
Original Article

A new Tone's method in APOLLO3® and its application to fast and
thermal reactor calculations

Li Mao*, Igor Zmijarevic
DEN-Service d'�etudes des r�eacteurs et de math�ematiques appliqu�ees (SERMA), CEA, Universit�e Paris-Saclay, F-91191 Gif-sur-Yvette, France

a r t i c l e i n f o

Article history:
Received 15 June 2017
Received in revised form
27 July 2017
Accepted 3 August 2017
Available online 12 August 2017

Keywords:
Nuclear reactor physics
Lattice calculation
Resonance self-shielding
Tone's method
Subgroup method
Probability tables

a b s t r a c t

This paper presents a newly developed resonance self-shielding method based on Tone's method in
APOLLO3® for fast and thermal reactor calculations. The new method is based on simplified models, the
narrow resonance approximation for the slowing down source and Tone's approximation for group
collision probability matrix. It utilizes mathematical probability tables as quadrature formulas in
calculating effective cross-sections. Numerical results for the ZPPR drawer calculations in 1,968 groups
show that, in the case of the double-column fuel drawer, Tone's method gives equivalent precision to the
subgroup method while markedly reducing the total number of collision probability matrix calculations
and hence the central processing unit time. In the case of a single-column fuel drawer with the presence
of a uranium metal material, Tone's method obtains less precise results than those of the subgroup
method due to less precise heterogeneousehomogeneous equivalence. The same options are also applied
to PWR UOX, MOX, and Gd cells using the SHEM 361-group library, with the objective of analyzing
whether this energy mesh might be suitable for the application of this methodology to thermal systems.
The numerical results show that comparable precision is reached with both Tone's and the subgroup
methods, with the satisfactory representation of intrapellet spatial effects.
© 2017 Korean Nuclear Society, Published by Elsevier Korea LLC. This is an open access article under the

CC BY-NC-ND license (http://creativecommons.org/licenses/by-nc-nd/4.0/).

1. Introduction

In reactor lattice analysis, the aim of resonance self-shielding
calculation is to estimate the group-averaged cross-sections for
solution of the multigroup transport equation. The accuracy of the
resulting group parameters determines the precision of the
multigroup calculation.

For fast reactor analysis with the APOLLO3 [1,2] code, a subgroup
(SG) method based on the ECCO formalismwas implemented [3,4].
This method utilizes mathematical probability tables based on the
CALENDF formalism [5] provided by the GALILEE project [6].
Different from the other self-shielding methods, which make
simplified assumptions on the source term, this subgroup method
directly employs multigroup neutron sources in a self-shielding
procedure. As a result, no assumption is made with regard to the
source term. This is achieved by embedding the self-shielding
calculation in the multigroup flux calculation. Numerical tests
showed the accuracy of the subgroup method with a 1,968-group
energy mesh in sodium-cooled fast reactor analysis [4] compared

to TRIPOLI-4® Monte Carlo continuous-energy reference [7]. How-
ever, the APOLLO3 subgroup method consumed important central
processing unit (CPU) time. This method deals with the resonant
interference effects approximately using the Bondarenko iteration.
The effects of a temperature distribution are approximately calcu-
lated by assuming that all isotopes of the same type are at the same
temperature than those in the region being treated.

In this work, a new resonance self-shielding method based on
Tone's method [8] has been developed in APOLLO3, in order to
reduce the running time while keeping similar calculation preci-
sion. This method has been traditionally applied to fast reactor
analysis [9] with fine or ultrafine group energy mesh. It is based on
heterogeneousehomogeneous equivalence. However, unlike the
traditional equivalence theory, Tone's method determines the
equivalent cross-sections using a set of group collision probabilities
[8], or by the solution of two fixed-source transport equations
[10,11]. By employing the transport solvers available in APOLLO3,
such as the collision probability (CP) method, the finite difference,
and finite element methods, or the short and long method of
characteristics (MOC), which can be applied to structured or un-
structured geometries, Tone's method is available for all geometries
supported by the solvers. This lifts the limitation of the traditional* Corresponding author.
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equivalence theory, which is based on Wigner's rational approxi-
mation of the fuel-to-fuel collision probability [12] and limited to
fuel cells or a regular lattice of fuel cells. Dancoff factors [13] and
Bell corrections can be utilized to extend the method to more
general systems, but they are difficult to calculate for arbitrary
geometries.

When the equivalent cross-sections have been determined, the
mathematical probability tables [5] are utilized as quadrature for-
mulas to compute the effective cross-sections. This is different from
the previous studies [10,11,14], where the self-shielded cross-sec-
tions were determined either by interpolation from the pretabu-
lated effective cross-sections for the infinite homogeneous medium
(IHM) [10,14] or by direct integration employing the ultrafine group
cross-sections (~400,000 groups) [11]. We believe that the utiliza-
tion of probability tables offers an important advantage over pre-
ceding practices: calculation with probability tables is precise and
fast; the probability tables use very little memory; and there is no
need to pretabulate IHM effective cross-sections. In unresolved
resonance ranges, the probability tables are suitable for describing
the statistical behavior of the resonances. In resolved resonance
ranges, the probability tables with a fine or ultrafine mesh are
capable of preserving the original cross-sections with high preci-
sion. The first numerical results showed that Tone's method has
nearly the same precision as the subgroup method for typical so-
dium fast reactor (SFR) calculations, while the CPU time is
dramatically reduced [4]. In this paper, the new Tone's method is
applied to the ZPPR benchmark calculations [15]. The numerical
results are compared to those of the TRIPOLI-4 Monte Carlo
continuous-energy calculations and to those of the subgroup
method.

Until now, Tone's method has been primarily applied to fast
reactor calculations [8,11,14]. It has also been utilized in PWR cal-
culations, but its use was limited to evaluation of the resonance
self-shielding effects for the fuel region without subdivision [10].
Traditional equivalence theory is based on Wigner's rational
approximation of the fuel-to-fuel collision probability and is
restricted to considering the fuel region as a whole. In Stocker and
Weiss's work [16], it was pointed out that if a solid fuel rod is
subdivided into annular rings, the escape probability of only the
outermost ring has 1/St behavior, while the internal rings have
exponential behavior. As a result, the escape collision probabilities
of the internal rings have a multi-term rational approximation
instead of a single-term rational expression. With regard to Tone's
method, the equivalent cross-sections are determined by the so-
lution of two fixed-source transport equations or by using the
collision probabilities, instead of directly using the rational
approximation. Therefore, although we do not have an analytic
rational expression for the whole range of St2(0,∞) for the inner
rings, it is possible to find one adapted to the local St value for each
ring. Hence, it is expected that Tone's method can correctly
represent the spatial variation of the inner fuel rings. Nevertheless,
applying Tone's method to light water reactors (LWR), where the
large epithermal resonances become very important, might require
a suitable energy mesh.

In this work, we apply both subgroup and Tone's methods to
three PWR fuel-cell calculations, with UOX, MOX, and UO2�Gd2O3

as fuel material, respectively. All three fuel cells have the same
geometry dimensions. The fuel region is subdivided into sub-rings
for the self-shielding calculations, in order to verify the perfor-
mances of the self-shielding calculations in dealing with the
intrapellet effects. The SHEM 361-group mesh [17] is chosen in
these fuel-cell calculations. The numerical results are compared to
those of the TRIPOLI-4 Monte Carlo continuous-energy calculations
and to those of the subgroup method.

The rest of paper is organized as follows. In Section 2 we present
the theory of Tone's method and its implementation. In Section 3,
we present first the results of the ZPPR benchmark calculations
using Tone's and the subgroupmethods, then the same for the PWR
UOX, MOX, and Gd cells. All results are compared with those of the
continuous-energy Monte Carlo code Tripoli-4, which is used as a
reference. Conclusions are drawn in the final section.

2. Tone's method

In this work, interference effects introduced by mixtures of
resonant isotopes are treated by Bondarenko iterations. The reso-
nant isotope is treated individually by using the group cross-
sections for the other resonant isotopes.

In the scenario of an infinite homogeneous medium consisting
of a resonant isotope x and other isotopes considered as modera-
tors, the neutron flux is written as follows

FðuÞ ¼ SðuÞ
NxsxðuÞ þ

P
ysxNysyðuÞ

; (1)

where S is the neutron source, N is the number density, s is the
microscopic total cross-section, and u ¼ ln(E0/E) is the lethargy. In
fast spectrum reactor calculations, a fine or ultrafine energymesh is
conventionally employed. In this case, the narrow resonance (NR)
approximation, S(u) z Sp, can be applied to all isotopes. The above
equation can be rewritten as follows

FðuÞz C
sxðuÞ þ sgbx

; (2)

where C is a constant and sgbx ¼
1
Nx

P
ysx

Nys
g
y is the background

cross-section for isotope x.
We consider next the heterogeneous situation. The CP

formalism for a region i is written as follows

ViSiðuÞFiðuÞ ¼
X
j

PijðuÞSjðuÞVj; (3)

where V stands for region volume, Pij is the collision probability for
a neutron born in region j to undergo its first collision in region i,
and S is the source term. Tone's approximation [8], which supposes
that the collision probability Pij as a function of lethargy depends
only on the arrival region i, is written here as follows

PijðuÞ ¼ f gi ðuÞP
g
ij : (4)

Applying the reciprocity and conservation relations [18] for the
collision probabilities,

ViSiðuÞPjiðuÞ ¼ VjSjðuÞPijðuÞ; (5)

X
j

PjiðuÞ ¼ 1; (6)

together with Tone's approximation and the NR approximation, we
obtain

FiðuÞz
DP

jP
g
ijSjðuÞVj

; (7)

where D is a constant.
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When we carry out the self-shielding of resonant isotope x, we
write the total cross-section in region j as

SjðuÞ ¼ NxjsxðuÞ þ
X
ysx

Nyjs
g
yj; (8)

Eq. (7) can be written as follows

FxiðuÞz
E

sxðuÞ þ sg0xi
; (9)

where E is a constant and

sg0xi ¼
P

jP
g
ijVj
P

ysxNyjs
g
yjP

jP
g
ijVjNxj

(10)

is the equivalent cross-section for isotope x in region i.
The formula shows that the equivalent cross-section is the ratio

of two region-averaged scalar fluxes,

sg0xi ¼
Fg
1i

Fg
2i

; (11)

which can be obtained from two fixed-source equations in purely
absorbing media

ViS
g
i F

g
1i ¼

X
j

PgijVj

X
ysx

Nyjs
g
yj; (12a)

ViS
g
i F

g
2i ¼

X
j

PgijVjNxj: (12b)

The analogy between Eqs. (9) and (2) is the basis for hetero-
geneousehomogeneous equivalence. One region in a heteroge-
neous system can be considered as an infinite homogeneous
mediumwith a characterizing background cross-section defined by
Eq. (10). In traditional equivalence theory [19], Eq. (9) is written as

FxiðuÞ ¼
E

sxðuÞ þ sgbxi þ sgexi
; (13)

where sgbxi ¼
1
Nx

P
ysx

Nys
g
yi is the background cross-section in region i

and sgexi ¼ sg0xi � sgbxi is the escape cross-section [20], which accounts
for neutrons streaming through the region surface.

In preceding studies of Tone's method, the self-shielded cross-
sections were computed by interpolating the IHM effective cross-
sections [10,14] or by utilizing the ultrafine group cross-sections
(~400,000 groups) [11]. In our realization, the effective cross-
sections are calculated by taking the mathematical probability ta-
ble as quadrature formulas [5] and the flux in Eq. (9) as a weighting
spectrum. The probability tables are supplied by the GALILEE
project [6]. For a reaction r, the self-shielded cross-section is given
by the formula

sgrxi ¼

Z
g

srxðuÞ
sxðuÞþsg

0xi
du

Z
g

1
sxðuÞþsg

0xi
du

z

P
k

pg
x;ks

g
rx;k

sg
x;kþsg

0xi

P
k

pg
x;k

sg
x;kþsg

0xi

; (14)

where

n
pgx;k; s

g
x;k;s

g
rx;k; k ¼ 1;Kg

o
(15)

is the probability table for isotope x in group g, with sgx;k and pgx;k as
abscissas and weights, respectively, k is the subgroup index, and Kg

is the total number of subgroups. sg
rx;k is the cross-section for re-

action r associated with sgx;k.
The self-shielded cross-section depends on the equivalent cross-

section sg0xi, which is in turn determined by the solution of the
fixed-source Eqs. (12a) and (12b), where the self-shielded total
cross-sections are utilized to compute the group collision proba-
bilities. Therefore, iterations are necessary until we have conver-
gence of the self-shielded cross-sections for all resonant isotopes in
the mixture. In the present implementation, the CP solver was
employed in APOLLO3, although coupling to other APOLLO3 solvers
are also scheduled. Jacobi iteration was implemented to converge
the self-shielded cross-sections independently of the order of the
resonant isotopes being treated. This is not penalizing since the
most time-consuming part of self-shielding calculation is the
computation of CP matrices.

For a given group, the iterations begin with the CP calculation
using the self-shielded cross-sections from the last iteration. Then
the equivalent cross-sections sg0xi are determined by using Eq. (10)
for each resonant isotope and region. Finally the new self-shielded
cross-sections sgrxi are computed by Eq. (14) using the newly ob-
tained sg0xi. The iterations continue until the desired convergence is
achieved. The initial values for the microscopic self-shielded cross-
sections are often those corresponding to infinite dilution.

Consequently, the total number of collision probability calcula-
tions in one group is independent of the number of resonant iso-
topes being self-shielded, and equals the number of iterations.

3. Results and analysis

The new Tone's method was first tested using the typical
sodium-cooled fast reactor (SFR) fuel cell and assembly [4]. The
numerical results showed Tone's method, compared to the sub-
group method, gave equivalent precision for the effective multi-
plication factor and the reaction rates. Tone's method was first
applied to fast spectrum calculations, the drawer calculations of the
ZPPR benchmarks [15]. In order to check its validity in thermal
spectrum calculations, Tone's methodwas then employed in typical
PWR pin-cell calculations together with a 361-group energy mesh
[17].

For both ZPPR benchmark and PWR pin-cell calculations, the
reaction rate errors are given as differences between the APOLLO3
values and the TRIPOLI-4 values in pcm units (1 pcm ¼ 10�5). That
is,

ε ¼ ðRAPOLLO3 � RTRIPOLI�4Þ � 105; (16)

where R is the reaction rate. Both APOLLO3 and TRIPOLI-4 results
are normalized to unit production rate.

3.1. ZPPR benchmark calculations

The ZPPR reactor is designed as a matrix of steel plate drawers,
which are composed of plates of different materials. The principal
materials are plutonium alloys, uranium metal, uranium oxide,
sodium, and control rod absorbers. One of the particularities of the
ZPPR reactor is the ZPPR-Pu fuel composed of PueUeMo alloy. Two
types of fuel drawers, single-column fuel (SCF) and double-column
fuel (DCF) drawers, contain one and two ZPPR-Pu plates, respec-
tively. The inner core and outer core of ZPPR are mainly filled with
SCF and DCF drawers. The simplified geometry models of the SCF
and DCF drawers are given in Figs. 1 and 2. One can find more
details in Ishikawa et al. [15].
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The APOLLO3 calculations employed the ECCO 1,968-group
energy mesh [3] and used the CEA2005 V5.1 library. The trans-
lation boundary condition was adopted for both SCF and DCF
drawers. The calculations were carried out without considering
leakage. The results of the newly developed Tone's method and
the subgroup method are compared to those of TRIPOLI-4 Monte
Carlo continuous-energy references, which are obtained by using
TRIPOLI-4 Version 4.9.0 code with the CEA2005 V5.1.2 library. In
these calculations, both Tone's and the subgroup methods are
based on the one-dimensional collision probability solver. The
flux solver is the one-dimensional IDT flux calculator based on
the method of characteristics with a linear flux expansion
[21,22]. In all of the ZPPR calculations, the P5 anisotropy order
was employed; 32 angles in p defined by the double Gauss-

Legendre formula were adopted in the one-dimensional slab
calculations.

Table 1 shows the multiplication factors in the SCF drawer
calculations by the two self-shielding methods. Both subgroup
and Tone's method agree well with TRIPOLI-4 with the error in keff
smaller than 50 pcm. The difference in keff between the two
methods is 64 pcm. We remark that the difference between the
two methods in the SCF drawer calculation is more important
than those in the SFR fuel-cell and assembly calculations [4]: they
are, respectively, 9 pcm and 25 pcm for these two cases. The
number of CP matrix calculations required in self-shielding
calculation is also given in Table 1. As expected, Tone's method
significantly reduces the number of CP matrix calculations and
therefore the CPU time. The subgroup method requires ~43 times

Fig. 1. One-dimensional model of the SCF drawer. The widths of plates are given in centimeters. Numbering for can walls and structure materials are omitted.

Fig. 2. One-dimensional model of the DCF drawer. The widths of plates are given in centimeters. Numbering for can walls and structure materials are omitted.
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more CP calculations and ~10 times more CPU time than Tone's
method.

Table 2 shows the multiplication factors in the DCF drawer
calculations. Both the subgroup and Tone's method agree well with
TRIPOLI-4 with the error in keff smaller than 60 pcm. The difference
in keff between the two methods is 38 pcm, which is smaller than
that in the SCF calculations. Similar to the SCF calculations, the
subgroup method requires ~41 times more CP calculations and ~10
times more CPU time than Tone's method.

Figs. 3 and 4 present the discrepancies in 238U absorption rates
of the SCF calculations, respectively, in terms of absolute errors in
pcm, and in terms of relative errors as a percentage. The results
were computed in 1,968 groups but are presented in the figures in
the 33-group mesh (see Appendix A for a description of the 33-
group energy mesh). We observe that the subgroup method
agrees very well with TRIPOLI-4 with the error in absorption rates
smaller than 6 pcm or less than 5% in energy groups where the
contributions to absorption are significant. With Tone's method,
the spectrum is similar to that of the subgroupmethod for Groups 1
to 15. However, for Groups 16 to 25, the errors increase for Plates 2,
3, and 17. The maximum error in absorption rates reaches 30 pcm
or 8% in Plate 3, which is the uranium metal.

Our explication is that Tone's method is based on hetero-
geneousehomogeneous equivalence through an equivalent cross-
section. In a region containing pure metal material without mod-
erators, the background cross-section sgbxi in Eq. (13) is close to zero,
and the equivalent cross-section is dominated by the escape cross-
section sgexi. For example, Group 20 in the 33-group mesh contains
the groups from 1,168 to 1,228 of the 1,968-group mesh. For 238U in
Plate 3, the averaged sgbxi is 0.056 barns and the averaged sgexi is
17.891 barns. The averaged equivalent cross-section sg0xi changes
from 0.056 barns for the IHM situation, to 17.948 barns for the
heterogeneous systemdthe second value is 318 times the first
value. As a comparison, for 238U in Plate 17 where the material is
U3O8, the averaged sgbxi is 10.304 barns and the averaged sgexi is
23.116 barns. The averaged value of sg0xi changes from 10.304 barns
for the IHM situation to 33.421 barns for the heterogeneous

Table 2
DCF drawer calculations: keff and CPU time.

Options keff
a Dkeff

b Drb CPUc CPsd

SG 1.62178 �16 �7 65 193,462
Tone 1.62140 �54 �21 6 4,625

a TRIPOLI-4 reference for keff is 1.62194 ± 7 pcm.
b Discrepancy in pcm.
c CPU time in flux and self-shielding calculations (seconds).
d Total number of CP calculations.

Fig. 3. 238U absorption rate discrepancies in pcm in SCF drawer calculations. SG and
Tone in the legends denote the self-shielding option and 2, 3, 8, and 17 are the fuel
plate numbers as noted in Fig. 1.

Fig. 4. 238U absorption rate discrepancies in percentage in SCF drawer calculations. SG
and Tone in the legends denote the self-shielding option and 2, 3, 8, and 17 are the fuel
plate numbers as noted in Fig. 1.

Table 1
SCF drawer calculations: keff and CPU time.

Options keff
a Dkeff

b Drb CPUc CPsd

SG 1.13630 22 17 64 204,936
Tone 1.13566 �42 �32 6 4,662

a TRIPOLI-4 reference for keff is 1.13608 ± 4 pcm.
b Discrepancy in pcm.
c CPU time in flux and self-shielding calculations (seconds).
d Total number of CP calculations.
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systemdthe second value is 3.24 times the first value. We see that
in a pure metal material, the equivalent cross-section obtained for
the heterogeneous system is a long way from the homogeneous
background cross-section. In a material with moderators, the
equivalent cross-section obtained for the heterogeneous system is
relatively close to the homogeneous background cross-section.
Therefore, the heterogeneousehomogeneous equivalence is less
precise for a pure metal material than that for a material with
moderators. Since the self-shielded cross-sections are determined
by iterations until the desired convergence is achieved, the less
precise equivalence of 238U in Plate 3 can have influences on the
other regions, such as Plates 2 and 17.

Figs. 5e7 show the discrepancies in 238U production rates, 239Pu
absorption rates, and 239Pu production rates with respect to the
Monte Carlo reference in the SCF calculations, respectively. These
figures show that Tone's method gives comparable results to those
of the subgroup method.

The discrepancies in 238U production rates are relatively large,
and are because the average fission spectrum for each fissile isotope
is adopted in the present study. Previous studies [23] showed that
the average fission spectrumwas not sufficient for the fast neutron
system analysis. Therefore, an optimized four-macro-group energy
mesh [24] was introduced into APOLLO3 [25]. Our previous studies
[4] showed that utilizing the four-macro-group energy mesh could
effectively reduce the 238U production rate discrepancies compared
to the results using the average fission spectrum. Hence we
reasonably expect that the errors in production rates can be
diminished by using the new library employing the four-macro-
group energy mesh.

Figs. 8 and 9 present the discrepancies in 238U absorption rates
of the DCF drawer calculations in pcm and as percentages,
respectively. We see that both the subgroup and Tone's method
agree well with TRIPOLI-4. With the subgroup method, the error in
absorption rates is smaller than 4 pcm or less than 5% in energy
groups whose contributions are significant. For Tone's method, the
error in absorption rates is smaller than 8 pcm or less than 8% in
energy groups whose contributions are significant. Tone's method
gives slightly less precise results in Groups 16 to 24 compared to the
subgroup method. This may result from the use of the NR
approximation in Tone's method. In the DCF drawer, the plates are
thin and closely coupled. Hence the actual multigroup sources may
be influenced by the other plates in the drawer, and the NR
approximation is less precise in this case. But one has to admit that
Tone's method, with its use of the NR approximation and Tone's
approximation, gives equivalent precision to the subgroup method,
which uses the real multigroup sources and the collision proba-
bility matrix per subgroup.

Figs. 10e12 show the discrepancies in 238U production rates,
239Pu absorption rates, and 239Pu production rates with respect to
the Monte Carlo reference in the DCF calculations, respectively.
These figures show that Tone's method gives equivalent results to
the subgroup method.

3.2. PWR pin-cell calculations

Tone's method and the subgroup method have been applied to
the eigenvalue calculation in infinite lattices consisting of three

Fig. 5. 238U production rate discrepancies in SCF drawer calculations. SG and Tone in
the legends denote the self-shielding option and 2, 3, 8, and 17 are the fuel plate
numbers as noted in Fig. 1.

Fig. 6. 239Pu absorption rate discrepancies in Plate 8 of SCF drawer for SG and Tone's
methods.
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typical PWR fuel cells. These cells have the same geometry, and the
fuel compositions are, respectively, UOX, MOX, and UO2�Gd2O3.
The results presented are the effective multiplication factor (keff),
the absorption and production rates of the dominant fissile iso-
topes, and the absorption rates of the principal poison isotopes.

Themultigroup calculations were runwith the SHEM 361-group
CEA V6 library [26] based on JEFF-3.2 nuclear data evaluation [27].
The effects of up-scattering phenomena due to Doppler changes of
resonant behaviors are not taken into account in this library. The
reference values are those from the continuous-energyMonte Carlo
TRIPOLI-4 [7] also using the CEA V6 library, with the traditional
model of sampling of the velocity of the target nucleus (SVT) [28].
TRIPOLI-4 Version 4.9.0 was utilized for the reference calculations.
The geometry specification is shown in Table 3 and the material
compositions are given in Table 4.

For the self-shielding calculations, the fuel region of the cell was
subdivided into 10 rings corresponding to 20%, 20%, 10%, 10%, 10%,
10%, 5%, 5%, 5%, and 5% of the fuel volume (see Fig. 13). All the
isotopes except 16O in the fuel, together with the isotope ZrNAT1 in
the cladding are self-shielded. The interference effects due to a
mixture of resonant isotopes are dealt with via Bondarenko itera-
tions, without explicit consideration of the interference between
mixed isotopes. The self-shielding calculation was carried out for
Groups 1 to 173 of the SHEM 361-group energy mesh, i.e., from
19.64 MeV to 22.54 eV.

In APOLLO3, the collision probability calculations are used in
both self-shielding methods. Two options are available for the CP
calculations in square pin-cell geometry: the two-dimensional
direct integration method (DIM), similar to that in APOLLO2
[29,30]; and themulti-cell approximation (MCA) [31]. In theMCA, a
set of identical cells are connected by a uniform in space and double
P0 or P1 in angle cell surface fluxes. The collision probabilities be-
tween the interior regions of the cell are computed by a one-
dimensional cylindrical model, while the escape and transmission
probabilities are computed in the actual geometry. The collision
probabilities of cylinderized regions are calculated with respect to
the reciprocity and conservation relations [31]. Our preliminary
calculations showed that both the CP DIM and CPMCA options gave
equivalent precision on the multiplication factor and the reaction
rates; however, the MCA is much faster than the DIM. In this work,
the MCA was adopted for the CP computations in both Tone's
method and the subgroup method. The uniform double-P1 angular
expansion of the angular fluxes was employed.

For the flux calculations, each of the 10 fuel rings is further
subdivided into eight equal radial sectors (see Fig. 13). The multi-
group transport equation is solved with P0 transport-corrected
cross-sections, by the method of characteristics (TDT solver) of
APOLLO3. The tracking parameters are 30 azimuthal angles, four
polar directions defined by the Bickley formula [32], and a trans-
verse integration step of 0.001 cm.

Table 5 shows the multiplication factors for the UOX cell cal-
culations by the two self-shielding methods. Both subgroup and

Fig. 7. 239Pu production rate discrepancies in Plate 8 of SCF drawer for SG and Tone's
methods. Fig. 8. 238U absorption rate discrepancies in pcm in DCF drawer calculations. SG and

Tone in the legends denote the self-shielding option and 4, 9, and 17 are the fuel plate
numbers as noted in Fig. 2.

1 This is the mixture of all zirconium isotopes in their natural abundances, pre-
sent in the library like an effective isotope.
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Tone's method agree well with TRIPOLI-4 with the errors in keff
smaller than 50 pcm. The difference in keff between the two
methods is 53 pcm. The number of CP calculations required in the
self-shielding calculation is also given in Table 5. The subgroup
method requires ~10 times more CP calculations and ~38% more
CPU time than Tone's method.We note that the CPU time needed in
Tone's method is less than 1 second, and that the flux calculation
represents nearly 100% of the total CPU time. Accordingly, we
calculate that the overhead induced by embedding the subgroup
method in the flux calculation and the subgroup calculation itself
increased by ~38% the CPU time for the flux calculation.

Table 6 shows the multiplication factors for the MOX cell cal-
culations. The errors in keff for both self-shielding methods are
larger than those for the UOX cell calculations, and are smaller than
180 pcm compared to TRIPOLI-4 reference. The difference in keff
between the subgroup and Tone's methods is 39 pcm. The sub-
group method requires ~21 times more CP calculations and ~39%
more CPU time than Tone's method. One also notices that the
number of CP calculations required by the subgroup method is
proportional to the number of self-shielded isotopes, which is 4 for
the UOX cell and 9 for the MOX cell. The averaged number of
required CP calculations per isotope is 1,131 for the UOX cell and
1,077 for the MOX cell. For Tone's method, on the other hand, the
required number of CP calculations is independent of the number of
self-shielded isotopes. The remark for the UOX cell on the overhead
induced by the subgroup method also applies to the MOX cell.

In Table 7 the multiplication factors are given for the Gd cell
calculations. The errors in keff for both self-shielding methods are

very small and are close to 0 pcm compared to the TRIPOLI-4
reference. The subgroup method requires ~19 times more CP cal-
culations and ~18% more CPU time than Tone's method. We note
that the CPU time for the Gd cell with Tone's method was increased
compared to those for the UOX and MOX cells, however, this
augmentation is due to the time increase for the flux calculation,
not for the self-shielding calculation.

Fig. 14 shows the discrepancies in 238U and 235U absorption and
production rate errors with respect to theMonte Carlo references in
the UOX cell. We see that Tone's method gives equivalent results to
the subgroup method. An oscillation in 238U reaction rates is
observed around Group 165where the 36.7-eV resonance, the third
great resonance of 238U, is located. In the SHEM 361-group mesh,
this resonance affects three groups, Groups 164, 165, and 166.
Because both subgroup and Tone's methods require that the energy
groups should be sufficiently narrow, this subdivision with
Du ¼ 0.012 does not justify the application of either of the two
methods. This was verified by carrying out the same calculation
with the 1,968-group [33] CEA V6 library and the 238U absorption
rates were condensed into the 361-group mesh for Groups 150 to
179. For the 1,968-groupmesh, the 36.7-eV resonance is subdivided
into four groups only. The discrepancies are plotted in Fig. 15. The
same oscillation remains without surprise. We conclude that
neither 361-group nor 1,968-group meshes are sufficient for
treating the 238U 36.7-eV resonance using the subgroup or Tone's
method. We would suggest refining both meshes around the 238U
36.7-eV resonance for the application of both methods to thermal
reactor calculations.

Fig. 9. 238U absorption rate discrepancies in percentage in DCF drawer calculations. SG
and Tone in the legends denote the self-shielding option and 4, 9, and 17 are the fuel
plate numbers as noted in Fig. 2.

Fig. 10. 238U production rate discrepancies in DCF drawer calculations. SG and Tone in
the legends denote the self-shielding option and 4, 9, and 17 are the fuel plate numbers
as noted in Fig. 2.
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In Fig. 16, the fuel is subdivided into 20 equal-volume rings. The
rings are numbered outwards from 1 to 20. The discrepancies per
ring and per group are, respectively, shown for the subgroup and
Tone's method. We notice that for the subgroup method, the per-
ring error increases in the outward direction, particularly in the
resonant groups for the outermost rings; for Tone's method, the
tendency is not always steady. In the peripheral ring, the errors for
Tone's method increase abruptly in the 238U resonances, while the
errors for the subgroup method increase smoothly. Tone's method
is based on a one-term rational representation of the flux and on
Tone's approximation which replaces the energy-dependent colli-
sion probabilities by the group-averaged values. Hence when the
groupwidth is large, Tone's approximation is less precise. However,
even though Tone's method is less accurate in the outermost ring,
our numerical results give us confidence in the overall capacity of
the method to represent the ring-effect in the fuel pin.

Figs. 17 and 18 show the reaction rate discrepancies of the main
isotopes, 238U, 239Pu, 240Pu, and 241Pu, in the MOX cell calculation.
Tone's method obtained similar precision to that of the subgroup
method in the total reaction rates (sum of all rings). We notice once
more the similar oscillations around the 36.7-eV resonance in 238U
absorption rates. Fig. 19 gives the per-ring errors for 20 equal-
volume rings. We note the relatively larger errors in the outer-
most ring of the fuel in the 238U resonances produced by Tone's
methoddthe behavior is very similar to that of the UOX fuel.

Fig. 20 shows the reaction rate discrepancies of 238U and 235U in
the Gd cell calculations and Fig. 21 give those of the absorption
rates for 155Gd, 156Gd, 157Gd, 158Gd, 160Gd, and 154Gd. Similar results

were obtained with both self-shielding methods. For 238U and 235U,
the fluctuation in the reaction rate errors are much larger than
those for the UOX andMOX cells. In the absorption rate errors of the
gadolinium isotopes, the large error peaks are also remarkable on
the large resonances of the gadolinium or of other immixed reso-
nant isotopes. We conclude that even though the errors in the
multiplication factors are very small, the resonant interference
phenomenons are significant in the Gd cell calculations.

In order to quantify the impact of resonant interference effects,
we have carried out a calculation using the APOLLO3 subgroup
methodwith the resonantmixture option, which directly takes into
account the resonant interference effects for the specified isotopes.
This mixture treatment in the subgroup method (SG Mix), similar
to those for APOLLO2 [34,35], utilizes the on-the-fly computed
probability tables for the mixture [6], which are also employed in
the fine-structure self-shieldingmethod in APOLLO3 [36]. In this SG
Mix calculation, the isotopes 238U, 235U, 155Gd, 156Gd, 157Gd, 158Gd,
160Gd, and 154Gd are considered as one pseudo-isotope, the self-
shielding range is from Group 1 to Group 300 (from 19.64 MeV to
1.6 eV), in order to take into account the low-energy resonances.

Table 8 compares the multiplication factor and the CPU time for
the subgroup methods with or without the mixture option for the
Gd cell calculations. The conventional subgroup method with
Bondarenko iteration is always denoted by SG method. The error in
keff for SG Mix method is larger than that of the standard SG
method. However, this only means that the error fluctuations of
different isotopes do not completely compensate one another.
There are several possibilities to improve the SG Mix results. The

Fig. 11. 239Pu absorption rate discrepancies in DCF drawer calculations. SG and Tone in
the legends denote the self-shielding option and 4 and 17 are the fuel plate numbers as
noted in Fig. 2.

Fig. 12. 239Pu production rate discrepancies in DCF drawer calculations. SG and Tone in
the legends denote the self-shielding option and 4 and 17 are the fuel plate numbers as
noted in Fig. 2.
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first is to use an energy mesh with more groups which takes into
account the Gd resonances. The present study utilizes the 361-
group mesh which apparently does not adapt to the Gd reso-
nances. The second is to deal with the angular dependence of the
multigroup resonant cross-sections. The P0 transport-corrected
cross-sections were employed in the present calculations, but this
approximation cannot rectify all the angular-dependence effects.

With the SG Mix method, the mixture probability table gener-
ation time, 258 s, is added to the total CPU time. This data prepa-
ration time is rather important compared to the flux calculation
time. Nevertheless, this calculation can be easily parallelized, since
the per-group probability table calculations are independent. Thus
the preparation time in a parallel calculation environment can be
largely reduced. The CPU time for flux and subgroup calculations
remains the same.We also notice that in the SGMix calculation, the
number of collision probability calculations is reduced by a factor of
2.7. This is due to the fact that the eight individual resonant isotopes
in the UO2-Gd2O3 material are replaced by only one pseudo-
isotope. Only this pseudo-isotope requires calculation. Although
the number of subgroups per group for the pseudo-isotope might
increase compared to the individual isotopes, the total number of
CP calculations is largely decreased by the mixture treatment.

Table 3
Fuel cell geometry.

Region Material Temperature (K) Radius (cm)

Fuel UOX, MOX, 974 0.4096
UO2-Gd2O3

Cladding ZrNAT 600 0.474875
Moderator H2O 574 1.26194a

a Pitch of the lattice.

Table 4
Material compositions.

Material Isotope Densitya Material Isotope Densitya Material Isotope Densitya

UOX 16O 4.57 � 10�2 MOX 16O 4.594 � 10�2 UO2-Gd2O3
16O 4.5201004 � 10�2

234U 7.38 � 10�6 235U 5.4228 � 10�5 234U 1.0260431 � 10�5

235U 8.56 � 10�4 236U 2.63 � 10�9 235U 1.0216619 � 10�3

236U 1.37 � 10�6 238U 2.14 � 10�2 238U 1.9568056 � 10�2

238U 2.2 � 10�2 238Pu 3.125 � 10�5 154Gd 6.1349441 � 10�5

Cladding ZrNAT 3.8 � 10�2 239Pu 8.84 � 10�4 155Gd 3.9477035 � 10�4

Moderator H2O 2.21 � 10�2 240Pu 3.874 � 10�4 156Gd 5.4947758 � 10�4

10B 5.13 � 10�6 241Pu 1.39 � 10�4 157Gd 4.1877662 � 10�4

11B 2.065 � 10�5 242Pu 9.22 � 10�5 158Gd 6.6150696 � 10�4

241Am 1.85 � 10�5 160Gd 5.8148598 � 10�4

a In units of 1024 atom/cm3.

Fig. 13. The geometries for self-shielding calculation (left) and flux calculation (right).

Table 5
UOX cell calculations: keff and CPU time.

Options keff
a Dkeff

b Drb CPUc CPsd

SG 1.26914 48 30 152 4,523
Tone 1.26861 �5 �3 110 (0e) 421

a TRIPOLI-4 reference for keff is 1.26866 ± 6 pcm.
b Discrepancy in pcm.
c CPU time in flux and self-shielding calculations (seconds).
d Total number of CP calculations.
e CPU time in Tone's method (seconds).

Table 6
MOX cell calculations: keff and CPU time.

Options keff
a Dkeff

b Drb CPUc CPsd

SG 1.09598 175 146 152 9,693
Tone 1.09559 136 114 109 (0e) 435

a TRIPOLI-4 reference for keff is 1.09423 ± 5 pcm.
b Discrepancy in pcm.
c CPU time in flux and self-shielding calculations (seconds).
d Total number of CP calculations.
e CPU time in Tone's method (seconds).

Table 7
Gd cell calculations: keff and CPU time.

Options keff
a Dkeff

b Drb CPUc CPsd

SG 0.36227 0 2 152 8,789
Tone 0.36221 �6 �45 125 (0e) 455

a TRIPOLI-4 reference for keff is 0.36227 ± 2 pcm.
b Discrepancy in pcm.
c CPU time in flux and self-shielding calculations (seconds).
d Total number of CP calculations.
e CPU time in Tone's method (seconds).
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Fig. 22 compares the reaction rate errors for the subgroup
methods with or without mixture treatment for the 238U and 235U
isotopes. We see that the error fluctuations are significantly
reduced for all reactions. The most remarkable improvement is the
vanishing of the peak in Group 130 (approx. 97.32 eV) for the 238U
absorption. Fig. 23 shows the differences of the absorption rate
errors for the subgroup methods with or without mixture option
for the Gd isotopes. Almost all of the large error peaks completely
vanish or are largely reduced. The only exception is the negative
peak including the errors of �683 pcm and �613 pcm in Groups
169 and 170, respectively, which is the position of the large reso-
nance of 156Gd at 33.23 eV. This peak is present in both calculations
with or without the mixture consideration. We suspect that these
important discrepancies came from the insufficient number of
groups around the 156Gd resonance in the 361-group SHEM mesh.
Each one of Groups 169 and 170 contains five groups of the 1,968-
group energy mesh. A 1,968-group calculationwas then carried out
and the reaction rates were condensed into the 361-group struc-
ture. Nevertheless, the errors in these two groups are �684 pcm
and �614 pcm, respectively, nearly the same as those of the 361-
group calculations. Preliminary investigation showed that there
were important differences in the absorption cross-sections of
156Gd in Groups 169 and 170 between APOLLO3 and TRIPOLI-4. Ṫhis
means that more detailed investigation is needed for this library
which is still in the process of validation.

From the above analysis, we conclude that it is important to
account explicitly the resonant interference in the Gd cell calcula-
tions. The improvement in reaction rates of the main isotopes was
obtained by the subgroup method with mixture treatment. Today,
the Tone method in APOLLO3 does not have explicit mixture
calculation. Since Tone's method utilizes the same mathematical

probability tables as those for the subgroup method, we will
consider the implementation of the explicit mixture treatment
using the mixture probability tables to Tone's method in the near
future, and we expect that the Tone mixture method will give
similar precision as the subgroup mixture method.

4. Conclusions

In this paper we have presented a new resonance self-shielding
method based on Tone's method. This method distinguishes from
Tone's methods of the previous studies by utilizing mathematical

Fig. 14. 238U and 235U reaction rate errors in UOX cell.

Fig. 15. 238U absorption rate discrepancies in pcm around the 36.7-eV resonance in
UOX cell by the 1,968-group calculation.
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probability tables as quadrature formulas in calculating effective
cross-sections.

The new method was first applied to the ZPPR drawer calcula-
tions. The numerical results show that, in the DCF drawer calcula-
tions, Tone's method obtains similar precision to that of the
subgroup method, even though simplified assumptions have been
adopted. In the SCF drawer calculation, Tone's method is less pre-
cise than the subgroup method due to presence of a pure metal
material in Plate 3. The heterogeneousehomogeneous equivalence
is less precise in the case of the pure metal material as the

equivalent cross-section is rather different from the homogeneous
background cross-section.

Tone's method was then applied to three PWR fuel cell calcu-
lations, with UOX, MOX, and UOX-Gd2O3 fuels, respectively. The
numerical results show that Tone's method obtains similar preci-
sion in multiplication factors and integral reaction rates to that of
the subgroup method. The per-ring discrepancies show that Tone's
method represents satisfactorily the spatial effects, although it
gives relatively large errors for the outermost fuel rings in 238U
large resonances. In all three fuel cell calculations, there is an

Fig. 16. Radial distribution of the multigroup 238U absorption rate discrepancies in the UOX cell with the equivolumetric pin subdivision into 20 rings.

Fig. 17. 238U and 239Pu reaction rate errors in MOX cell.
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oscillation in 238U absorption rate errors around its 36.7-eV reso-
nance. This resonance is represented by 3 groups only, compared to
14 groups for the 20.87-eV resonance and 22 groups for the 6.67-eV
resonance. The authors suggest that the SHEM 361-group mesh
could be improved by increasing the number of groups around the
36.7-eV resonance.

In the Gd cell calculations, the resonant interference was very
important. The activation of the explicit mixture treatment in the
subgroup method eliminated most of the large error peaks

compared to the calculation without the mixture treatment. This
proves the importance of dealing with the resonant interference
phenomena in Gd cell calculations. More calculations on the as-
sembly level are needed in order to confirm this point.

The numerical results also show the superior efficiency of
Tone's method compared to the subgroup method. Thanks to the
adoption of the simplified models, the NR approximation for the
slowing down source and Tone's approximation for the group
collision probabilities, Tone's method largely reduces the required

Fig. 18. 240Pu and 241Pu reaction rate errors in MOX cell.

Fig. 19. Radial distribution of the multigroup 238U absorption rate discrepancies in the MOX cell with the equivolumetric pin subdivision into 20 rings.
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Fig. 20. 238U and 235U reaction rate errors in Gd cell obtained by the SG and Tone's methods.
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number of CP computations, resulting in an important gain in the
CPU time.

The first applications of the new Tone's method to the fast and
thermal reactor calculations are presented in this paper. More
testing remains to be done in order to cover different kinds of fuel,
different reactor types and different geometry configurations. In
order to apply the subgroup and Tone's methods to the thermal
reactors, one important issue is to define an appropriate energy
mesh which accounts for the resonances of the principal resonant
isotopes.

Fig. 21. The absorption rate errors of the Gd isotopes in Gd cell obtained by the SG and Tone's methods.

Table 8
Gd cell calculations with/without mixture treatments: keff and CPU time.

Options keff
a Dkeff

b Drb CPUc CPsd

SG 0.36227 0 2 152 8,789
SG Mix 0.36328 101 768 408 (258e) 3,245

a TRIPOLI-4 reference for keff is 0.36227 ± 2 pcm.
b Discrepancy in pcm.
c CPU time in flux and self-shielding calculations (seconds).
d Total number of CP calculations.
e CPU time in mixture probability table computation (seconds).
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Fig. 22. 238U and 235U reaction rate errors in Gd cell obtained by the SG and SG Mix methods.
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Fig. 23. The absorption rate errors of the Gd isotopes in Gd cell obtained by the SG and SG Mix methods.
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Appendix. The 33-group energy mesh.
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The 33-group energy mesh.

Group Upper bound (eV) Group Upper bound (eV)

1 1.964033 � 10þ7 18 3.354626 � 10þ3

2 1.000000 � 10þ6 19 2.034684 � 10þ3

3 6.065307 � 10þ6 20 1.234098 � 10þ3

4 3.678794 � 10þ6 21 7.485183 � 10þ2

5 2.231302 � 10þ6 22 4.539993 � 10þ2

6 1.353353 � 10þ6 23 3.043248 � 10þ2

7 8.208500 � 10þ5 24 1.486254 � 10þ2

8 4.978707 � 10þ5 25 9.166088 � 10þ1

9 3.019738 � 10þ5 26 6.790405 � 10þ1

10 1.831564 � 10þ5 27 4.016900 � 10þ1

11 1.110900 � 10þ5 28 2.260329 � 10þ1

12 6.737947 � 10þ4 29 1.370959 � 10þ1

13 4.086771 � 10þ4 30 8.315287 � 10þ0

14 2.478752 � 10þ4 31 4.000000 � 10þ0

15 1.503439 � 10þ4 32 5.400000 � 10�1

16 9.118820 � 10þ3 33 1.000000 � 10�1

17 5.530844 � 10þ3 1.000010 � 10�5
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