 
modelling is needed to analyze the transient system 
response during fault conditions [5]. However, in long-term 
performance evaluation, RMS swell magnitudes can be 
efficiently calculated based on the concept of symmetrical 
components of positive (Z1), negative (Z2), and zero (Z0) 
sequences [5]. To precisely calculate critical points and an 
AOV to voltage swells, analytical voltage equations should 
be derived. In this paper, we focus on voltage swells 
caused by SLGFs.

SLGFs with a high zero sequence impedance path lead 
to voltage swells at unfaulted phases, whereas a faulted 
phase experiences voltage sag. Therefore, when an SLGF
on phase A at position K on line F-T occurs, as shown in 
Fig. 3, voltage sag occurs at phase A and voltage swells 
occur at both phases B and C. Analytical expressions for 
fault voltages of three phases at any bus m are
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Fig. 2. Example of areas of vulnerability (AOVs) to voltage
sag and swell

Fig. 3. Single line-to-ground fault on line F-T
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where ���
��� are the sequence driving point impedances at 

fault position K; ���
��� are the sequence transfer

impedances between bus m and fault position K; and ��
����

is the pre-fault voltage at fault position K expressed using a 
variable p (i.e. proportional length of fault position K to the 
entire length of line F-T) as given below
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3. Calculation of Critical Points and Area 
of Vulnerability

3.1 Minimum swell magnitude

Finding accurate critical points is essential for 
determining an accurate AOV. By solving the analytical 
fault voltage equations for a given voltage threshold, we 
can accurately calculate critical points on a general line F-
T. However, voltage magnitudes from the equations have 
fourth degree of the variable p and analytical expressions 
for the derivative of the equations are not obtainable, so 
solving the equations is not simple. Generally, faulted 
phase voltages change near linearly or convexly within 0 ≤ 
p ≤ 1 [10]. On the other hand, voltage swell magnitudes 
due to faults along a line appear near linear or concave 
curves within 0 ≤ p ≤ 1. Fig. 4 (a) shows a concave type of 
swell magnitude change and two critical points pc1 and pc2

for the voltage threshold Vth. On the line, two parts (i.e., 0 
≤ p ≤ pc1 and pc2 ≤ p ≤ 1) are included in the AOV causing 
higher voltage swells than Vth. Fig. 4 (b) shows a linear 
change of swell magnitude within 0 ≤ p ≤ 1 and there is 
one part (i.e., pc1 ≤ p ≤ 1) on the line included in the AOV.

To derive an accurate interpolation equation, minimum 
swell magnitude and point should be calculated. We can 
obtain the best approximated interpolation curve using 
swell magnitudes due to faults at both ends of buses and 
the minimum swell magnitude point. The minimum swell 
magnitude and point can be found by using the golden 
section search (GSS). Because there is no need to calculate 
differential values for fault voltages and swell magnitude 
function for 0 ≤ p ≤ 1 has only one minimum value, the 
GSS is effective to find the minimum swell magnitude and 

point [12-14]. Moreover, since the GSS calculates only 
one new point for each iteration, the number of swell 
magnitude calculations can be reduced [11]. 

The key idea behind the GSS is that after determining 
new points and intervals based on the golden ratio, the 
interval in which the minimum cannot lie is eliminated, 
successively. Firstly, points �� and �� are calculated using 

(a)

(b)

Fig. 4. Swell magnitude changes within 0 ≤ � ≤ 1 (a) 
concave type (b) linear type

Fig. 5. Golden section search for finding the minimum 
swell magnitude
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the golden ratio (see Fig. 5). Then, interval A and �� far 
from the minimum are eliminated and a new point ��

� is 
calculated. Interval B is secondly eliminated. The process 
is iterated until convergence. The pseudocode of the GSS 
for finding the minimum swell magnitude |�(����)| and 
point ���� within the interval 0 ≤ p ≤ 1 is illustrated in 
Fig. 6.

3.2 Critical point calculation and AOVswell determi-
nation

The proposed procedure for determining an AOVswell is 
shown in Fig. 7. 

Pre-fault bus voltages and sequence impedance matrices, 
Z1, Z2, and Z0 are calculated, and voltage swell equations
for a system bus of interest are formulated. Swell
magnitudes due to SLGFs at p=0 and p=1 are calculated,
and if Vth exceeds the swell magnitudes at both |�(0)| and
|�(1)| , the entire line is outside the AOVswell. If Vth is 
between the swell magnitudes |�(0)| and |�(1)|, the line 
has one critical point and one part on the line is included in 
the AOVswell. For this case, quadratic interpolation is 
performed to find the critical point using the swell 
magnitudes |�(0)| , 	|�(0.5)| and |�(1)| . We can easily 
derive a quadratic equation which exactly pass the three 
magnitudes by polynomial interpolation such as the 
Newton or Lagrange form methods [12-14]. Then, root pic 

of the interpolation equation is calculated and secant 
iteration with stating values near pic is performed until 
convergence. Finally, the accurate critical point and line 
part inside the AOVswell are determined. If Vth is lower than 
the swell magnitudes at both |�(0)| and |�(1)| , the 
minimum magnitude |�(����)|and point ���� for 0 ≤ p ≤
1 is calculated by the GSS. If |�(����)|is higher than Vth, 
the entire line is inside the AOVswell. If not, the line has two 
critical points and two parts inside the AOVswell. Thus, 
quadratic interpolation is then performed using the 
magnitudes|�(0)|,|�(����)| and|�(1)|. Two roots of the 
interpolation equation are calculated. Then, the secant 
iteration is performed to find accurate critical points, and 
the two areas inside the AOVswell are determined. These 
steps are applied to all network lines. 

4. Interval Estimation for Voltage Swell Frequency

4.1 Estimation of voltage swell frequency

There are three approaches for counting voltage swell 

Fig. 6. Pseudocode of the golden section search for finding 
the minimum swell magnitude and point

Fig. 7. Flowchart for determining an AOV to voltage 
swells
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events. The first approach counts voltage swells with only 
the highest voltage of the three phases. The second 
approach takes into consideration the average voltage of 
the three phases. The above two approaches report only 
one swell event per fault [15]. The third approach counts 
voltage swells on each of the three phases as separate 
events [15]. This approach is appropriate for estimating 
swell frequency for an individual phase, and is adopted 
here for the estimation of voltage swell frequency. After 
determining an accurate AOV for a load point of interest, 
an expected swell frequency at the point can be estimated 
by assessing the expected fault frequency in the AOV. 
Voltage swell performance heavily depends on fault 
performance in an AOV. Traditionally, historical fault 
statistics have been used for the assessment of voltage sags 
and system reliability. The fault statistics represent long-
term fault performance for entire system. Especially, in 
voltage sag assessment, average annual fault rates per unit 
length have been considered to be key data for estimating 
voltage sag frequency. Voltage sag frequency is estimated 
by multiplying system fault rates expressed in faults per 
km-year by total line length in km included within a 
calculated AOV. Thus, fault performance in a given AOV 
has been assessed from average system fault rates. This 
approach is valid for assessing entire system performance. 
However, site performance assessment for a specific load 
point requires more practical and accurate fault rate models. 
In real power systems, the frequency and degree of fault 
occurrences heavily depend on geometrical locations and 
environmental conditions, e.g. fault rates of underground 
systems are significantly lower than overhead systems. 
Therefore, fault performance can vary significantly 
according to AOV size and location. Previous fault detection
and recording were not effective, and assessing fault 
performance in a specific area is a difficult task. However, 
with increasing incidence of high performance fault 
recorders, relays, and power quality monitors, more 
practical and accurate fault performance can be derived. 
The modern devices also have various functions, such as 
fault localization and communication, so fault rates in 
areas of interest as well as for the entire system can now 
be derived [16-20]. Hence, we propose an AOV centered 
approach for estimating swell frequency. Because SLGFs 
at phase A can lead to voltage swells at the unfaulted 
phases B and C, to estimate swell frequency, AOVs should 
be determined for both phases B and C. An SLGF can 
occur at any phase of three phases. Therefore, assuming
that all three phases have equal probability of SLGF 
occurrence (i.e., SLGF occurrence at each phase is 
assumed as one third of total SLGF occurrences), an 
expected swell frequency ESFswell per year for a single 
phase can be estimated as

�������� =
�

�
�����,� + ����,�� (7)

where ����,� and ����,� are annual average frequencies 

of SLGFs in the AOVs for phases B and C, respectively.

4.2 Interval estimation based on poisson distribution 
model

The estimation of an annual average ESFswell is a type of 
point estimation. Point estimation is a simple approach to 
yield a single average value. However, an average value 
does not reflect estimation errors, and it would be unusual 
for an estimation frequency to exactly match the real swell 
frequency. Therefore, it is ineffective to understand and 
predict voltage swell performance at a load point of interest. 
In practical use, interval estimation is more effective than 
point estimation, because it provides an average value with 
a confidence interval. The confidence interval is typically 
the lower and upper bounds of the 95% confidence interval 
for the mean, and indicates how far an estimated average 
is from the true average. Therefore, interval estimation 
provides a better understanding of voltage swell perfor-
mance. Voltage swell occurrences depend on fault 
distribution characteristics within the power system. 
Since system faults are exponentially distributed according 
to a time span, swell occurrences can be modelled as the 
discrete Poisson distribution [21, 22]. The Poisson 
distribution is most commonly used to express occurrence 
probability of random events for a specified time interval. 
If X has a Poisson distribution for annual average event �
(i.e., ESFswell) over a time interval of t years, the probability 
mass function (PMF) and the cumulative distribution 
function (CDF) can be expressed as (8) and (9), 
respectively. Fig. 8 shows an example of the PMF and CDF 
for �� = 10.

�(� = �; ��) = ����
(��)�

�!
, x=0, 1, 2, 3…   (8)

�(� ≤ �; ��) = ∑ ����
(��)�

�!
�
��� 	 (9)

From the relationship between the CDF of the Poisson 
and chi-squared distribution, we can calculate lower and 

Fig. 8. The Poisson mass function and distribution with x
and μt=10
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upper limits of the 95% confidence interval for ESFswell. 
The 95% confidence interval means that for 95 times of 
100 estimations, the interval would contain the true average
swell frequency. When the number of events is large, the 
Poisson distribution can be approximated by the normal 
distribution. However, generally system faults and voltage 
swells occur sparsely. Therefore, the normal approximation 
can produce large estimation errors. Although the normal 
approximation provides simpler calculation of the 
confidence interval, an exact confidence interval is 
required for accurately assessing system swell performance. 
For an observation �� from the Poisson distribution with 
mean ESFswell and fault monitoring period ���� years, an 
exact confidence interval for confidence level 1 – α (α = 
0.05 for a 95% confidence interval) is [23, 24]

					
��/�,���
�

�∙����
≤ �������� ≤

����/�,�(����)
�

�∙����
(10)

where �� = �������� × ����

5. Case Studies

5.1 System and cases under study

The IEEE 30-bus system, as shown in Fig. 9, was used 
in the study. Sensitive load points were assumed to be ten 
buses: 2, 5, 8, 14, 16, 19, 21, 26, 29, and 30. Detailed 
system data has been previously reported in [10] and [25]. 
To consider severe swell conditions, all transformer 
connections were assumed to be ungrounded and all faults 
were bolted type. The positive and negative sequence 
impedances of all generators were assumed to be j0.3 and 
j0.2, respectively, and the zero sequence impedances, 
including neutral grounding, were j0.5. After determining 
AOVs, ESFswell for the selected buses were calculated, and 

interval estimation based on the Poisson distribution model 
was performed. The voltage threshold used in this study 
was 1.2 p.u. Since we could not obtain real fault record 
data, system fault frequencies were assumed as shown in 
Table 1. Bus fault rate is significantly lower than line fault 
rate, so bus faults were not considered in the estimation of
ESFswell. To more reliably model fault performance of real 
power systems, the test system was classified into three 
zones A, B, and C, as shown in Fig. 9. The zones A, B and 
C represent high, medium, low fault occurrence areas, 
respectively. Fault occurrence in zone A was assumed to be 
twice that of zone B, and fault occurrence in zone C was 
assumed to be half that of zone B.

5.2 Calculation of critical points and AOVs

To estimate expected swell frequencies, all AOVs for the 
selected buses were determined. As an example, for bus 16, 
the procedure for finding critical points and AOV for phase 

Fig. 9. IEEE-30 bus system and the selected buses

Table 1. Single line to ground fault (SLGF) frequency on 
network lines

Fig. 10. Real and interpolated magnitudes for line 10-22
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C on line 10-22 is as follows: After calculating pre-fault 
voltages and sequence impedance matrices, the fault 
voltage equation (3) was formulated. And then, |�(0)|and 
|�(1)| were calculated to be 1.272 and 1.206 p.u., 
respectively. |�(0)| and |�(1)| were both higher than the 
voltage threshold, so the minimum swell magnitude 
|�(����)| and point ���� were calculated by the GSS to 
be 1.198 p.u. and 0.727, respectively. Then, quadratic 
interpolation was performed using three swell magnitudes 
|�(0)| , |�(0.727)| , and |�(1)| , as ��� = 0.131��

� −
0.197�� + 1.272 . Fig. 10 shows the real and quadratic 
interpolation swell magnitudes within 0 ≤ p ≤ 1. Line 10-
22 had two critical points for the given voltage threshold. 
To calculate accurate critical points, starting values for 
secant root finding were determined near the two roots of 
the quadratic equation. The roots of the quadratic 
interpolation equation were easily calculated to be 0.621 
and 0.878 using the quadratic formula. Since the swell 
magnitude curve was well approximated by the quadratic 
interpolation curve, the roots of the quadratic equation 
enabled fast critical point finding. The two critical points 
by the secant method were 0.581 and 0.868, respectively. 
Hence, the corresponding areas inside the AOV were 0 ≤ 
p ≤ 0.581 and 0.868 ≤ p ≤ 1. SLGF occurrences within the 
areas lead to voltage swells on phase C. In the case study, 
the critical points were calculated within convergence 
tolerance 10-3. All critical points and AOV were calculated 
by the proposed method as shown in Table 2.

Similarly, consider the critical point and AOV for bus 

19, phase B on line 24–25. After formulating the fault 
voltage equation (2), |�(0)| and |�(1)| were calculated 
to be 1.269 and 1.173, respectively. Since the voltage 
threshold is between |�(0)| and |�(1)|, there is a single 
critical point on the line. Thus, quadratic interpolation 
was performed without requiring the GSS, using |�(0)|, 
|�(0.5)| and |�(1)|. There is no extremum on the line, 
and swell magnitude was well approximated by the 
quadratic interpolation curve, as shown in Fig. 11. The 
quadratic interpolation equation was ��� = 0.064��

� −
0.160�� + 1.269 and the root of the equation was 
calculated to be 0.552. Secant iteration was then performed 
using the root of the equation for 0 ≤ pi ≤ 1. The derived 
critical point was 0.558. It was a position corresponding to 
55.8% to the length of line 24-25. Therefore, a single part 
inside the AOV was 0 ≤ p ≤ 0.558. All critical points and 
AOV for bus 19 are given in Table 3. Once the voltage 
swell and interpolation equations are derived, the proposed 
method can easily determine critical points and AOVs for 
different voltage thresholds by calculating roots of the 
interpolation equations and performing secant iteration.

AOVs on phases B and C for all the buses were 
identified by the proposed method, with some shown in 
Fig. 12. SLGFs in the AOVs lead to voltage swells higher 
exceeding the voltage threshold (1.2 p.u.) at the buses.

5.3 Expected swell frequency and interval estimation

Total lengths of the calculated AOVs for the selected 
buses are shown in Table 4. By assessing SLGF frequencies

Table 2. Critical points and AOV on phase C for bus 16

Fig. 11. Real and interpolated magnitudes for line 24-25

Table 3. Critical points and AOV on phase B for bus 19 

Table 4. Total lengths of AOVs and ���� for the selected 
buses
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Table 5. Lower and upper bounds for ESFswell at the 
selected buses

in the AOVs, we can estimate expected swell frequencies at 
the buses. From the fault performances in Table 1 and total 
lengths of the AOVs, ���� were determined.

And then, ESFswell at the selected buses were calculated 
from (7) as shown in Table 5. Although the total length of 
the AOV for bus 8 was longer than the AOV for bus 2, the 
ESFswell at bus 8 was lower. It was because most part of the 
AOV for bus 8 included network lines in zone C. Because 
ESFswell does not reflect estimation errors, it provides 
little insight into understanding system swell performance. 
Therefore, interval estimation for the ESFswell was 
performed. In this study, the fault monitoring period for the 
interval estimation was assumed to be 10 years. The total 
(integer) number of events was calculated, and then lower 
and upper bounds of the 95% confidence interval for 
ESFswell were estimated from (10), as shown in Table 5. 
Chi-square values and the bounds can be obtained using 
statistical tools. In the case of bus 16, the estimated swell 
frequency was 7.81 events/year. And for 95% confidence 
interval, bus 16 was expected to experience voltage 
swells from minimum 6.166 events/year to maximum 
9.735 events/year. Bus 5 was expected to have the lowest 

(a) (c)

(b) (d)

Fig. 12. Areas of vulnerability (AOVs) to voltage swells derived using the proposed method (a) AOV on phase C for bus 16 
(b) AOV on phase B for bus 19 (c) AOV on phase B for bus 8 (d) AOV on phase C for bus 14
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occurrence of voltage swells, and bus 29 to have the most 
frequent voltage swells higher than 1.2. Since minimum 
and maximum frequencies at a point of interest can be 
obtained as well as average swell frequency, the results are 
more useful for understanding system swell performance 
than the typical average estimation.

6. Conclusion

This paper proposed the method to estimate an expected 
frequency of voltage swells due to SLGFs. To establish 
optimal system design and countermeasures against voltage
swells, it is very important to understand system performance
pertaining to voltage swells. Estimating expected swell 
frequencies at sensitive load terminals is an effective way 
to understand system swell performance. In this paper, 
effective methods to identify an AOVswell and to estimate 
the confidence interval for ESFswell based on the Poisson 
distribution model were presented. AOVs were determined 
by calculating minimum swell magnitude and quadratic 
interpolation. The proposed method could accurately 
determine AOVs without complicated fault simulation. 
Also, we presented an AOV centered estimation of voltage 
swell frequency. After determining an AOV, an expected 
annual swell frequency at a sensitive load terminal was 
estimated by assessing fault performance in the AOV. This 
approach is more effective in reflecting geometrical and 
environmental influences on fault performance. For an 
effective evaluation of system swell performance, interval 
estimation was also proposed. Interval estimation provides 
an average value with a confidence interval that indicates 
how far an estimated average is from a true average.
Therefore, interval estimation is more useful for under-
standing an excepted swell performance and determining 
optimal countermeasure than point estimation. In the case 
study, lower and upper frequencies as well as average swell 
frequency were estimated based on the 95% confidence 
interval. The proposed method can be efficiently used to 
assess system performance related to voltage swell 
disturbances.
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Nomenclature

AOVswell area of vulnerability to voltage swells
ESFswell annual average expected frequency of voltage

swells

��,�
����� fault voltage of phase s at bus i

��,�
���� pre-fault voltage of phase s at bus i

��
���� pre-fault voltage at bus i

Vth voltage threshold
���
� , ���

� , ���
� positive, negative and zero sequence driving 

point impedances at bus i
���
� , ���

� , ���
� positive, negative and zero sequence transfer 

impedances between buses i and j
��
� , ��

� , ��
�	 positive, negative and zero sequence line 

impedances
�� fault impedance
��,�
� chi-square deviate with lower tail area l on 

degrees of freedom n
a complex operator, ����/�

α significance level 
p proportional length of a fault position to the 

entire line length (0 ≤ p ≤ 1)

pc critical point
t time interval
X discrete random variable with the Poisson 

distribution
� golden ratio, � = (√5− 1) 2⁄
� average event frequency per year
���� fault monitoring period in years for an area of 

vulnerability
����,� annual average frequency of single line to 

ground faults in an area of vulnerability for 
phase s
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