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a b s t r a c t

Acceleration/preconditioning strategies available in the SCEPTRE radiation transport code are described.
A flexible transport synthetic acceleration (TSA) algorithm that uses a low-order discrete-ordinates (SN)
or spherical-harmonics (PN) solve to accelerate convergence of a high-order SN source-iteration (SI) solve
is described. Convergence of the low-order solves can be further accelerated by applying off-the-shelf
incomplete-factorization or algebraic-multigrid methods. Also available is an algorithm that uses a
generalized minimum residual (GMRES) iterative method rather than SI for convergence, using a parallel
sweep-based solver to build up a Krylov subspace. TSA has been applied as a preconditioner to accelerate
the convergence of the GMRES iterations. The methods are applied to several problems involving elec-
tron transport and problems with artificial cross sections with large scattering ratios. These methods
were compared and evaluated by considering material discontinuities and scattering anisotropy.
Observed accelerations obtained are highly problem dependent, but speedup factors around 10 have
been observed in typical applications.
© 2017 Korean Nuclear Society, Published by Elsevier Korea LLC. This is an open access article under the

CC BY-NC-ND license (http://creativecommons.org/licenses/by-nc-nd/4.0/).

1. Introduction

Electron transport is characterized by a large number of colli-
sions before removal from the scattering source, which makes the
source iterations (SIs) in a sweep-based solution method slowly
convergent. The SCEPTRE radiation transport code [1] has several
alternative solvers that do converge rapidly for electron transport
in many circumstances. In these alternative solvers, a discretized
linear system is constructed involving both the spatial and angular
variables, including the scattering source, which is then solved in
parallel with Krylov iterative methods. In SCEPTRE, the space/angle
linear system is solved by making use of capabilities contained in
the Trilinos project [2], which includes iterative solvers and pre-
conditioners developed for the efficient parallel solution of dis-
cretized linear systems for large-scale, scientific applications.
Convergence of the Krylov methods depends on the condition
number of the systemmatrix and the clustering of the eigenvalues,
rather than on the scattering ratio, so that rapid convergence may
be obtained even when highly scattering media are present in the
problem. A main drawback of these methods is that they can be
memory intensive.

In this work, a method is described that combines the two so-
lution approaches, using a coarse-level (low-order-in-angle) space/
angle solve to accelerate a fine-level (high-SN-order) SI solve.
Preferably, a method is used for the coarse-level solve that con-
verges rapidly for problems containing highly scattering media and
that effectively speeds up convergence of the SI of the fine-level
problem. If Trilinos tools are used for the coarse-level solves, it is
possible to attain further acceleration by applying off-the-shelf
incomplete-factorization (IF) [3] or algebraic multigrid (AMG) [4]
algorithms. This work is basically generalized transport synthetic
acceleration (TSA) [5] with great flexibility in performing the
coarse-level solves.

In addition, capability has been added to SCEPTRE by applying a
generalized minimum residual (GMRES) algorithm for convergence
as an alternative to SI. Krylov iterative methods have been effec-
tively applied to radiation transport problems for some time [6e9].
In this approach, sweep solves are used to build up a Krylov sub-
space that is used tominimize a residual and converge to a solution.
This method is shown to be effective for electron transport and
other applications with large scattering ratios. TSA has been applied
as a preconditioner to accelerate the convergence of the GMRES
iterations. The GMRES algorithm implemented in SCEPTRE will be
described in the following section.

The next section will provide more details about the TSA
methods, and then results will be provided for modeling electron
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transport in a twisted-pair electrical cable, and a three-material-
block cylinder with various combinations of uniform and nonuni-
form cross sections. Observed accelerations obtained are highly
problem dependent, but speedup factors around 10 have been
observed in typical applications.

2. Background

Acceleration methods such as diffusion synthetic acceleration
(DSA) and TSA have been very effective at reducing the number of
iterations and/or solve time for a wide range of applications
[10e13]. However, partially consistent DSA may perform poorly for
certain applications, and fully consistent DSA and TSA may effec-
tively reduce the iteration count, while shiftingmuch of thework to
the coarse-level solves. The effectiveness of acceleration methods
tends to be very problem dependent. In general, for problems with
highly scattering regions, some type of acceleration is effective, but
practical problems often have highly scattering regions and
streaming regions, so some flexibility is desired in applying a
preconditioner.

The SCEPTRE radiation transport code has a unique ability of
allowing for any number of different types of solvers to be defined
within a single transport calculation [1]. The primary application of
SCEPTRE is coupled photon/electron transport, so this flexibility
was needed because the convergence properties for problems
involving neutral particles are so different from those involving
charged particles, and even among different energy groups,
convergence behavior may be quite variable. As noted previously,
SCEPTRE includes a sweep-based SI solver as well as a number of
solvers that use a Krylov iterative method to solve the space/angle
dependence simultaneously.

A wide variety of space/angle solvers are available in SCEPTRE,
such as those based on the first-order (FO) form of the transport
equation using discontinuous finite elements (DFEs), for both the
spherical-harmonics (PN) and discrete ordinates (SN) treatment of
the angular variable. A DFE spatial discretization always results in a
nonsymmetric positive definite (non-SPD) linear system, so GMRES
is used for these solvers. Also available are several solvers that
result in a SPD linear system, so that the highly efficient conjugate
gradients (CGs) algorithm may be used. These methods include the
self-adjoint angular flux (SAAF) method and the least-squares (LSs)
method, using continuous finite elements (CFEs), again for both PN
and SN [14,15]. In particular [14], describes the PNmethod applied to
the FO transport equation with DFE spatial discretization, which in
this work is shown to be one of the most effective TSA methods
tested. The use of spatial DFE results in a nonsymmetric linear
system, regardless of the form of the transport equation used, so
only CFE spatial approximation is available for use with the SAAF
and LS solvers.

As noted earlier, due to huge memory requirements, the space/
angle solvers are not generally practical except for fairly small
problems. However, these methods are very effective as coarse-
level accelerators for a SI solver. Because the space/angle linear
systems are built using Trilinos [2] data structures, the rich
assortment of preconditioners included in the Trilinos project,
including AMG and IF, is accessible.

Mapping from the fine-level to coarse-level problem is basically
angular multilevel (AML) optionally combined with an algebraic
preconditioner, either IF [3] or AMG [4]. AMG is not expected to
performwell for hyperbolic problems, as encountered in this work.
AMG results are included for completeness, and results confirm the
expected poor performance of AMG for this application. For AML,
the restriction and prolongation operators involve the moment-to-
discrete and discrete-to-moment operators, as will be described in
the next section. For AMG, the restriction and interpolation

operators and number of levels are handled by the Trilinos/MueLu
package, and for IF the preconditioning is handled by the Trilinos/
Ifpack2 package. For the SAAF and LS coarse-level solves, which use
CFE, the mapping back and forth between the DFE and CFE repre-
sentations of the spatial dependence is handled by Trilinos/Tpetra
tools [2]. In SCEPTRE, the basic representation of the internal
angular flux, fixed source, and boundary angular flux is based on a
DFE representation in space. In constructing a linear system, a
mapping is set up using Trilinos/Tpetra mapping tools to transfer
the DFE information to a CFE representation in the FE assembly
phase. After obtaining the solution in the CFE space, the resulting
angular flux solution is mapped back to a DFE representation using
the Import/Export tools in Tpetra.

2.1. Description of the TSA algorithm

The mono-energetic transport equation is

U,Vjþ stjðr;UÞ ¼
Z

ss
�
U

0
/U

�
j
�
r;U

0�
dU

0
þ Qðr;UÞ (1)

with an imposed surface-source boundary condition

jðr;UÞ ¼ jbðr;UÞ; r2G; U,n<0 (2)

where r is the spatial position,U is the particle direction of motion,
st is the total cross section, ss is the scattering cross section, j is the
angular flux, and Q is a known distributed fixed source. G is the
external spatial boundary and n is the unit outward normal on G. jb
is the imposed surface boundary condition for incoming directions.

Defining the transport operator T as

T + ¼ U,V+þ st+ (3)

and the scattering operator S as

S+ ¼
Z

ss
�
U

0
/U

�
+dU

0
(4)

the transport equation can be written compactly as

T jðr;UÞ ¼ Sjðr;UÞ þ Qðr;UÞ (5)

The transport equation can be solved by SI

T jðkþ1Þ ¼ SjðkÞ þ Q (6)

where jðkÞ is the known kth iterate of the angular flux, and jðkþ1Þ is
the computed (kþ1)st iterate, with the iterations continuing until
convergence. With an SN discretization in angle and a DFE dis-
cretization in space, the (kþ1)st iterate of the angular flux is ob-
tained by an efficient sweeping algorithm.

In the TSA algorithm, the (kþ1)st iterate of the angular flux is
obtained by a two-step process: (1) a sweep solve, and (2)
computation and application of a correction term. Reindexing the
result of a sweep solve as the (kþ½)th iteration

T j

�
kþ1 =

2
�
¼ SjðkÞ þ Q (7)

the goal is to determine a correction to the (kþ½)th iterate of the
solution to accelerate convergence. The residual at the (kþ½)th

iteration is

r

�
kþ1 =

2
�
¼ Q � ðT � SÞj

�
kþ1 =

2
�

(8)
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or

r
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kþ1 =

2
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¼ S

h
j

�
kþ1 =

2
�
� jðkÞ

i
(9)

The error term, ε

�
kþ1 =

2
�
, is the difference between the actual

solution, j, and the (kþ½)th iterate

ε

�
kþ1 =

2
�
¼ j� j

�
kþ1 =

2
�

(10)

which can be computed from

ðT � SÞε
�
kþ1 =

2
�
¼ r

�
kþ1 =

2
�

(11)

Rather than solving Eq. (11) directly, whichmay be as difficult as
solving the original transport equation, the procedure is to map the
fine-level linear system for computing the correction term, Eq. (11),
to a coarse-level linear system, which is solved for a coarse-level
correction term that is then mapped back to fine-level and
applied to the (kþ½)th iterate of the angular flux. A coarse-level
linear system is defined as

ðT c � ScÞε

�
kþ1 =

2
�

c ¼ r

�
kþ1 =

2
�

c (12)

where a coarse-level residual is computed from

r

�
kþ1 =

2
�

c ¼ ℛr

�
kþ1 =

2
�

(13)

where ℛ is a restriction operator for mapping from the fine-level
linear problem to a coarse-level linear problem. Eq. (12) can be
solved by any desired method for the coarse-level correction term.
Through numerical experimentation, an optimal convergence cri-
terion (for minimum solver time) may be determined for solving
the coarse-level system, often much more relaxed than that for the
fine-level solves.

The coarse-level correction term is mapped back to the fine-
level problem by applying a prolongation operator

ε

�
kþ1 =

2
�
¼ Pε

�
kþ1 =

2
�

c (14)

where P is a prolongation operator, for mapping the coarse-level
problem back to the fine-level problem. The (kþ1)st iterate of the
angular flux is obtained by applying the correction term

jðkþ1Þ ¼ j

�
kþ1 =

2
�
þ ε

�
kþ1 =

2
�

(15)

Specific restriction and prolongation operators for using either
spherical harmonics or discrete ordinates as a coarse-level solver
are described in the next sections.

2.1.1. Using PN as a coarse-level solver
For a coarse-level PN problem, the coarse-level residual mo-

ments are computed from

r

�
kþ1 =

2
�

c ¼ ℛr

�
kþ1 =

2
�
¼ Dfcr

�
kþ1 =

2
�

(16)

whereℛ is the restriction operator, which is Dfc, the fine-to-coarse
discrete-to-moment operator. The coarse-level correction term is
mapped back to fine level by

ε

�
kþ1 =

2
�
¼ Pε

�
kþ1 =

2
�

c ¼ M cf ε

�
kþ1 =

2
�

c (17)

where P is the prolongation operator, which is M cf , the coarse-to-
fine moment-to-discrete operator.

2.1.2. Using SN as a coarse-level solver
For a coarse-level SN problem, the coarse-level residual is

computed from

r

�
kþ1 =

2
�

c ¼ ℛr

�
kþ1 =

2
�
¼ M ccDfcr

�
kþ1 =

2
�

(18)

whereℛ is the restriction operator, which is the product ofM cc, the
coarse-to-coarsemoment-to-discrete operator, andDfc, the fine-to-
coarse discrete-to-moment operator. The coarse-level error term is
then mapped back to the fine level by

ε

�
kþ1 =

2
�
¼ Pε

�
kþ1 =

2
�

c ¼ M cfDccε

�
kþ1 =

2
�

c (19)

where P is the prolongation operator, which is the product of M cf ,
the coarse-to-fine moment-to-discrete operator, and Dcc, the
coarse-to-coarse discrete-to-moment operator.

2.2. Description of the preconditioned GMRES algorithm

The GMRES iterative method [16] solves a general linear system

Ax ¼ b (20)

by constructing a Krylov subspace

Km ¼ span
h
r0;Ar0;A

2r0;…;Am�1r0
i

(21)

and then by determining the optimal solution by minimizing a
residual norm over the Krylov subspace. To apply the GMRES al-
gorithm to solve the transport equation, following [6e9], we start
with the monoenergetic transport equation

T j� Sj ¼ Q (22)

and operate from the left with the inverse transport operator,
which results in

�
I � T �1S

�
j ¼ T �1Q ¼ junc (23)

where junc is the uncollided flux. The GMRES algorithm is applied
to solve Eq. (23) by identifying the components of the linear system
as

8<
:

A0I � T �1S
x0j
b0junc

(24)

We have implemented the GMRES(m) algorithm with restart,
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given by Saad and co-workers [16] to solve a general linear system
in SCEPTRE. The matrix-vector multiplication as required in con-
structing the Krylov subspace is replaced by the operation
ðI � T �1SÞjwithout forming the matrix. The computation of T �1S
is performed using a highly efficient sweeping algorithm. The
maximum dimension of the Krylov subspace is set to m so that the
Krylov process is restarted after m iterations. This restart strategy
can degrade the convergence of the GMRES iterations but is
necessary to manage memory usage.

The GMRES iterations can be preconditioned by applying a left
preconditioner to Eq. (23)

M �1
�
I � T �1S

�
j ¼ M �1junc (25)

where M �1 is an approximation to the inverse of the system linear
operator, I � T �1S. A good approximation to the inverse of the
linear-system operator may be obtained as follows. Using the
uncollided flux as an approximate solution of the transport equa-
tion results in a residual of

runc ¼ Q � ðT � SÞjunc ¼ Sjunc (26)

The error term in using the uncollided flux as an approximate
solution is

εunc ¼ j� junc ¼ ðT � SÞ�1runc (27)

Combining Eqs. (26) and (27) results in an expression for the
angular flux solution in terms of the uncollided flux

j ¼
h
I þ ðT � SÞ�1S

i
junc (28)

Comparing Eqs. (28) and (23), the inverse linear operator can be
written as

�
I � T �1S

��1
¼ I þ ðT � SÞ�1S (29)

Mapping the transport solve in Eq. (29), ðT � SÞ�1, to a coarse-
level linear system results in an approximate inversion of the linear
operator

�
I � T �1S

��1
yI þ PðT c � ScÞ�1ℛS (30)

where ℛ and P are restriction and prolongation operators,
respectively. An effective preconditioner is, therefore, given by

M �1 ¼ I þPðT c � ScÞ�1ℛS (31)

Any of the Krylov method-based TSA solvers, such as those
mentioned in the previous section, can be used to perform the
operation ðT c � ScÞ�1. The interrelationships among the various
solvers, accelerators, and preconditioners are summarized in Fig. 1.

3. Results

In this section, the various preconditioners/accelerators will be
applied to several test problems, using either typical cross sections
for electron transport or artificial cross sections with large scat-
tering ratios. The effectiveness of the various methods will be
evaluated by comparing the convergence rates of the error norm as
well as by comparing the solve times.

The TSA algorithms have many options available for controlling
both the coarse-level solves and the coarse-level acceleration. One
of themost important factors affecting overall runtime is specifying
the convergence tolerance and/or maximum number of iterations

for the coarse-level solves. Often, running a small number of
coarse-level iterations, resulting in a fairly crude approximation to
the correction term, may result in a good speedup in the conver-
gence of the fine-level SIs. This is especially true for the DFE coarse-
level solvers using GMRES, which is fairly expensive. For the SAAF
and LS coarse-level solvers, which use CG, limiting the number of
coarse-level iterations is not as crucial, because the CG algorithm is
so fast.

For some results presented in this section, the coarse-level pa-
rameters are somewhat optimized for reducing overall runtime. For
other results, the coarse-level parameters are set to provide a fairly
well-converged coarse-level solve, which effectively speeds up
convergence versus SI, while not necessarily providing optimal
overall runtime. For the IF and AMG acceleration of the coarse-level
solves, for simplicity, the default values were used for most of the
parameters. For example, IF used point relaxation with
GausseSeidel relaxation (symmetric GausseSeidel for SAAF and
LS), with a damping factor of 1.0 and an h parameter of 1.5. AMG
used a “V” cycle with a maximum of three levels, a relaxation
smoother, and a smoothed-aggregation damping factor of 1.33333.
For other details of the IF and AMG parameters, refer to [3,4].

3.1. Twisted-pair cable

The problem considered here is a segment of a braided-shield
twisted-pair cable with copper conductors, shown in Fig. 2A. A
planar source of 50-keV photons was incident approximately along
the positive x-axis. The spatial mesh contained about a half-million
linear hexahedral (hex8) elements, and the angular approximation
used S8 level-symmetric quadrature with P3 scattering, including a
d-function down-scatter correction [17]; 10 linear photon and 10
log electron energy groups were used, and cross sections were
obtained from the CEPXS code [18]. Fig. 2B shows the conductor
pair with insulating and shielding materials removed.

Fig. 3 shows the scattering ratio for Cu as a function of electron
energy, for either logarithmic or linear energy differencing and for
P3 or P7 scattering order. The scattering ratio depends on the
scattering order due to the d-function correction, which subtracts
the (Lþ1)st order moment from the total and self-scatter cross
sections [17]. The scattering ratio also depends on the energy grid,
due to the manner in which the electron multigroup cross sections
are computed.

Fig. 4A compares the convergence of the iterations for the fifth
electron group for various TSA methods compared with unaccel-
erated SI. Several TSA methods are included: SAAF with CFE spatial
differencing, and FO TSA with DFE spatial differencing, with and
without IF acceleration of the coarse-level solves. The scattering
ratio for this particular electron energy group is 0.905 in copper.
The P1 and P3 results shown in Fig. 4A were computed using the
spherical-harmonics method applied to the FO transport equation
with DFE, as described in [14].

The results shown in Fig. 4A warrant some further explanation.
The convergence behavior depends on the convergence parameters
specified for the coarse-level solves, both the desired residual
tolerance and the maximum iteration count. It has been found that
even a partially converged coarse-level solve can be an effective
preconditioner, and the overall solve time often depends sensi-
tively on the specific convergence parameters chosen for the
coarse-level solves. For example, the FO P1 TSA result shown in
Fig. 4A used a maximum iteration count of 100 for the coarse-level
solves, which resulted in a residual of up to 0.78, a very poorly
converged solution. The FO P1 TSA result with IF acceleration ob-
tained a residual of less than 0.01 for less than 10 iterations,
resulting in more effective acceleration. The coarse-level parame-
ters for this set of results are shown in Table 1. The specific
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parameters were chosen experimentally to attempt to minimize
overall solve time.

Solver time versus electron energy group is shown in Fig. 4B for
the various acceleration methods. For this test problem, FO P3 TSA
with IF performs the best, in terms of both convergence rate and
solver time. SAAF performed poorly for this test problem, being
only slightly faster than unaccelerated SI. The timings were ob-
tained by running on a TLCC2 machine, using 256 Intel Sandy
Bridge 2.6-GHz cores. The convergence tolerance for the fine-level
sweeps was an L2 error norm of 10�5.

Table 1 lists the convergence metrics for the TSA solves and the
combined solve time for the electron energy groups. Using P3 FO
TSA with IF resulted in a factor of 13 speedup compared with
unaccelerated SI. Convergence metrics for the coarse-level solves
were somewhat optimized experimentally for minimum solve
time. For the FO DFE coarse solves, a fairly loose convergence
tolerance of 0.01 was used, because the GMRES iterations are fairly
expensive, providing minimal additional benefit for a tighter
convergence. The use of IF to accelerate the coarse-level solves
results in faster convergence, so a lower maximum iteration count
of 10 was used for these runs. A tighter convergence tolerance of
10�4 was used for the SAAF TSA run, because the CG iterations are
relatively inexpensive.

Fig. 1. Diagram illustrating the relationships among the various solver and preconditioners. DFE, discontinuous finite element; GMRES, generalized minimal residual; TSA, transport
synthetic acceleration.

Fig. 2. Charge-deposition distribution. (A) In braided-shield twisted-pair cable. (B) In
conductor pairs.

Fig. 3. Scattering ratio for electron transport in copper for different energy differ-
encing and scattering order.
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3.2. Three-region cylinder

The test problems in this section model transport in a three-
region cylinder. For the first two tests, a plane-parallel source of
1-MeV electrons is incident on the side of the cylinder. The first test,
described in Section 3.2.1, has lead in all three material regions, to
test the performance of the accelerators in uniform material. In the

test described in Section 3.2.2, the middle material region is
replaced by void, to test the performance of the accelerators for
problems with nonuniform material regions. The scalar flux in the
inner- and outer-lead regions for the lead/void/lead test problem is
shown in Fig. 5.

Fig. 4. (A) Convergence of the fifth electron group iterations for various TSA solvers.
(B) Solve times for the electron groups for various TSA solvers. FO, first-order; IF,
incomplete-factorization; SAAF, self-adjoint angular flux; TSA, transport synthetic
acceleration.

Table 1
TSA convergence metrics and total solve time for electron groups for various acceleration methods.

TSA method Coarse-level parameters Total solve time of electron groups (s) Speed up

Preconditioner Convergence tolerance Maximum iterations

None e e e 3,530 1
FO P1 None 0.01 100 653 5.4
FO P1 IF 0.01 10 365 9.7
FO P3 IF 0.01 10 272 13.
SAAF S2 None 10�4 1,000 3,160 1.1

FO, first-order; IF, incomplete-factorization; SAAF, self-adjoint angular flux; TSA, transport synthetic acceleration.

Fig. 5. Scalar flux in lead regions for the lead/void/lead test problem.

Fig. 6. Scattering ratio for electron transport in lead for 20 logarithmically distributed
energy groups and P5 scattering order.

C. Drumm, W. Fan / Nuclear Engineering and Technology 49 (2017) 1114e1124 1119



Fig. 6 shows the scattering ratio for lead for 20 logarithmically
distributed electron groups, with a maximum energy of 1 MeV and
P5 scattering.

The third test problem in Section 3.2.3 uses artificial cross sec-
tions with scattering ratio of unity, and compares the performance
of the accelerators for P3 and P7 scattering, to investigate the per-
formance of the accelerators with scattering anisotropy. Also
included is a test problem investigating the effectiveness of TSA for
varying the average cosine of the scattering angle, for highly
forward-peaked scattering.

3.2.1. Performance of TSA in uniform material
In this section, a plane-parallel source of 1-MeV electrons is

incident on a uniform lead cylinder. The S10 level-symmetric
quadrature is used with P5 scattering, with 20 logarithmically

distributed energy groups. The figures compare the convergence of
the error norm versus iteration and solver time versus energy
group. In each of the plots, the performance of various TSA solvers
is compared with unaccelerated SI results and SCEPTRE/GMRES
solver results. The SCEPTRE/GMRES designation is used to distin-
guish the GMRES algorithm in SCEPTRE that uses sweep-solve re-
sults to build up the Krylov subspace, from the GMRES algorithm in
Trilinos that solves the discretized space/angle linear system.

Fig. 7A compares the error-norm convergence of four different
TSA solvers using CFE spatial differencing, using either an SAAF or
LS transport solve and using a CG iterative solve. The TSA solves use
either an S2 discrete-ordinates solve or a P1 spherical harmonics
solve. The results shown in Fig. 7A are for the first energy group
(1 MeV), with a scattering ratio of 0.954. The SPD accelerators for
this test problem are very effective at reducing the error for the first
few iterations, then tend to stall and then appear to become more

Fig. 7. (A) Error convergence of various CFE SPD TSA solvers compared with SI and
SCEPTRE/GMRES solvers for uniform-material test problem. (B) Solver time of various
CFE SPD TSA solvers compared with SI and SCEPTRE/GMRES solvers for uniform-
material test problem. CFE, continuous finite element; GMRES, generalized minimal
residual; LS, least-square; SAAF, self-adjoint angular flux; SI, source-iteration; SPD,
symmetric positive definite; TSA, transport synthetic acceleration.

Fig. 8. (A) Error convergence of various DFE FO TSA solvers compared with SI and
SCEPTRE/GMRES solvers for uniform-material test problem. (B) Solver time of various
DFE FO TSA solvers compared with SI and SCEPTRE/GMRES solvers for uniform-
material test problem. DFE, discontinuous finite element; FO, first order; GMRES,
generalized minimal residual; IF, incomplete-factorization; SI, source-iteration; TSA,
transport synthetic acceleration.
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effective as the convergence tolerance of 10�4 is approached. The
iteration count is comparable with the SCEPTRE/GMRES results for
convergence tolerance of 10�4.

Fig. 7B compares solver times of various SPD CFE TSA solvers
with SI and GMRES solvers. The solver time includes the time for
the sweep solves and the TSA solves. The SCEPTRE/GMRES solver

generally performs better than the SPD TSA solvers, especially for
the lower-energy electron groups.

Fig. 8A and B compare convergence and solve times for the FO
DFE non-SPD TSA solvers, showing generally better performance
than the SPD TSA solvers, in both convergence rate and solver
times. The S4 FO TSA solver shows the best convergence behavior,

Fig. 9. (A) Effect of material discontinuity on convergence of various solvers. (B) Effect
of material discontinuity on solver time for various solvers/preconditioners. FO, first
order; GMRES, generalized minimal residual; IF, incomplete factorization; SI, source-
iteration; TSA, transport synthetic acceleration.

Fig. 10. (A) Effectiveness of TSA preconditioning on the iterative convergence of the
SCEPTRE/GMRES algorithm for the lead/void/lead test problem. (B) Comparison of
solver times of various Krylov and TSA algorithms. FO, first order; GMRES, generalized
minimal residual; IF, incomplete factorization; TSA, transport synthetic acceleration.

Table 2
Comparison of effectiveness of TSA methods for uniform and nonuniform material stack up.

Solver TSA method Solve time (s) Speed up

Uniform material Nonuniform material Uniform material Nonuniform material

SI None 2,030 1,940 1.0 1.0
GMRES None 214 243 9.5 8.0
GMRES GMRES-S2 212 241 9.6 8.0
SI FO-P3 151 173 13.0 11.0
SI FO-P3 IF 83 166 25.0 12.0
SI FO-P3 ML 311 Not converged 6.5 e

SI FO-S2 ML 192 Not converged 11.0 e

FO, first-order; GMRES, generalized minimum residual; SI, source iteration; TSA, transport synthetic acceleration.
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whereas the P3 TSA solver using IF has the best solver-time
performance.

3.2.2. Effect of material discontinuity
In this section, the effect of material discontinuity on the

effectiveness of the methods is investigated, by replacing the
middle material region by void. Fig. 9A compares convergence
behavior for several solvers both for uniform lead and for the lead/
void/lead configuration for the first energy group. The SCEPTRE/
GMRES results are only slightly affected by the void region. The P3
TSA method is negatively affected by the introduction of the void
region. The method performs poorly for the first few iterations and
then recovers with later iterations. Solver times are compared in
Fig. 9B, showing good performance of the P3 TSA with IF for both
uniform and nonuniform test problems, though the performance of
the preconditioner is degraded for the nonuniform problem.

Fig. 10A and B shows the effectiveness of TSA preconditioning
applied to the SCEPTRE/GMRES solver for the nonuniform material
test problem. Preconditioning the GMRES iterations with P3 TSA
effectively reduces the iterative convergence, resulting in a mod-
erate decrease in solver time. The TSA solves for the GMRES pre-
conditioning are performed by application of the FO DFE spherical
harmonics solver in SCEPTRE for a specified PN order [14].

Table 2 summarizes the results for uniform and nonuniform
material stack up. For a uniform material, a speedup factor of 25
was obtained for the P3 TSA with IF preconditioning. The intro-
duction of the void region did not negatively affect the SCEPTRE/
GMRES solver results or the SI results with TSA alone. The IF pre-
conditioned test problem performance degraded by about a factor
of two, from a speedup factor of 25 to a factor of 12. The ML pre-
conditioned test problems did no converge for the nonuniform
material stack up.

Table 3 compares the effectiveness of various TSA methods
applied to precondition the SCEPTRE/GMRES solver for the
nonuniform material stack up. Using Trilinos is generally more
efficient for performing the TSA solves, and, for this test problem,
the P2 TSA preconditioner performed the best, with a speedup
factor of 16.1.

3.2.3. Effect of scattering order
In this section, the effect of the scattering anisotropy on the

effectiveness of the methods is investigated. For this test problem,
the total cross section is

st ¼ 104 (32)

and the scattering moments are given by

ss;l ¼
h
104;0:9 � 104;0:8 � 104;…

i
(33)

with a scattering ratio of unity. The same three-region cylinder is
used for the tests in this section, with a void region between two

Table 3
Comparison of effectiveness of TSA methods for preconditioning the SCEPTRE/GMRES solver.

Solver Preconditioner Number of iterations Solver time (s) Speed up

TSA method TSA solver

SI None e 4,343 1,910 1
GMRES None e 509 243 7.9
GMRES P1 GMRES 182 202 9.5
GMRES P1 Trilinos 245 144 13.3
GMRES P2 Trilinos 170 119 16.1
GMRES P3 Trilinos 175 151 12.6

TSA, transport synthetic acceleration; GMRES, generalized minimum residual; SI, source-iteration.

Fig. 11. (A) P3 scattering cross section for test problem. (B) P7 scattering cross section
for test problem.
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material regions.
Results are compared for S16 level-symmetric quadrature and

either P3 or P7 scattering. Fig. 11A and B shows the angular
dependence of the P3 and P7 scattering cross sections, respectively.
Fig. 12 compares the convergence for various solvers for P3 and P7
scattering, indicating that the scattering order has little effect on
any of the solvers. Unaccelerated SI diverges for this test problem.
The SAAF TSA solver performs well for the first few iterations, then
stalls for an error norm around 0.05, and again converges rapidly
for later iterations as the convergence tolerance of 10�4 is
approached.

Fig. 13 shows the effectiveness of increasing the order of the TSA
solver for increasing convergence rate, showing moderate

improvement in going from P1 to P3 or S2 to S4 TSA. Table 4 com-
pares global solver times for the two test problems, using P3 and P7
scattering, respectively. The solvers are essentially unaffected by
the order of the scattering, with the P1 TSA solver showing the best
performance. For the SAAF TSA solver, the cross section was
modified slightly to a scattering ratio of 0.99, because the SAAF
algorithm is singular for pure scattering.

Table 4 summarizes the results for the test problems for inves-
tigating the effect of scattering order on preconditioner effective-
ness. The minimum solver time is obtained for the DFE P1 TSA
preconditioner, which is essentially unaffected by increasing the
scattering order from three to seven.

As a further test of the effectiveness of the TSA preconditioning
for varying scattering anisotropy, the convergence rate of the TSA P3
IF algorithm is tested for two different values of the average scat-
tering cosine. Scattering cross-section moments for this test prob-
lem are computed from

ss;l ¼ 104
Z1

�1

Plðm0Þdðm0 � m0Þdm0 (34)

where m0 is the average of the cosine of the scattering angle, and
with a total cross section st ¼ 104 for a scattering ratio of unity.

Fig. 12. Comparison of the various solvers/preconditioners for P3 and P7 scattering. FO,
first-order; GMRES, generalized minimal residual; SAAF, self-adjoint angular flux; SI,
source-iteration; TSA transport synthetic acceleration.

Fig. 13. Comparison of the effectiveness of TSA solvers of various orders. FO, first or-
der; GMRES, generalized minimal residual; SI, source-iteration; TSA, transport syn-
thetic acceleration.

Table 4
Comparison of effectiveness of TSA methods for different scattering order for
nonuniform material stack up.

Acceleration method Solver time (s)

P3 scattering P7 scattering

None e e

GMRES 110 140
GMRES TSA S4 88 102
DFE TSA P1 36 38
DFE TSA P3 52 58
DFE TSA S2 58 48
DFE TSA S4 130 110
SAAF TSA P1
(c ¼ 0.99)

180 190

DFE, discontinuous finite element; GMRES, generalized minimum residual; SAAF,
self-adjoint angular flux; TSA, transport synthetic acceleration.

Fig. 14. Convergence of source iteration with P3 IF TSA for different values of the
average scattering cosine. IF, incomplete-factorization; TSA, transport synthetic
acceleration.
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Using the uniform material cylinder problem with S16 quadrature,
P7 scattering, and accelerating the sweeps using the DFE P3 TSA
with IF for average scattering cosine value of 0.95 and 0.99,
convergence results are shown in Fig. 14. This comparison shows
that the convergence slows with increasing value of the average
scattering cosine. This warrants further investigation.

4. Conclusions

Accelerating/preconditioning of transport applications is a very
rich and fascinating topic of study, due to the extreme variability in
transport applications, often containing highly streaming regions
adjacent to highly scattering regions, complex geometries, and a
wide range of physics for different particle types and energies. In this
work is presented a flexible ML approach for accelerating the
convergence of SIs for problems involving highly scattering media.
Themethod attempts to efficiently compute a correction term for the
fine-level SI solve by solving a coarse-level transport equation and
mapping the coarse-level correction term to the fine-level space.

The method attempts to further accelerate the coarse-level
solves by making use of existing off-the-shelf AMG and IF pack-
ages. In the application presented here, IF effectively reduced both
iteration count and solve time when applied to the coarse-level
linear system. AMG effectively reduced the iteration count, but
due to the overhead cost was less effective at reducing solve time.
Multigrid methods tend to be most effective for elliptic problems,
and the efficient use of multigrid methods for other problem types
needs further investigation.

The coarse-level solves can be either based on a FO DFE dis-
cretization using GMRES or an SPD discretization using CG. For the
application presented here, the DFE discretization with a small
number of GMRES iterations (5e10) was the most effective at
reducing solve time. The SPD CG solves were very fast but were
generally less effective at reducing fine-level SI count. This warrants
further investigation; for example, CG-based TSA methods may
work well for problems with spatially smooth solutions, where a
CFE differencing provides an accurate simulation.

The flexibility of the method could also be a liability, because there
are many options available for the coarse-level solves and many addi-
tional knobs to turn for the IF and AMG preconditioning, and it is not
always clear for a particular application how to set the many options.

A GMRES iterative method has also been implemented that uses
a parallel, sweep-based algorithm to build up a Krylov subspace,
with TSA applied as a preconditioner to accelerate convergence of
the GMRES iterations. Finally, because the coarse-level linear sys-
tem is built using Trilinos tools, Kokkos [19] capabilities should be
effective for porting to next-generation processors, but that is for
future investigations.
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