
 
INTRODUCTION 

A marker refers to a small spherical tool used in photogrammetry 
to acquire spatial information of a specific point in the human body. 
When a motion is performed after attaching numerous markers to the 
body, two or more high-speed cameras can be used to capture such 
motion. An analysis of body motion using the three-dimensional (3-D) 
positions of the markers acquired from a series of image frames is 
the most commonly used method in biomechanics. 

The mechanical principle of assuming an object as a particle or a 
rigid body has been applied, as is, on human body motion. A multi- 
body system model that connects various segments with joints has 
also been applied to the human body. In addition, the position vectors 
of markers acquired from images have been used to construct mathe- 
matical models of variables of interest. The quality of mechanical analysis 
of human body motion depends on appropriate selection and com- 
bination of physical and mathematical models. 

The observed movements of markers can be viewed as the effect 
of joint motion by muscle contraction being the primary cause. Here, 
joint motion is systematic or fixed effects. Moreover, the uncertainty 
and unavoidable error that occur during the measurement process 
(Taylor, 1997) can also be major causes that affect the measured values 
of the markers, which is referred to as random effects. A statistical 
model is defined as a model that contains mean and variance of 
resulting values from systematic and random effects, and the associated 
assumptions. Joint motions in the human body consist of rotational 
motion, and its elements such as angle, angular velocity, and angular 

acceleration are described by a transformation matrix. Rotational motions 
are centered on an axis of rotation (AoR) or center of rotation (CoR). 
Joint centers such as AoR and CoR are used in various ways in bio- 
mechanics, including calculation of momentum and defining a coord- 
inate system, while they also represent a major point of interest in 
orthopedics for diagnosis of joint functions (Kim, 2013b). Therefore, a 
model for observed markers is more valuable when it is expressed as 
a functional relationship between joint center and transformation matrix. 
Touching or direct measurement of a joint center is not possible; thus, 
it can only be estimated by using the appropriate joint motion. 

In biomechanics, some studies that estimate the joint center (Ehrig, 
Taylor, Duda, & Heller, 2006; Gamage & Lasenby, 2002; Piazza, Erdemir, 
Okita, & Cavanagh, 2004; Siston & Delp, 2006) can be considered as 
linear models. However, systematic modeling were not carried out 
because procedures for determining the uncertainty of estimation para- 
meters and goodness of fit of the model were not performed. A 
statistical model is valuable for concisely summarizing data as major 
systematic effects, and the size and nature of unexplained variations 
(McCullagh & Nelder, 1989). Therefore, an appropriate model for marker 
positions should be established and the model should be used to 
estimate the parameters of interest while also testing the uncertainty 
of the parameters and validity of the model. 

The present study examined the statistical model of segment marker 
positions observed from images of human body joint motion. The 
objective of the present study was to examine linear models related 
to CoR estimation and to identify the strengths and weaknesses of the 
models for applying an appropriate general linear model that shows 

 

 
Korean Journal of Sport Biomechanics 2017; 27(1): 67-74 
http://dx.doi.org/10.5103/KJSB.2017.27.1.67 

http://e-kjsb.org eISSN 2093-9752 

 
ORIGINAL 

A Statistical Model for Marker Position in Biomechanics 

Jinuk Kim 

Department of Physical Education, Kunsan National University, Gunsan, South Korea 

 
Received : 08 February 2017 
Revised : 21 March 2017 
Accepted : 22 March 2017 

 
Corresponding Author 
Jinuk Kim 
Department of Physical Education 
Kunsan National University, 
San 68, Miryong-Dong, Gunsan 
54150, South Korea 
Tel : +82-63-469-4645 
Fax : +82-63-469-4641 
Email : jinuk@kunsan.ac.kr 
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joint functional motions, and the positions of nine markers attached on the thigh with respect to the pelvic 
coordinate system were acquired at the same time. With the nine marker positions, the center of hip joint 
rotation and marker positions on the thigh were estimated as parameters in the general linear model. 
 
Results: After examining the fitted model, this model did not fit the data appropriately. 
 
Conclusion: A refined model is required to take into account specific characteristics of longitudinal data 
and other covariates such as soft tissue artefacts. 
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marker vectors in response to random and fixed effects that include 
CoR. The study also aimed to determine the goodness of fit of joint 
motion model for photogrammetry data by examining the validity of 
the model and the uncertainty of parameters estimated from assump- 
tions in the study model. 

METHODS 

1. A linear model for markers 

The kinematical model of observed markers attached to a distal 
segments with respect to a proximal segment coordinate system, in- 
cluding error e, can be expressed as shown below (Figure 1): 

 
=   +   +    (1) 

 

=  represents the 3-D position vector obtained from 

the th image frame ( = 1, ⋯ , ) of the th marker ( = 1, ⋯ , ). The 
term  (omicron) denotes the CoR position vector expressed with 
respect to the proximal segment coordinate system, while  is the 
position vector of the th marker expressed in the distal segment coord- 
inate system. Meanwhile,  represents the transformation matrix that 
transforms the distal segment to the proximal segment components. 
Both proximal ( , , ) and distal ( , , ) coordinate systems are 
rectangular coordinate systems and are fixed to the segments and move 
together with those segments. When looking from the proximal seg- 
ment toward the distal segment, rotational motion occurs at the center 
. If the human body segment is assumed to be a rigid body,  and 
 are vectors that are fixed in all phases of motion when looking from 

each coordinate system. In biomechanics, CoR  is of greater interest 

than .  and  must be estimated from joint motion. Generally, 3 
or more markers are attached to each segment to acquire the 3-D 
motion information of the segment. 

The origin of the statistical model for the segment markers can be 
found in the study of Chan (1965). If there are the measured coord- 
inate ( , ) data for a circle on a plane ( = 1, ⋯ , ), then 

 
= +   cos +  (2) 
= +   sin + , 

 

where ( ,    ) represents the center point of the circle,  is the radius, 
and  is the angle formed with the -axis of the coordinate system. 
The terms  and   are errors, which were assumed to be normally 
distributed with the mean and variance of 0 and , respectively; the 
error terms are independent of each other. Here, the parameters of 
interest are the center point ( , ) and radius . 

It should be noted that all components in Equation 2 were expressed 
by using the same coordinate system components. If we represent the 
realized values of the random variables  and  as =   , 
the center of the circle as   =   , and the distance from the center 
of the circle to the measured values as vector   = cos   sin , 
there are two basic forms of the least squares methods that fit the 
circle. 

 

= ∑ − −  (3) 
 

= ∑ − −    (4) 

 
‖⋅‖ is the norm of the vector. The first equation was proposed by 

Robinson (1961), and the second equation was by Delogne (1972) and 
Kåsa (1976). The first equation minimizes the normal distance between 
the data and the circle. This distance is a geometric distance; thus, the 
method is called the geometric fit method (Gander, Golub, & Strebel, 
1994). Other methods are called algebraic fit method, which usually 
minimize the square of the algebraic expression representing with 
parameters (Kim, 2011). The second equation shown above falls into 
this category. The least-squares estimate of a geometric fit function is 
the same as the maximum likelihood estimate (Chan, 1965), and the 
solution must be derived by iteration method with nonlinear equations. 
On the other hand, the algebraic fit method can derive the solution 
directly from linear equations (closed form). The 2-D models of Equa- 
tions 2, 3, and 4 can be expanded into a 3-D spherical model. 

One should note two points about  in Equation 1. First,  in Equa- 
tions 3 and 4 is a scalar, whereas  is a vector. Second, unlike , , 
and ,  was expressed with respect to the distal coordinate system. 
For an analysis that assumes the human body to be a rigid body,  
may not be important as . However, if the human body is assumed 
to be a deformable body, not a rigid body, then  takes on greater 
importance, and it must be expressed with components of a distal 
coordinate system, which is a local coordinate system (Figure 1). What 
is more important is that even in the mechanics of rigid body, expres- 
sing  with components of a local coordinate system is more advan- 

Figure 1. A marker position on the distal segment with respect to the
proximal segment coordinate system 
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tageous. Moreover, estimating  as a vector value is valuable for 
analysis of 3-D human body motion. 

When  in Equation 1 is given, vectors  and  become uniden- 
tifiable. A method for resolving this is to transform  to a distance 
value, that is, a scalar value. 

 

−   =   +  (5) 

− ≤   +   
− ≤ +   

 
Equation 5 comes from triangular inequalities, and  is an orthogonal 

matrix ( = ); therefore,   = . If error  is assumed to 
be small, then Equation 5 approaches 

 

− ≈ +  (6) 

 
Meanwhile, minimizing the square distance, not the displacement of 

error vector, corresponds to Equations 3 and 4. Here,  is independent 
to the coordinate system (   = ‖ ‖ = ). Vector  cannot be 
estimated with Equations 3 and 4. Even if Equation 1 is approached 
by using a covariance structure analysis of the measurement model, it 
cannot be estimated. Since this is linear transformation, infinitely many 
solutions exist due to no appropriate constraints. Besides, Späth (1998) 
proposed a model that uses components of a spherical coordinate 
system, not a 3-D Cartesian coordinate system. However, even this 
model cannot describe rotational motion with three full degrees of 
freedom. 

To estimate , which is expressed by a proximal segment coordinate 
system, a method called transformation method (Ehrig et al., 2006; 
Piazza et al., 2004; Siston & Delp, 2006) should be used. This is the 
segment coordinate system being given as transformation matrix  
in Equation 1. When  and  in Equation 1 are given, the equation 
can be viewed as a general linear model (Monahan, 2008; Ravishanker 
& Dey, 2002), and both  and  may be estimated. The transformation 
matrix may be comprised of Eulerian angles, directional cosines, and 
quaternions, in addition to the coordinate system of the segments 
(Ginsberg, 1998; Goldstein, 1980). The estimator of transformation method 
is an unbiased estimator with smaller variance than that of fitting 
method (Kim, 2013a). Thus, transformation method is recommended. 

The following shows Equation 1 expressed as a matrix equation 
conventionally used in general linear models. 

 
  =   +  (7) 
 

With  as the response variable, 
 

= =
⋮

⋮

 (8) 

 
where  refers to arranging by columns (McCulloch, Searle, & Neuhaus, 

2008) and  number of markers consisting of  number of vectors 
were arranged to form a single column (3  ×  1). In the same manner, 
if matrix  and vectors    are expressed as 

 

=  (9) 

 

=  (10) 

 
then,  becomes a model matrix with a size of 3  ×  3( + 1). If 
Kronecker product ⊗ is used, then 

 
=   ⊗   ,  ⊗  (11) 
 

where  is the vector = (1, ⋯ ,1) , N number of components are 
all '1', and  and  are identity matrix, size of 3 and , respectively. 
The term  can be called explanatory variables.  is a vector of para- 
meters related to the mean of , where 

 
  = ⋯  (12) 
 
Equation 7 represents a general linear model with joint center , 

and , ⋯ ,  are the effects of  number of markers from rotational 
motion, where the expected value and variance of  is ( ) =  and 

( ) = , respectively. Therefore, the expected value and variance of 
error  becomes ( ) = 0 and ( ) = .  is a 3( × ) covari- 
ance matrix that has 3 ( + 1)/2 of parameters that need to be esti- 
mated. Therefore, general assumptions are made on error  in a general 
linear model. These are an independence assumption that all  number 
of error vectors are independent to each other and a homoscedasticity 
assumption that all error vectors have the same variance of . 

 
  =  (13) 
 
Transformation method estimates  under these assumptions. Equa- 

tion 13 also contains the assumption that error vector components 
, , and  are independent each other while all have the same variance 

of . We revised such assumptions. The components , , and  are 
independent from each other, but they have different variances. Here, 
the error covariance matrix is 

 
  =   ⊗ , (14) 
 

where  is 
 

  =
0 0

0 0

0 0
  (15) 

 
 is a diagonal matrix consisting of 3 parameters. If  is known, a 

generalized least-squares estimator of  can be used. However, it is 
unknown and we should estimate it. An ordinary least-squares estimator 

 
  = ( )  (16) 
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is an unbiased estimator even under heteroscedasticity conditions 
( ( ) = ). However, variance ( ) = ( )  is biased toward 

 
= ( )   ( )  (17) 

 
and does not satisfy the efficiency or the consistency of the covariance 
matrix, which makes it inappropriate for estimation (Diggle, Heagerty, 
Liang, Zeger, 2002). Accordingly, the present study used two different 
methods to derive the variance of estimator . The first method was to 
estimate , , and  separately for each component , , and , as 
shown in Equation 15, while the second method was to use the hetero- 
scedasticity-consistent covariance matrix estimator by MacKinnon and 
White (1985). This is a method that derives the residual by using a 
generalized least-squares estimator  and then taking it into consid- 
eration for the variance of . The estimation vector  obtained from 
substituting  for  in Equation 7 is 

 
=  (18) 
=   
 
Here,   = ( )  is a projection matrix that transforms into 

an estimation space. If residual  between  and  is to be 
 
  =   −  (19) 
= ( − ) , 

 
then the variance of , by using covariance matrix  obtained by 
substituting least-squares estimators , , and  of components 

, , and  in Equation 15 into Equations 14 and 15, becomes 
 

= ( )   ( )  (20) 
 
The variance of  using HC3 (heteroscedasticity-consistency) by 

MacKinnon and White (1985) is as follows: 
 

= ( )   ( )  (21) 
 

where,  is 
 

  = diag  
( )

 , = 1, ⋯ ,3  (22) 

 
The term  is a component of residual , while ( = 1, ⋯ ,3 ) 

1 −  is a diagonal component of − . HC3 is a robust method 
for deriving the standard error of estimation vectors, showing excellent 
results under various conditions (Long & Ervin, 2000). Residual variance 
is 

 
( ) = = ( − )  (23) 

= ( − )  ( − )  
 
The estimated covariance matrix , residual , and estimated residual 

variance = ( − )  ( − )  were used to derive various 
types of residuals (Draper & Smith, 1998) for an analysis of model 
validation. 

 

 
2. Empirical data analysis 

For applying a general linear model to measured marker position 
vectors in human body joint motions, the present study chose the right 
hip joint. The hip joint has 3 degrees of freedom, consisting of flexion/ 
extension, adduction/abduction, and internal/external rotation. Joint 
center was estimated based on hip joint motions. A total of 5 male 
participants were selected for the experiment and their physical char- 
acteristics consisted of height of 179±2 cm, weight of 73±3 kg, and 
age of 20.6±.89 years. The participants did not have any history of 
musculoskeletal disease and voluntarily participated in the experiment. 
The experiment was conducted with the approval from the institutional 
review board at K University. A total of 7 markers were attached to 
anatomical landmarks in the participant's pelvis and femur as follows: 
two on the anterior left and right anterior superior iliac spine (ASIA), two 
on the posterior left and right posterior superior iliac spine (PSIS) on the 
pelvis, and one each on the greater trochanter (GT), lateral epicondyle 
(LE), and medial epicondyle (ME) on the femur. Moreover, 9 additional 
markers were attached, 3 each on the medial, anterior, and lateral sides 
of the femur. The total number of markers used in the experiment was 
16, with 7 markers attached on landmarks used to define the coord- 
inate system for each segment and the remaining 9 markers used for 
analyzing the model used in the present study (Figure 2). 

The participants performed 3 types of motions used in precedent 
studies (De Rosario, Page, Besa, & Valera, 2013; Ojeda, Martínez-Reina, 
& Mayo, 2014). The starting point of the motion was a neutral position. 
The motions consisted of 30° flexion - neutral position - 30° extension 
- neutral position as the first type of motion; 30° abduction - neutral 
position as the second type of motion; and 30° flexion - circum- 
duction to 30° extension point - neutral position as the third type of 
motion. The 3-D position vectors of the markers were acquired in 
centimeters by using the Optitrack Motion Capture System (Nationalpoint, 
USA). The camera used was Prime13, and 7 cameras were used at a 
sampling rate of 120 frames per second (FPS). The raw data for 3-D 

Figure 2. Movements of a hip joint for estimating the CoR and marker
positions 
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position vectors did not undergo any filtering process. The coordinate 
systems for the pelvis and femur were defined by using a method 
described by Wu et al. (2002), and GT was used instead of the hip 
joint center for the femur. The pelvis and femur coordination systems 
are represented in Figure 1 as proximal and distal segment coordinate 
systems, respectively. In the coordinate systems, the + , + , and +  
axes represented anterior, superior, and right directions. The 9 markers 
( = 9) used in the analysis were transformed into components of 
the pelvis coordinate system, same as in Equation 1. MATLAB ver 
6.1 (The Math Works) was used for data analysis and model-based 
estimation. 

RESULTS 

Estimated  was the position vector of the hip joint center in the 
pelvis coordinate system, with the center point of the left ASIS (LASIS) 
and right ASIS (RASIS) as the origin, while  was the position vector 
of the marker in the femur coordinate system located on the hip joint 
center (Figure 2). In particular,  do not represent the positions of the 
markers attached to landmarks but rather the markers attached to the 
medial/lateral and anterior sides on the point where the femur was 
divided roughly into 3 parts; thus, the estimated positions varied by 
participants. Consequently, it did not appear in the results. Estimates 
of parameters  and  were as shown in Table 1. 

The hip joint center estimate vector  was slightly different for each 

participant due to difference in size. The ranges for , , and  axes 
were -2.423 ~ 2.264, -15.464 ~ -12.187, and 11.066 ~ 12.153, respec- 
tively, meaning the  axis showed the highest deviation. The ordinary 
least-squares variance estimate of  was .983~3.063, showing differ- 
ences between the participants. Among most of the variance estimate 

 for each component, the  axis component was found to be the 
biggest. In participants 1 and 5, the size appeared in the order of  
>  > , whereas the order was > >  in participants 2, 3, and 4. The 
standard error of  from three different methods (SE ,SE ,SE ) 
showed similar results. 

With respect to the residuals for diagnosis of the model, the five 
participants showed mostly similar patterns, and the analysis used the 
residual of participant 5. In Figure 3, the graphs showed the residuals 
for the , , and  components, where the left side showed the residuals 
with fitted values and the right side the residuals with time. On the 
right side, non-continuous forms appeared near frames 360 and 550, 
which was due to all three motions being used in the analysis, these 
points were where these motions were distinguished. 

The figure showed that the residuals were not scattered, but rather, 
they showed a continuous form, and such pattern was more prominent 
in the images on the right. This can be definitely viewed as a data 
structure with autocorrelation between the measured values. With 
respect to homoscedasticity, as shown in the images on the right, 

, , and  components are determined to show homoscedasticity, but 
the size of the residuals varied according to the motion performed. It 

Table 1. Estimates of parameters (unit: cm) 

Subjects 
 

 

  

Estimates SEo SExyz SEHC3 Estimates 

S1 

 2.264 0.035 0.035 0.040 

3.063 

3.488 

 -15.234 0.039 0.039 0.041 2.713 

 11.066 0.056 0.055 0.055 2.937 

S2 

 1.1405 0.027 0.027 0.025 

.983 

1.393 

 -12.187 0.030 0.030 0.030 .931 

 12.153 0.037 0.037 0.040 .625 

S3 

 0.007 0.041 0.042 0.043 

1.357 

1.506 

 -12.738 0.037 0.037 0.040 1.408 

 11.244 0.046 0.046 0.058 1.158 

S4 

 0.455 0.028 0.028 0.033 

1.185 

1.780 

 -15.464 0.033 0.034 0.039 1.017 

 11.339 0.049 0.048 0.049 .757 

S5 

 -2.423 0.033 0.033 0.039 

2.501 

3.018 

 -15.345 0.034 0.034 0.037 1.920 

 11.293 0.045 0.044 0.045 2.565 

Note.  = standard error from ordinary least squares,  = from different components of estimates of error variance,  = from HC3. 
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can be surmised that the size may vary according to the type of 
motion and marker position. 

Figure 4 showed a box-and-whisker and Q-Q plots of the residuals. 
On the left,  showed the largest deviation, while outliers appeared 
on the +  and –  directions. On the right for normality testing, 

, , and  all showed a symmetrical distribution relative to 0 and 
showed a shape with a slightly longer tail than the normal distribution. 
The lengths of the tails seemed to be short, and the distribution was 
balanced on both sides; thus, we believed that the influence on the 
estimates may be ignored. For further evaluating the variance of the 
residuals, graphs were plotted, as shown in Figure 5, with the observed 
and estimated vectors divided into , , and  components. The  axis 
was an anterior/posterior axis, which showed the largest displacement 
in flexion/extension motion. From the graphs, large differences between 

the observed and estimated vectors were found at the phases of the 
directional changes (slope = 0), which was believed to be the primary 
cause of the variance estimates appearing large. 

DISCUSSION 

A statistical tool is needed to solve the problem of estimating para- 
meters of interest with measured values that include errors. Solving a 
given problem by using statistics is a difficult task with unavoidable 
errors, but as long as it is expressed in statistical terms, the solution is 
predetermined (Faraway, 2005). The synovial joint, which is responsible 
for most human body movements, is mostly assumed to be a structure 
where rotational motion is present. A rotational motion may be de- 
scribed by a rotational matrix, while CoR, where instantaneous AoR 

Figure 3. Plots of standardized residuals with fitted values and frames 

Figure 4. Box and whisker and normal plots of the residuals of each of the x, y, z components 
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that generate rotational motion pass through, is significant in biomech- 
anics. Moreover, human body segments are generally assumed to be 
rigid bodies; thus, the relative distance between markers attached to 
these segments is considered a constant value that does not change 
during motion. The significance of the present study can be found in 
the fact that it combined the measured values that include such errors 
and characteristics of the human body with statistical tools in expres- 
sing the relationship between the mean marker positions observed 
during joint motion and CoR as a linear model for the analysis. 

The model used in the present study differed slightly from general 
linear models in two aspects. First, the explanatory variable  was the 
same for all markers (Equations 7 and 11). Based on the assumption 
of rigid body, the position of the marker attached to a distal segment 
is fixed, and all markers perform the same rotational motion due to the 
nature of a rigid body; thus, the same transformation matrix is applied. 
Second, the number of parameters being estimated increases according 
to the number of markers used (Equation 12). It is possible to estimate 
 and  with a single marker. However, 3 or more markers are gener- 

ally used in experiments to acquire information on translation and 
rotational motions of a segment. Here, additional markers  are add- 
itional parameters that need to be estimated, and the structure has a 
different value of , depending on where the markers are attached. If 
too many markers are used, then numerical analysis involving estimation 
becomes inefficient. 

In biomechanics, ordinary least squares are used often (Kim, 2010). 
When no association between the measured vectors and the same 

variance are assumed, according to the Gauss-Markov theorem, the 
ordinary least-squares estimator is the best linear unbiased estimator 
(BLUE). The present study assumed that including vector components 

, , and ,  number of markers and  number of measures vectors 
within-markers were independent from each other. Moreover, com- 
ponents , , and  of an orthogonal coordinate system were assumed 
to have different variances from each other. This was based on the 
belief that the variance of , , and  components would vary according 
to the motion being performed. Consequently, the sizes of the variances 
differed. However, this did not have an effect on the standard error of 
estimated vectors of the joint center. As shown in Figure 3, the number 
of frames was approximately 900, and the number of frames that can 
be considered as sample is believed to be large. In the present study, 
images were acquired with a sampling rate of 120 FPS. If the sampling 
rate is increased, then the amount of data also increases and it will 
take more time to calculate. Therefore, deciding on an appropriate 
sampling rate can also have an impact on the validity of a study. 

As seen in residual plots, data were continuous and showed a form 
that changed according to the motion performed. This was because 
the values of the image data measured continuously over time were 
longitudinal data that were not independent from each other. We be- 
lieve that estimations should be performed with taking into account 
such data characteristics. 
  

Figure 5. Observed and fitted positions for 9 markers of each of the x, y, zcomponents. Thin lines (━) are observed positions, and thick lines (━) 
are fitted positions. L, A, and M indicate lateral, anterior, and medial, respectively (Figure 2). 
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CONCLUSION 

The present study applied a general linear model for estimating of 
CoR during joint motion to investigate the uncertainty of estimation 
vectors and validity of the model, based on which the following con- 
clusions were reached. The standard errors of the estimated vectors did 
not appear to be large among the models that assumed homosced- 
asticity and heteroscedasticity of errors. Residuals showed a pattern of 
changing according to motion, appearing especially large when the 
direction changed. Therefore, we believe that the current model is 
limited and should have the specific structure for variance-covariance 
matrix. Hence, consideration should be given to revising the model to 
a mixed-effects model that assumes markers with random effects or a 
model that explains the effects of soft tissue artifacts, which represent 
movement of soft tissues such as the skin, generated when motion is 
created. 

ACKNOWLEDGEMENTS 

This work was supported by the National Research Foundation of 
Korea Grant funded by the Korean Government (NRF-2014S1A5A- 
8018532). 

REFERENCES 

Chan, N. N. (1965). On circular functional relationships. Journal of the 
Royal Statistical Society. Series B (Methodological), 27, 45-56. 

De Rosario, H., Page, A., Besa, A. & Valera, Á. (2013). Propagation of soft 
tissue artifacts to the center of rotation: A model for the correction 
of functional calibration techniques. Journal of Biomechanics, 46, 
2619-2625. 

Delogne, P. (1972). Computer optimization of Deschamp' method and 
error cancellation reflectometry. Proceedings of the IMEKO-
Symposium on Microwave Measurement, Bupapest, 117-129. 

Diggle, P. J., Heagerty, P., Liang, K. Y. & Zeger, S. L. (2002). Analysis of 
longitudinal data (2nd ed.). New York, NY: Oxford University Press. 

Draper, N. R. & Smith, H. (1998). Applied regression analysis (3rd ed.). 
New York, NY: John Wiley & Sons, Inc. 

Ehrig, R. M., Taylor, W. R., Duda, G. N. & Heller, M. O. (2006). A survey 
of formal methods for determining the center of rotation of ball 
joints. Journal of Biomechanics, 39, 2798-2809. 

Faraway, J. J. (2005). Linear models with R. Boca Raton, FL: Chapman & 
Hall/CRC. 

Gamage, S. S. H. U. & Lasenby, J. (2002). New least squares solutions for 
estimating the average center of rotation and the axis of rotation. 
Journal of Biomechanics, 35, 87-93. 

Gander, W., Golub, G. H. & Strebel, R. (1994). Least-squares fitting of 
circles and ellipses. BIT, 34, 558-578. 

Ginsberg, J. H. (1998). Advanced engineering dynamics (2nd ed.). New 
York, NY: Cambridge University Press. 

Goldstein, H. (1980). Classical mechanics (2nd ed.). Addison-Wesley. 
Kåsa, I. (1976). A circle fitting procedure and its error analysis. IEEE 

Transactions on Instrumentation and Measurement, 25, 8-14. 
Kim, J. (2010). The validity test of upper · forearm coordinate system 

and the exploratory analysis of the interactive effect between 
flexion/extension and pronation/supination during elbow joint 
motion. Korean Journal of Sport Biomechanics, 20, 117-127. 

Kim, J. (2011). Comparison among functional methods of axis of rota- 
tion suitable for describing human joint motion. Korean Journal 
of Sport Biomechanics, 21, 449-458 

Kim, J. (2013a). Error analysis on fitting and transformation methods 
for estimating the center of rotation in a spherical joint. The Korean 
Journal of Physical Education, 52, 523-536. 

Kim, J. (2013b). The comparison of sphere fitting methods for estimating 
the center of rotation on a human joint. Korean Journal of Sport 
Biomechanics, 23, 053-062 

Long, J. S. & Ervin, L. H. (2000). Statistical computing and graphics: 
Using heteroscedasticity consistent standard errors in the linear 
regression model. The American Statistician, 54, 217-224. 

MacKinnon, J. G. & White, H. (1985). Some heteroskedasticity-con- 
sistent covariance matrix estimators with improved finite sample 
properties. Journal of Econometrics, 29, 305-325. 

McCullagh, P. & Nelder, J. A. (1989). Generalized linear models (2nd 
ed.). Boca Raton, FL: Chapman & Hall/CRC. 

McCulloch, C. E., Searle, S. R. & Neuhaus, J. M. (2008). Generalized, 
linear, and mixed models (2nd ed.). Hoboken, NJ: John Wiley & 
Sons, Inc. 

Monahan, J. F. (2008). A primer on linear models. Boca Raton, FL: 
Chapman & Hall/CRC. 

Ojeda, J., Martínez-Reina, J. & Mayo, J. (2014). A method to evaluate 
human skeletal models using marker residuals and global optimi- 
zation. Machanism and Machine Theory, 73, 259-272. 

Piazza, S. J., Erdemir, A., Okita, N. & Cavanagh, P. R. (2004). Assessment 
of the functional method of hip joint center location subject to 
reduced range of hip motion. Journal of Biomechanics, 37, 349-
356. 

Ravishanker, N. & Dey, D. K. (2002). A first course in linear model theory. 
Chapman & Hall/CRC. 

Robinson, S. M. (1961). Fitting spheres by the method of least squares. 
Communications of the ACM, 4, 491. 

Siston, R. A. & Delp, S. L. (2006). Evaluation of a new algorithm to 
determine the hip joint center. Journal of Biomechanics, 39, 125-
130. 

Späth, H. (1998). Least-square fitting spheres. Journal of Optimization 
Theory and Applications, 96, 191-199. 

Taylor, J. R. (1997). An introduction to error analysis: The study of 
uncertainties in physical measurements (2nd ed.). University Science 
Books. 

Wu, G., Siegler, S., Allard, P., Kirtley, C., Leardini, A., Rosenbaum, D., . . . 
Stokes, I. (2002). ISB recommendation on definitions of joint coord- 
inate system of various joints for the reporting of human joint 
motion-part Ⅰ: ankle, hip, and spine, Journal of Biomechanics, 35, 
543-548. 

 


